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Preface

For about 130 years the Boltzmann equatias helonged to the fundamental equations

of physics. The destiny of this equation is as dramatic as that of its great creator. Even
in Boltzmann’s days there was a complete awareness that his equation acquires a fun-
damental importance for physics and thatréage of validity stretches from transport
processes and hydrodynamics all the way to cosmology — thus fully justifying the keen
attention it attracted and debates it provoked. Both sides of the dispute have exhausted
their arguments. Thus, the development of Boltzmann kinetic theory has turned out to be
typical of any revolutionaryphysical theory — from rejection to recognition and further

to a kind of “canonization”.

About twenty years ago it was shown by the author of this book that taking into
account the variation of the distribution furan over times of the order of the colli-
sion time led to additional terms in the Boltzmann equation, which were proportional to
mean timebetweercollisions of particles and therefore to the Knudsen number and vis-
cosity in the hydrodynamic limit of the theory. Moreover, it turns out that these terms —
whose influence grows with an increas the Knudsen number — cannot be omitted
in the case of small Knudsen numbers because these terms contain small parameters in
front of senior derivatives. Then these terms should be conserved in the theory in the
whole diapason of evolution of Knudsen numbers. | have been working in the kinetic
theory for more than 40 years and this conclusion was dramatic first and foremost for
myself.

Therefore, the case in point is of unpreeatked situation in physics, when the fun-
damental physical equation is revised. ngrmy stay in Marseille as an Invited Pro-
fessor A.J.A. Favre reminded me Henri Poincaré’s phrase after the death of a great
Austrian physicist: “Boltzmann was wrong, but his mistake is equal to zero”. It's a pity,
but the situation in the kinetic theory is more serious. Obviously, changing the funda-
mental equation leads — to some extent — to possible changes of the known results in the
modern transport theory of physics. This book reflects the scale of these alterations. It
is safe to say — as the main result of the generalized Boltzmann kinetic theory — that this
theory has showed it to be a highly effective tool for solving many physical problems in
the areas where the classical theory runs into difficulties.

The author is deeply indebted to V.L. Ginzburg and F. Uhlig for their interest in this
work and in the subject in general. | am thankful to V. Mikhailov and A. Fedoseyev for
their cooperation.

October, 2003
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“Alles Vergangliche
ist nur ein Gleichniss!”
Boltzmann’s epigraph
for his “Vorlesungen Uber Gastheorie”

Historical Introduction and the Problem Formulation

In 1872 L. Boltzmann, then a mere 28 years old, published his famous kinetic equation
for the one-particle distribution functiofi(r, v, ¢) (Boltzmann, 1872). He expressed the
equation in the form

Df _ st

whereJStis a collision (“stoR”) integral, and

4V 4F. — (1.2)

is a substantial (particle) derivative andr being the velocity and the radius-vector of
the particle, respectively.

Eq. (1.1) governs the transport processes in a one-component gas which is sufficiently
rarefied so that only binary collisions between particles are of importance. While we are
not concerned here with the explicit form of the collision integral (which determines the
change of the distribution functiofiin binary collisions), note that it should satisfy the
conservation laws. For the simplest case of elastic collisions in a one-component gas,
we have

/JStlpi dv=0 (i=123), dv=du,dv,dv,, (1.3)

wherey; are collisional invariantsyy = m, V> = mv, ¥3 = mv?/2, m is the mass of

the particle) related to the laws of congation of mass, momentum, and energy.
Integrals of the distribution function (i.e., its moments) determine the macroscopic

hydrodynamic characteristics of the system, in particular, the number density of parti-

cles

nszdv (1.4)
and the temperaturg:
ngTn = %m / (v —vg)?dv. (1.5)
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Herekp is the Boltzmann constant, arng is the hydrodynamic flow velocity. It follows
then that, multiplying the Boltzmann integro-differential equation term by term by the
collisional invariantsy;, integrating over all particle velocities, and using the conserva-
tion laws (1.3), we arrive at the differential equations of fluid dynamics, whose general
form is known as the hydrodynamic Enskog equations.

The Boltzmann equation (BE) is not of course as simple as its symbolic form above
might suggest, and it is in only a few special cases that it is amenable to solution. One
example is that of a Maxwellian distriban in a locally, thermodynamically equilib-
rium gas in the event, where no external forces are present. In this case, the equality

J=0 (1.6)

is met, giving the Maxwellian distribution function

3/2 2
O _ m e _mV L7
f n<2nkBT) Xp( 2kpT )’ (.7

whereV =V — vg is the thermal velocity.

It was much later, years after Boltzmann'’s death in 1906, that an analytic method for
solving the Boltzmann equation was developed for the purpose of calculating transport
coefficients. This method, developed in 1916-1917 by Chapman (1916, 1917) and En-
skog (1917, 1921a), led to explicit expressions for the coefficients of viscosity, thermal
conductivity, diffusion, and later thermal diffusion in a system with a small parameter
(which, for Chapman and Enskog’s patiar problem of a nonreacting gas, was the
Knudsen number, the ratio of the particle’s mean free path to a characteristic hydrody-
namic dimension).

However, even in Boltzmann's days there was a complete awareness that his equation
acquires a fundamental importance for phgsand that its range of validity stretches
from transport processes and hydrodynamics all the way to cosmology — thus fully
justifying the keen attention ittacted and debates it provoked.

Of the many results L. Boltzmann derived from his kinetic equation, one of the most
impressive is the molecular-kinetic interpretation of the second principle of thermody-
namics and, in particular, of the statistical meaning of the concept of entropy. It turned
out that it was possible to define the function

H:/fow (1.8)

(H is the first letter in the English wottteatand German wor#ieizung) which behaves
monotonically in a closed system.

If the relation betweers, the entropy per unit volume of an ideal gas, and khe
function is written in the form

S =—kH 4 const (1.9)
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then one can prove the inequality

S
—>0. .10
» (1.10)

The laconic formula
S=kinw, (1.11)

connecting the entropy and the thermodymaic probability W, is inscribed on Boltz-
mann’s tombstone.

Ever since their creation, Boltzmann'’s physical kinetics and the Boltzmann equation
have received severe criticism, much of which remains of interest even today. Let us
elaborate on this.

To begin with, Boltzmann’s contemporaries were very much in the dark regarding the
relation between the Boltzmann equation and classical mechanics — in particular, with
the Newton equation. The Boltzmann equation was obtained in a phenomenological
manner, based on convincing physical arguments, and reflects the fact that the distri-
bution function does not change along the particle’s trajectory between collisions but
rather changes as a result of an “instantaneous” interaction between colliding particles.

J. Loschmidt noted in 1876 that the Boltzmann equation underlyindftiieeorem
includes only the first time derivative whereas the Newton equation contains the second
one (“square of time”) and hence the equations of motion are reversible in time. This
means that if a system of hard-sphere particles starts a “backward” motion due to the
particles reversing their direction of motion at some instant of time, it passes through
all its preceding states up to the initial one, and this will increaséftffanction whose
variation is originally governed by reversible equations of motion. The essential point
to be made here is that the observer cannot prefer one of the situations under study, the
“forward” motion of the system in time, in favor of the second situation, its “backward”
motion. In other words, the problem of the reversibility of time arises here.

Although somewhat differently formulated, essentially the same objection was made
in 1896 by Planck’s student E. Zermelo, who noted thatHhtheorem was inconsistent
with the Poincare’s “recurrence” theorem proved in 1890, and stated that any physical
system, even with irreversible thermodynamic processes operating in it, had a nonzero
probability of returning to its original state. Boltzmann himself fully aware of this pos-
sibility, wrote in the second part of his Lectures on the Theory of Gases (see Boltzmann,
1912, p. 251): “As a result of the motion of gas molecules,Ahéunction always de-
creases. The unidirectional nature of this process does not follow from the equations
of motion, which the molecules obey. Indeed, these equations do not change if time
changes sign.”

There is a well-known example from the probability theory, which Boltzmann em-
ployed as an argumentin his discussions — sometimes very heated ones — with Zermelo,
Planck, and Ostwald. If a six-sided die is thrown 6000 times, one expects each side to
turn up about 1000 times. Thegirability of, say, a six turning up 6000 times in succes-
sion has a vanishing small value@f/6)69%%. This example does not clear up the matter,
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however. Nor do the two papers which Boltzmann’s student P. Ehrenfest wrote in co-
authorship with T. Afanas’eva-Ehrenfest after the death of the great Austrian physicist.
Their first model, reported by Afanas’eva-Ehrenfestat the February 12, 1908 meeting
of the Russian Physico-Chemical Society, involved the application oftiteorem
to the “plane” motion of gas (Ehrenfest, 1972). SuppBsmolecules, nontransparent
to one another, start moving normally to the axiand travel with the same velocity
in the direction of the axis. Suppose further that in doing so they undergo elastic
collisions with Q-particles, squares with sides at an angle df #bthe axisy, which
are nontransparent to the molecules and are all at rest.
Itis readily shown that shortly after, all the molecules will divide themselves into four
groups, and it is a simple matter to write down the change in the number of molecules
P in each group in a certain tim&r and then to define a “planar-ga&’-function

4
H=Y"finf, (1.12)

i=1

where f; is the number of molecules of th¢h kind, i.e., of those moving in one of
the four possible directions. If all the velocities reverse their direction HHeinction
starts to increase and reverts to the value it had whenPtineolecules started their
motion from they axis. While this simple model confirms the Poincare—Zermelo the-
orem, it does not at all guarantee that tHefunction will decrease when the far more
complicated Boltzmann model is used.

P. and T. Ehrenfest's second model (Ehrenfest, 1979), known as the lottery’s model,
features two boxesi and B, andN numbered balls to which there correspond “lottery
tickets” placed in a certain box and which are all in bé&xnitially. The balls are then
taken one by one from and transferred t® according to the number of a lottery ticket,
drawn randomly. Importantly, the ticket is not eliminated after that but rather is returned
to the box. In the event that the newly drawn ticket corresponds to a ball contaiBed in
the ball is returned tal. As a result, there will be approximateN/2 balls in either
box.

Now suppose one of the boxes containkalls — and the other accordingly — n
balls — at a certain stepin the drawing process. We can then defikega function,
which determines the difference in the number of balls between the two baxes:

n— (N —n)=2n— N. In"“statistical” equilibrium,A = 0 and n= N/2, the dependence
A(s) will imitate the behavior of the? -function in a Boltzmann gas.

This example is also not convincing enouggtause this “lottyy” game will neces-
sarily lead to the fluctuation in thA function, whereas the Boltzmann kinetic theory
completely excludes fluctuations in ti&-function. By the end of his life, Boltzmann
went over to the fluctuation theory, in which the decrease offH@inction in time was
only treated as the process the system is most likely to follow. This interpretation, how-
ever, is not substantiated by his kinetic theory since the origin of the primary fluctuation
remains unclear (the galactic scale of such fluctuation included).

One of the first physicists to see that the Boltzmann equation must be modified in
order to remove the existing contradictions was J. Maxwell. Maxwell thought highly of
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the results of Boltzmann, who, in his turn, did much to promote Maxwell electrodynam-
ics and its experimental verification.

We may summarize Maxwell’s ideas as follows. The equations of fluid dynamics
are a consequence of the Boltzmann equation. From the energy equation, limiting our-
selves to one dimension for the sake of simplicity and neglecting some energy transfer
mechanisms (in particular, convectivedt transfer), we obtain the well-known heat
conduction equation

AT  ,9°T
—=a"—. 1.13
at “ dx2 (113)
The fundamental solution of Eq. (1.13) up to the dimensional constant is
1 x?
T(x,t)=———exp| —— .14
0 2V mwa?t p( 4612’) (14)

and represents the temperature at the poiat the instant provided at timer = 0,
an amount of heatp, with p the density and the thermal diffusivity of the medium,
evolved at the origin of coordinates. Defining an argument of the fun@tiagd = a°t
with the dimension of a coordinate squared, we obtain

T= 2«/1ﬁ exp(—:’—j). (1.15)

The temperature distribution given by this equation is unsatisfactory physically. For
small values ob, the temperature at the heat evolution paiat 0 is indefinitely large.

On the other hand, at any arbitrarily distant painthe temperature produced by an
instantaneous heat source will be differénom zero for arbitrarily small times. While
this difference may be small, it is a point of principal importance that it has a finite
value.

As Landau and Lifshitz noted in their classi€adurse of Theoretical Physi¢kan-
dau and Lifshitz, 1988, p. 283), “The heat conduction process described by the equa-
tions obtained here has the property that any thermal perturbation becomes instanta-
neously felt over all space”. This implies amfinitely fast propagation of heat, which
is absurd from the point of view of molecular-kinetic theory. In the courses of math-
ematical physics, this result is usually attributed to the fact that the heat conduction
equation is derived phenomenologically, neglecting the molecular-kinetic mechanism
of heat propagation. However, as already noted, the parabolic equation (1.13) follows
from the Boltzmann equation. Some of Maglks ideas, phenomenological in nature
and aimed at the generalization of the Boltzmann equation, are discussed in Woods'
monograph (Woods, 1993).

Although the examples above are purely slitative and the exhaustive list of dif-
ficulties faced by the Boltzmann kinetic theory would, of course, be much longer, it
should be recognized that after the intense debates of the early 20th century, the search
for an alternative kinetic equation for a one-particle distribution function has gradually
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levelled off or, perhaps to be more precise, has become of marginal physical importance.
Both sides of the dispute have exhausted their arguments. On the other hand, the Boltz-
mann equation has proven to be successful in solving a variety of problems, particularly
in the calculation of kinetic coefficients. Thus, the development of Boltzmann kinetic
theory has turned out to be typical of any revolutionary physical theory — from rejection
to recognition and furtheota kind of “canonization”.

Work on the hyperbolic equation of heat conduction was no longer directly related to
the Boltzmann equation, but rather wasagfhenomenological nature. Without expand-
ing into details of this approach, we only point out that the idea of the improvement
of Eq. (1.13) was to introduce the second derivative with respect to time thus turning
Eq. (1.13) into the hyperbolic form

9°T Lor 23T
Trel—5 + —=a"—=,
9 T ¢ a2

(1.16)
wheret is treated as a certain relaxation kinetic parameter with the dimensions of
time. For the first time in modern physics this idea was formulated by Davydov (1935)
(see also an interesting discussion on the priority between Cattaneo (1948, 1958) and
Vernotte (1958b, 1958a)). The wave equatioh).leads to final propagation velocities

for a thermal perturbation — although it should be remarked parenthetically that the
quasi-linear parabolic equations may also produce wave solutions.

A breakthrough period in the history of kinetic theory occurred in the late 1930s
and early 1940s, when it was shown through efforts of many scientists — of which
Bogolyubov certainly tops the list — how, based on the Liouville equation for the
multiparticle distribution functionfy of a system ofN interacting particles, one
could obtain a one-particle representation by introducing a small parameteat,
wheren is the number of particles per unit volume angl is the interaction vol-
ume (Bogolyubov, 1946; Born and Green, 1946; Green, 1952; Kirkwood, 1947;
Yvon, 1935). This hierarchy of equationsusually referred to as the Bogolyubov or
BBGKY (Bogolyubov—Born—-Green—Kirkwood-Yvon) chain.

We do not present the technical details in Introduction but refer the reader to the
classical works cited above or, for example, to Alekseev (1982). Some fundamental
points of the problem are worth mentioning here, however.

(1) Integrating the Liouville equation

N Ny U xmp
7+Zvi' o +ZF,~~3—W_O (1.17)
i=1 i=1

subsequently over phase volumegdy, ..., dS2y (d2; =dr; dv;), one obtains a
kinetic equation for the-particle distribution function, with the distribution func-
tion f;4+1 in the integral part of the corresponding equation.

In other words, the set of integro-differential equations turns out to be a linked
one, so that in the lowest-order approximation the distribution functicshepends
on f>. This means formally that, strictly speaking, the solution procedure for such
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a set should be as follows. First find the distribution functfanand then solve the

set of BBGKY equations subsequently for decreasingly lower-order distributions.
But if we know the functionfy, there is no need at all to solve the equationsffor
and it actually suffices to employ the definition of the function

fs=/fN(t,Ql,...,QN)d.QS+1~~d.QN. (1.18)

We thus conclude that the rigorous solution to the set of BBGKY equations is
again equivalent to solving Liouville equations. On the other hand, the seemingly
illogical solution procedure involving a search for the distribution funcifpis of
great significance in the kitie theory and in nonequilibuim statistical mechanics.
This approach involves breaking the BBGKY chain by introducing certain addi-
tional assumptions (which have a clear physical meaning, though). These assump-
tions are discussed in detail below.

For a nonreacting gas, the Boltzmann equation is valid for two time scales of dis-
tribution functions: one of the order of the mean free time of the particles, and
the other the hydrodynamic flow time. The Boltzmann equation is invalid for time
lengths of the order of the collision times. Notice that a change from the time scale
to the length scale can of course be made if desired.

After the BBGKY chain has been broken apigirepresented as a product of one-
particle distribution functions (which is quite reasonable for a rarefied gas), the
Boltzmann equation cannot be written in the classical form with only one small
parametee and it reduces instead to the Vlasov equation in a self-consistent field.
Since the Boltzmann equation does not work at distances of the order of the par-
ticle interaction radius (or at the, scale), Boltzmann particles are pointlike and
structureless, and it is one of the inconsistencies of the Boltzmann theory that the
resulting collision cross sections of the particles enter the theory by the collision
integral.

Usually the one-particle distribution function is normalized to the number of parti-
cles per unit volume. For Boltzmann particles the distribution function is “automat-
ically” normalized to an integer, becauaepoint-like particle may only be either
inside or outside a trial contour in a gas — unlike finite-diameter particles which
of course may overlap the boundary of the contour at some instant of time. An-
other noteworthy point is that the mean free path in the Boltzmann kinetic theory is
only meaningful for particles modelled by hard elastic spheres. Other models face
difficulties related, though, to the level of oparticle description employed. The
requirement for the transition to a one-fiele model is that molecular chaos should
exist prior to a particle collision.

The advent of the BBGKY chain led to the recognition that whatever generalization

of the Boltzmann kinetic theory is to be made, the logic to be followed should involve all
the elements of the chain, i.e., the Liouville equation, the kinetic equationgfarticle
distribution functionsfs, and the hydrodynamic equations. This logical construction
was not generally adhered to.
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In 1951, N. Slezkin published two papers (Slezkin, 1951b, 1951a) on the deriva-
tion of alternative equations for describing the motion of gas. The idea was to employ
Meshcherskii's variable-mass point dynamics theory (Meshcherskii, 1897), well known
for its jet propulsion applications.

The assumption of a variable-mass partiaiplies that, at each point, a liquid parti-
cle, close to this point and moving with a velocityadds or loses a certain mass, whose
absolute velocity vectod differs, as Slezkin puts it, by a certain appreciable amount
from the velocity vectow of the particle itself. Since there are different directions for
this mass to come or go off, an associated mass flux density v@dsointroduced.

By applying the laws of conservation of mass, momentum, and energy in the usual
way, Slezkin then proceeds to formulate a set of hydrodynamical equations, of which
we will here rewrite the continuity eqtian for a one-component nonreacting gas:

ap d
—+—-(pv+Q)=0. 1.19
oy Tor PV Q) (1.19)
The mass flux densitQ is written phenomenologically in terms of the density and
temperature gradients.
Thus, the continuity equation is intuitively modified to incorporate a source term

giving

ap a d ap aT
T ov=—.|DZE i 1.20
ar Tar VT ar ( ar+ﬁar> (1-20)

where the coefficienD is that of self-diffusion, ang is related to thermal diffusion.
Thus, we now have fluctuation terms on the right-hand side of Eq. (1.20), which are
generally proportional to the mean free timeand, hence, after Eq. (1.20) has been
made dimensionless, to the Knudsen number which is small in the hydrodynamic limit.

At very nearly the time of publication of Slezkin’s first paper (Slezkin, 1951a), Val-
lander (1951) argued that the standard equations of motion were ill grounded physically
and should therefore be reygled by other equations, bas@dthe introduction of addi-
tional massQ; and energy; fluxes(i =1, 2, 3):

where, to quote, D, is the density self-diffusion coefficienh), is the thermal self-
diffusion coefficientk: is the density heat conductivity, artd, the temperature heat
conductivity”.

Heuristic and inconsistent with Boltzmann’s theory, the work of Slezkin and Vallan-
der came under sufficiently severe criticism. Shaposhnikov (1951) noted that in these
papers, “which are almost identical in contentthe essential point is that instead of
the conventional expressigivp, additional effects — “conceration self-diffusion” and
“thermal self-diffusion” — are introduced into the mass flux density which, in addition
to the macroscopic mass transfer, cause a molecular mass transfer, much as the macro-
scopic energy and momentum transfer in a moving fluid goes in parallel with analogous
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molecular transport (heat conduction andodgsity)”. Shaposhnikov then proceeds to
derive the equation of continuity from th&oltzmann equation for a one-component
gas and shows that the hydrodynamic equatai&ezkin and Vallander are in conflict
with the Boltzmann kinetic theory.

Note that Slezkin and Vallander also modified the equations of motion and energy
for a one-component gas in a similar way (by including self-diffusion effects). Possible
consequences of additional mass transfecinanisms for the Boltzmann kinetic theory
were not analyzed by these authors.

Boltzmann’s “fluctuation hypothesis” was repeatedly addressed by Ya. Terletskii
(see, for instance, Terletskii, 1952, 1994) whose idea was to estimate fluctuations by
using the expression of the general theorems of Gibbs (see, for example, Gibbs, 1934,
pp. 85-88) yield for the mean-square deviation of an arbitrary generalized coordinate.
To secure that fluctuations in statistical equilibrium be noticeable, Terletskii modifies
the equation of the perfect gas state by introducing a gravitational term, which imme-
diately extends his analysis beyond the Boltzmann kinetic theory, leaving the question
about the irreversible change of the Boltzmd#ffunction unanswered.

Inrecent years, possible generalizatiohthe Boltzmann equation have been widely
discussed in the scientific literature. Since the term “generalized Boltzmann equation”
(GBE) has usually been given to any new modification published, we will only apply
this term to the particular kinetic equation derived in Alexeev (1994, 1995c, 2000b) to
avoid confusion.

L. Woods (see, e.g., Woods, 1990), following the ideas dating back to Maxwell
(1860), introduces in his theory a phenomenological correction to the substantial first
derivative on the left-hand side of the Boltzmann equation to take account of the further
influence of pressure on transport processes. It is argued that the equation of motion
of a liquid particle may be written as= F + P, whereP is a certain additional force,
proportional to the pressure gradieRt= —p—13p/ar, with the result that the left-hand
side of the Boltzmann equation becomes

pf _af ng(F 13p) af

Cpar) oV

Dt ot or (21)
whereas the collisional term remains unchanged. The phenomenological equation (1.21)
has no solid foundation and does not fall ithe hierarchy of Bogolyubov kinetic equa-
tions.

At the heart of the kinetic theory of neutral and ionized gases is the Boltzmann equa-
tion (BE) which describes how the one-particle distribution functf@rchanges over
times in the order of the mean time between collisions and in the order of the gas dy-
namic flow time. Despite certain difficulties in the theory long-positioned as classical,
the Boltzmann equation, now 130 years old (Boltzmann, 1872, 1912), has had no alter-
natives until recently as the basis for physical kinetics.

A weak point of the classical Boltzmann kinetic theory is the way it treats the dy-
namic properties of interacting particles. On the one hand, as the so-called “physical”
derivation of the BE suggests (Boltzmann, 1872, 1912; Chapman and Cowling, 1952;
Hirschfelder, Curtiss and Bird, 1954), Boltzmann particles are treated as material points;
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on the other hand, the collision integral in the BE brings into existence the cross sections
for collisions between particles. A rigorous approach to the derivation of the kinetic
equation for f1 (KEy,) is based on the hierarchy of the Bogolyubov—Born—Green—
Kirkwood-Yvon (BBGKY) equations. A KE, obtained by the multi-scale method
turns into the BE if one ignores the change of the distribution function (DF) over a
time in the order of the collision time (or, equivalently, over a length in the order of the
particle interaction radius). It is important to note (Alexeev, 1994, 1995c, 2000b) that
accounting for the third of the scales mentidrabove has the consequence that, prior
to introducing any approximations destthto break the Bogolyubov chain, additional
terms, generally of the same order of magnitude, appear in the BE. If the method of cor-
relation functions is used to derive KEfrom the BBGKY equations, then a passage to
the BE implies the neglect of nonlocal and time delay effects. Given the above difficul-
ties of the Boltzmann kinetic theory (BKT), the following clearly interrelated questions
arise.

First, what is a physically infinitesimal volume and how does its introduction (and,
as a consequence, the unavoidable smoothing out of the DF) affect the kinetic equation
(Alexeev, 1994)?

And second, how does a systematic account for the proper diameter of a particle in
the derivation of the KE, affect the Boltzmann equation? In the theory we develop
here, we will refer to the corresponding KEas the generalized Boltzmann equation,
or GBE.

Accordingly, our purpose in this introduction is first to explain the essence of physi-
cal generalization of the BE and then to take a look at the specifics of derivation of the
GBE, when (as is the case in plasma physics) the self-consistent field of forces must
of necessity be introduced. As the Boltzmann equation is the centerpiece of the theory
of transport processes (TTP), the introduction of an alternativg kads in fact to an
overhaul of the entire theory, including its macroscopic (for example, hydrodynamic)
aspects. Conversely, a change in the maopie description will inevitably affect the
kinetic level of description. Because of therngplexity of the problem, this interrela-
tion is not always easy to trace when solving a particular TTP problem. The important
point to emphasize is that at issue here is not how to modify the classical equations of
physical kinetics and hydrodynaasito include additional transport mechanisms (in re-
acting media, for example), rather we facdtaation in which, those involved believe,
we must go beyond the classical picture if we wish the revised theory to describe the
experiment adequately. The alternative TTPs can be grouped conventionally into the
following categories:

(1) theories that modify the macroscopic (hydrodynamic) description and neglect the
possible changes of the kinetic description;

(2) those changing the kinetic description at the ACEevel without bothering much
whether these changes are consistent with the structure of the entire BBGKY chain,
and

(3) kinetic and hydrodynamic alternative theories consistent with the BBGKY hierar-
chy.

One of the pioneering efforts in the first line of research was a paper by Davydov
(1935), which stimulated a variety of studies (see, for instance, Sobolev, 1993) on the
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hyperbolic equation of thermal conductivitptioducing the second derivative of tem-
perature with respect to time permitted asgage from the parabolic to the hyperbolic
heat conduction equation, thus allowing for a finite heat propagation velocity. How-
ever, already in his 1935 paper B.l. Balov points out that his method “cannot be
extended to the three-dimensional case” and that “here the assumption that all the par-
ticles move at the same velocity would segtarout a five-dimensional manifold from

the six-dimensional phase space, suggesting that the problem cannot be limited to the
coordinate space alone”. We note, however, that quasi-linear parabolic equations can
also produce wave solutions.

Therefore, to hyperbolize the heat conduction equation phenomenologically (Cat-
taneo, 1958) is not valid unless a rigorous kinetic justification is given. The hyper-
bolic heat conduction equation appears when the BE is solved by the Grad method
(Zhdanov and Roldugin, 2002), retaining a term which involves a derivative of the heat
flow with respect to time and to which, in the context of the Chapman—Enskog method,
no particular order of approximation can be ascribed. Following its introduction, stable
and high-precision computational schemes were developed for the hyperbolic equa-
tion of heat conduction (Jarzebski and Thid986), whose applications included, for
example, two-temperature nonlocal heat conduction models and the study of the tele-
graph equation as a paradigm for possible generalized hydrodynamics (Sobolev, 1993;
Rosenau, 1993).

Major difficulties arose when the issue of existence and unigueness of solutions to
the Navier—Stokes equations was addressed. O.A. Ladyzhenskaya has shown for three-
dimensional flows that, under smooth init@nditions, a unique solution is only pos-
sible over a finite time interval. Ladyzhenskaya even introduced a “correction” into the
Navier—Stokes equations in order that its unique solvability could be proved (see the
discussion in Klimontovich, 1995). It turned out that, in this case, the viscosity coeffi-
cient should be dependent on transverse flow-velocity gradients — with the result that
the very idea of introducing kinetic coefficients should be overhauled.

G. Uhlenbeck, in his review of the fundamental problems of statistical mechanics
(Uhlenbeck, 1971), examines in particular the Kramers equation (Kramers, 1940) de-
rived as a consequence of the Fokker—Planck equation

O U [0y kT D0
—+v-—+a-a—v—/3[av v +— v av]’

.22
at ar ( )

wheref(r, v, t) is the distribution function of Brownian particlesjs the acceleration

due to an external field of forces, ang is the coefficient of friction for the motion of

a colloid particle in the medium. What intrigues Uhlenbeck is how Kramers goes over
from the Fokker—Planck equation (1.22) to the Einstein—Smoluchowski equation

oo 9 (a  ksT dp
22222 ) =0 1.23
o T ar (ﬂp mp ar> (123)

(p is the density) which has the character of the hydrodynamic continuity equation. In
Uhlenbeck’s words, “the proof of this change-over is very interesting, it is a typical
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Kramers-style proof. It is in fact very simple, but at the same time some tricks and
subtleties it involves make it very hard to discuss”. The velocity distribution of colloid
particles is assumed to be Maxwellian. The “trick”, however, is that Kramers integrated
along the line

v
r+—=ro, .24
5 ="o (1.24)
and the number density of particles turned out to be given by the formula
v
n(ro,t) = / f(ro — E v, t) dv. (1.25)

So what exactly did H. Kramers do? Let us consider this change from the point of
view of the generalized Boltzmann kinetic theory (GBKT) using, wherever possible,
qualitative arguments to see things more clearly.

The structure of the K[ is generally as follows

Df1 B, std
—=J JO, .26
D + (1.26)

where D/ Dt is the substantial (particle) derivativé? is the (local) Boltzmann colli-
sion integral, and ¥ is a nonlocal integral term incorporating the time delay effect. The
generalized Boltzmann physical kinetics, in essence, involves a local approximation

JU= 2<1D—fl) (1.27)
Dt \" Dt

for the second collision integral, herebeing the mean timbetweerthe particle colli-
sions. We can draw here an analogy with the Bhatnager—-Gross—Krook (BGK) approxi-
mation forJ &:

0
JB = u, (1.28)
T
whose popularity as a means to represent tbkzBhann collision integral is due to the
huge simplifications it offers.
The ratio of the second to the first term on the right-hand side of Eq. (1.20) is given
in the order of magnitude as

td
~ 2

B~ O(Kn?) (1.29)

and at large Knudsen numbers these terms become of the same order of magnitude. It

would seem that, at small Knudsen numbers answering the hydrodynamic description,

the contribution from the second term on the right-hand side of Eq. (1.26) is negligible.
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This is not the case, however. When one goes over to the hydrodynamic approximation
(by multiplying the kinetic equation by collision invariants and then integrating over
velocities), the Boltzmann integral part vanishes, and the second term on the right-hand
side of Eq. (1.26) gives a single-order contribution in the generalized Navier—Stokes
description. Mathematically, we cannotghect a term with a small parameter in front

of the higher derivative. Physically, the appearing additional terms are due to viscosity
and they correspond to the small-scale Kolmogorov turbulence (Alexeev, 1994, 2000b).
The integral termy/!9, thus, turns out to be important both at small and large Knudsen
numbers in the theory of transport processes.

The important methodical issue to be considered is how classical conservation laws
fit into the GBE picture. Continuum mechanics conservation laws are derived on the
macroscopic level by considering a certain reference volume within the medium, which
is enclosed by an infinitesimally thin surface. Moving material points (gas particles)
can be either within or outside the volume, and it is by writing down the corresponding
balance equations for mass, momentum flaxd energy that the classical equations
of continuity, motion, and energy are obtained. In particular, we obtain the continuity
equation in the form

ap“
ot

0
—_. a_ I
+ ar (pvo)* =0, (1.30)

where p is the gas densityg is the hydrodynamic flow velocity, angbvo)“ is the
momentum flux density obtained by neglecting fluctuations.

Thus, Boltzmann particles are fully “packed” in the reference volume. It would ap-
pear that in continuum mechanics the idea of discreteness can be abandoned altogether
and the medium under study be consideasda continuum in the literal sense of the
word. Such an approach is of course possible and indeed leads to Euler equations in
hydrodynamics. But when the viscosity and thermal conductivity effects are to be in-
cluded, a totally different situation arises. As it is well known, the dynamical viscosity
is proportional to the mean time between the particle collisions, and a continuum
medium in the Euler model witlhh = 0 implies that neither viscosity nor thermal con-
ductivity are possible. The appearance of finite size particles in the reference contour
leads to new effects.

Let a particle of finite radius be characterized, as before, by the position veaolr
velocity v of its center of mass at some instant of tim&hen the fact that its center of
mass is in the reference volume does not mean that all of the particles are there. In other
words, at any given point in time there are a8 particles which are partly inside and
partly outside of the reference surface, uridably leading to fluctuations in mass and
hence in other hydrodynamic quantities.

There are two important points to be made here. First, the fluctuations will be pro-
portional to the mean time between the collisions (rather than the collision time). This
fact is rigorously established in Alexeev (1994, 1995c, 2000b), but it can also be made
evident by means of quite simple arguments. Suppose we have a gas of hard spheres
kept in a hard-wall cavity as shown in Figure I.1. Consider a reference contour drawn
at a distance of the order of a particle diameter from the cavity wall. The mathemati-
cal expectation of the number of particles moving through the reference surface strictly
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Fig. I.1. Closed cavity and the reference contour containing particles of a finite diameter.

perpendicular to the hard wall is zero. Therefore, in the first approximation, fluctuations
will be proportional to the mean free path (or, equivalently, to the mean time between
the collisions). As a result, the hydrodynaneiquations will explicitly involve fluctua-
tions proportional ta. For example, the continuity equation changes its form and will
contain terms proportional to viscosity (Alexeev, 1994). On the other hand — and this is
the second point to be made — if the refemolume extends over the whole of the cav-
ity, then the classical conservation laws should be obeyed, and this is exactly what the
paper (Alexeev, 1994) proves. However, we will attempt here to “guess” the structure
of the generalized continuity equation, using the arguments outlined above.

Neglecting fluctuations, the continuigguation should have the classical form (1.25)
with

pl=p—T1A, (1.31)
(pvo)* = pvo — TB. (1.32)

Strictly speaking, the factord andB can be obtained from the generalized kinetic
equation, in our case, from the GBE. Still, we can guess their form without appeal to
the KEf1

Indeed, let us write the geradized continuity equation

3 9
—(p—TA) + — - —1B)=0 1.33
at(,o T )+ar (pvo — 7B) (1.33)

in the dimensionless form usirigthe distance from the reference contour to the hard
wall (see Figure 1.1) as a length scale. Then, instead, ¢iie (already dimensionless)
guantitiesA and B will have the Knudsen numbd&n; = 1// as a coefficient. In the
limit

[—-0, Kn— oo

the contour embraces the entire cavity @néd within hard walls, and there are no
fluctuations on the walls. In other words, the classical equations of continuity and mo-
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tion must be satisfied at the wall. Using hydrodynamic terminology, we note that the
conditions

A=0, B=0 (1.34)

correspond to a laminar sublayer in a turlmifgow. Now, if a local Maxwellian distrib-
ution is assumed, then the generalized equation of continuity in the Euler approximation
is written as

9 p 0
_ —r| 4+ = . (pv
8t{'0 T|:8t + ar (0 0)]}
9 9 9 - ap
_ . _ | = _. I.-——pal|}=0 1.35
+ o {pVO T|:8t(pV0)+al' pVovo+ 1 - = p]} . (1.39)

where[ is the unit tensor.
In the hydrodynamic approximation, the mean timéetween the collisions is re-
lated to the dynamic viscosify by

tp =T, (1.36)

where the factor7 depends on the choice of a collision model andris= 0.8 for the
particular case of neutral gas comprising hard spheres (Chapman and Cowling, 1952).
The generalized equations of energy andioroare much more difficult to guess in this
way, making the GBE indispensable. It is worthwhile though to say a few words about
the treatment of the GBE (1.20) in the spirit of the fluctuation theory:

Dfe

_ 7B
o = W) (1.37)

whereJ 8 is the Boltzmann collision integral, and

Df
=f—1—. 1.38
fl=f-t (1-38)
Thus,7Df /Dt is the distribution funtgon fluctuation, and writing Eq. (1.37) without
taking into account Eq. (1.38) makes the BE nonclosed. From the viewpoint of the fluc-
tuation theory, Boltzmann employed the simplest possible closure procedure:

fi=r (1.39)

Now, having in mind the Kramers method, let us compare the generalized continuity
equation (1.35) and the Einstein—Smoluchowski equation (1.23). Eq. (1.35) reduces to
Eq. (1.23) if

(a) the convective transfer corresponding to the hydrodynamical velogiig ne-
glected;
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(b) the temperature gradient is less important than the gradient of the number density
of particlespdT /or << Tdn/dr, and
(c) the temporal part of the density fluctuations is left out of account.

By integrating with respect to velocity from —oo to +oco along the line

r 4 % —ro. (1.40)

Kramers (see also Eq. (1.25)) introduced ramal collisions without accounting for the
time delay effect. In our theory, the coefficient of frictiBn= r —1, which corresponds
to the binary collision approximation. If the simultaneous interaction with many parti-
cles is important and must be accounted folditional difficulties associated with the
definition of the coefficient of frictior8 arise, and the Einstein—-Smoluchowski theory
becomes semi-phenomenological. Overcoming these difficulties may require the use of
the theory of non-Markov processes for describing Brownian motion (Morozov, 1996).

Note that the application of the above pripleis also leads to the modification of the
system of Maxwell equations. While the traditional formulation of this system does not
involve the continuity equation, its derivation explicitly employs the equation

ot 9 .,

a7 + ar 1“=0, (1.41)

wherep? is the charge per unit volume, aiflis the current density, both calculated
without accounting for the fluctuations. Asresult, the system of Maxwell equations
written in the standard notation, namely,

%-B:O, %-D:p“,
d 0B 0 . oD (1-42)
— xE=——, — xH=j%+ —
ar ot ar at
contains
pt=p-p"  jr=j-jl. (1.43)

The pf, j fluctuations calculated using the GBE are given, for example, in Alexeev
(1994, 2000Db).

We shall now turn to approaches in which the KEan be changed in a way that is
generally inconsistent with the BBGKY hierarchy. It has been repeatedly pointed out
that using a wrong distribution function for charged particles may have a catastrophic
effect on the macro-parameters of a weakly ionized gas.

Let us have a look at some examples of this. As it is well known, the temperature
dependence of the density of atoms ionized in plasma to various degrees was first stud-
ied by Saha (1920) and Eggert (1919). Foystem in thermodynamic equilibrium they
obtained the equation

3/2
njyine _ Sj+1 2wmekpT) / e_gj/(kBT)’

1.44
nj Sj h3 ( )
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wheren; is the density number of-fold ionized atomsy, is the number density of
free electronsy, is the electron masgg is the Boltzmann constank, is the Planck
constant,s; is the statistical weight for g-fold ionized atom (Fowler and Guggen-
heim, 1939), and; is the jth ionization potential. The Saha equation (1.44) is derived
for the Maxwellian distribution and shalihecessarily be modified if another veloc-
ity distribution of particles exists in the plasma. This problem was studied in Dewan
(1961), in which, for illustrative purposes, the valuesigf1n./n; calculated by the
Maxwell distribution function are compared with those obtained by the Druyvesteyn
distribution function, the average energies for both distributions being assumed equal.
Let T =10%K, n, = 101 cm™3, ¢; = 10 eV, the charge numbef = 1, s;41/s; = 1.
Then one arrives at Dewan (1961)

Bitfe _ gy 107 (calculation using the Druyvesteyn distribution),
nj

Dl _ 453% 1016 (calculation using the Maxwellian distribution
nj

function; by the Saha formula)

As E. Dewan explained, “the discrepancy in fourteen orders of magnitude obtained
above is clearly due to the fact that, unlike Maxwellian distribution, the Druyvesteyn
distribution does not have a ‘tail™.

In our second example, two quantities — the ionization rate constant and the ioniza-
tion cross section — were calculated by Gryzinski, Kunc and Zgorzelski (1973), using
the two above-mentioned distributions. The ionization cross segtigndefined by the
following interpolation formula known to match satisfactorily the experimental data

oi = gci@, o). (1.45)

1
whereog = 6.56 x 10~14 cn? (eV)?, ¢; is the ionization potential of the atom, abds
a dimensionless parameter characterizing the atomic electron shell:

E=—, (1.46)

whereW is the average kinetic energy of the atomic electrons, given by the formula
1 &
Wzﬁegigj, (1.47)
]:

in which N, is the number of electrons in the atom, andare the ionization potentials
for the atom successively stripped of its electrons. The parametedefined by the
expression

c=2e (1.48)

&i
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whereU, is the energy of the electrons bombarding the atom. The neutral particle ve-
locities are assumed to be much lower than the average electron velocity, and the plasma
is taken to be uniform. The average value of the ionization cross section is then given
by

o0
6= [ o0 (we) do (1.49)
0
and the ionization rates are evaluated by the formula
o0
OV, = / 0; (Ve) Ve f (Ve) dv,, (ISO)
0

provided the functiorG; (¢, ¢), defined as in Gryzinski, Kunc and Zgorzelski (1973),

_ (-DA+39)
S (c+DA+E+9)

Gi.9) (1.51)

is known.

Table I.1illustrates in the dimensionless form the calculated valugsasfdo; v, for
& =1 and various = kpT,/¢;. It can be seen that the results obtained with different
DFs can differ considerably, indeed, catastrophically so even for relatively small values
of T. Thus, the reliable computation of DFs remains a topic of intense current interest
in plasma physics problems, the weak effect of the DF form on its moments being rather
an exception than the rule.

The use of collision cross sections which are “self-consistent” with kinetic equations
is also suggested by the well-known Enskog theory of moderately dense gases (Enskog,
1921b). Enskog's idea was to describe the properties of such gases by separating the
nonlocal part out of the essentially local Battann collision integral. The transport
coefficients, obtained in this way for the hard-sphere model, yielded an incorrect tem-
perature dependence on the system’s kineteffaents. To remedy this situation, the
model of “soft” spheres was introduced to fit the experimental data (see, for instance,
Koremans and Beenaker, 1960).

In the theory of the so-called kinetically consistent difference schemes (Chetverush-
kin, 1999), the DF is expanded in a power series of time, which corresponds to using an
incomplete second approximation in the “ptogd” derivation of the Boltzmann equa-
tion (see the discussion in Klimontovich, 1995, 1997). The result is that the difference
schemes obtained contain only an artificial ad hoc viscosity chosen specially for the
problem at hand. Some workers followed the steps of Davydov by adding the term
32 f /012 to the kinetic equations for fast processes.

Bakai and Sigov (1996) suggest using such a term in the equation for describing DF
fluctuations in a turbulent plasma. The so-called “ordering parameter” they introduce
alters the very type of equation. To descrépatial nonlocality, Bakai and Sigov com-
plement the kinetic equation with tt&& f/9x2 term and higher derivatives, including
mixed time-coordinate partial derivativesa modification which can possibly describe
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Table I.1
Comparison of ionization cross sectiofis and ionization rate®; v, calculated with the Maxwellian and
Druyvesteyn DF

T Maxwellian DF Druyvesteyn DF
0j Oj Ve 0j OjVe
0.1 4.206x 10~ 1.184x 107° 1.278x 10727 4.077x 10727
0.2 8262x 1074 1.184x 1073 4.382x 1079 1.011x 1078
0.3 5029x 103 9.251x 10~3 2.128x 107° 4.135% 102
0.4 1.259x 102 2.103x 1072 5.403x 104 9.405x 10~4
05 2194x 102 3.415x 1072 2.773x 1073 4.466x 103
0.6 3180x 1072 4.687x 102 7.305x 1073 1.110x 1072
0.7 4143x 1072 5.842x 1072 1.376x 1072 1.998x 102
0.8 5047 x 102 6.857 x 1072 2.145x 1072 3.001x 1072
0.9 5875x 1072 7.733x 1072 2.973x 1072 4.033x 102
1 6.624x 1072 8.482x 1072 3.813x 1072 5.039x 1072
2 1079x 101 1171x 1071 9.918x 102 1.132x 1071
3 1195x 101 1.190x 1071 1.233x 1071 1.312x 1071
4 1209x 10~1 1.137x 1071 1311x 1071 1.717x 1071
5 1185x 101 1.069x 10°1 1.320x 1071 1.298x 101
6 1146x 101 9.992x 1072 1.299x 10°1 1.243x 1071
7 1102x 1071 9.326x 1072 1.263x 1071 1.184x 1071
8 1056x 101 8.704x 1072 1.222x 1071 1.125x 101
9 1010x 101 8.123x 1072 1.179x 1071 1.069x 101
10 9.662x 102 7.589x 1072 1.137x 1071 1.017x 1071

non-Gaussian random sources in the Langevin equations (Reshetnyak and Shelepin,
1996). It is interesting to note that the GBE also makes it possible to include higher
derivatives of the DF (see the approximation (5.8) in Alexeev, 2000b).

Clearly, approaches to the modification of the KEnust be based on certain prin-
ciples, and it is appropriate to outline these in brief here. Of the approaches we have
mentioned above, the most consistent one is the third, which clearly reveals the relation
between alternative KE's and the BBGKY hierarchy. There are general requirements
which the generalized K must satisfy.

(1) Since the artificial breakg of the BBGKY hierarchy is unavoidable in changing to
a one-particle description, the generalized/KEhould be obtainable by the known
methods of the theory of kinetic equatis, such as the multiscale approach, the
correlation function method, iterative methods, and so forth, or their combinations.
In each of these, some specific features of the particular alternatiypd¢& high-
lighted.

(2) There mustbe an explicit link between the K&nd the way we introduce the phys-
ically infinitesimal volume — and hence with the way the moments in the reference
contour with transparent boundaries fluctuate due to the finite size of the particles.

(3) Inthe nonrelativistic case, the KEmust satisfy the Galileo transformation.
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(4) The KEf, must ensure a connection with the classifatheorem and its general-
izations.
(5) The KEg, should not lead to unreasonable complexities in the theory.

The last requirement needs some commentary. The integral collision terms —in par-
ticular, the Boltzmann local integral and especially the nonlocal integral with time delay
— have a very complex structure.

The “caricature” the BGK approximation makes of the Boltzmann collision integral
(to use Yu.L. Klimontovich’s expressive word) has turned out to be a very successful
approach, and this algebraically approximated Boltzmann collision integral is widely
used in the kinetic theory of neutral and ionized gases.

The generalized Boltzmann equation odtces a local differential approximation
for the nonlocal collision integral with timeeday. Here, we are faced in fact with the
“price—quality” problem familiar from econoits. That is, what price — in terms of the
increased complexity of the kinetic equation — are we ready to pay for the improved
quality of the theory? An answer to this question is possible only through experience
with practical problems.

A consistent theory meeting the above requirements is being developed, in particular,
by Klimontovich (1995, 1997) and, the present author believes, within the GBE frame-
work. One can recognize points of common ideology in the two approaches. However,
whereas in Klimontovich’s work, the treatment of the physically infinitesimal volume
is transferred to the “upper echelon” of the BBGKY hierarchy and leads to a change in
the Liouville equation, in the GBE theory, it turns out that approximated nonlocal terms
can even be introduced at the level of a one-particle description. The essential point to
be made here is that the GBE theory does well without specifying the smoothing pro-
cedure, whereas in Klimontovich’s theory altering this procedure unavoidably modifies
the alternative KE,.

Vlasov (1978) attempted to eliminate the inconsistencies of the Boltzmann theory
through the inclusion of additional dynamicalrigbles (derivatives of the velocity) in
the one-particle distribution functiofi(r,v,v,V, V', ..., ). However, due primarily to
the reasonable complexity requirement which should be met for a theory to be useful in
practice, this approach is, in our view, too early to try until all the traditional resources
for describing the DF are exhausted.

From this perspective, fluctuation terms in the GBE are due to the fact that the refer-
ence volume as a measuring element for aesysof finite-sized particles is introduced
without changing the DF form, used for describing point structureless particles.

The reader is referred to review (Alekseev, 1997) of some other theories of transport
properties. To conclude, it remains only to note that the effects listed above will always
be relevant to a kinetic theory, using a one-particle description including, in particular,
applications to liquids or plasmas, where self-consistent forces with appropriately cut-
off radius of their action are introduced to expand the capabilities of the GBE.

Other suggestions on possible generalizations of the Boltzmann equation are best
described by leaning upon the basic principles of the generalized Boltzmann physical
kinetics, developed by the present authoe kéw proceed to discuss these principles.



CHAPTER 1

Generalized Boltzmann Equation

1.1. Mathematical introduction. Method of many scales

In the sequel asymptotic methods will be used, but first of all, we will look at the
method of many scales. The method of many scales is so popular that Nayfeh in his
book (Nayfeh, 1972) written more than tlyirgears ago said that the method of many
scales (MMS) is discovered by different authors every half a year. As a result, there exist
many different variants of MMS. As a minimum four variants of MMS are considered
in Nayfeh (1972). We are interested only in the main ideas of MMS, which are used
further in the theory of kinetic equations.

From this standpoint we demonstrate MM&pabilities, using a typical example of
solving a linear differential equation which also has the exact solution for comparing the
results (Nayfeh, 1972). But in contrast to the usual consideration, which can be found
in literature, we intend to bring this example up to a table and a graph.

Therefore, let us considerdHinear differential equation

8% + ek +x=0. (1.1.1)

We begin with the special case whén= 1 and ¢is a small parameter. Eq. (1.1.1) has
the exact solution

1
x:ae‘”/zcos[t,/l— Zsz+<p], (1.1.2)

wherea and ¢ are arbitrary constants of integrating. In the typical case of a small
parameter in front of a senior derivative — in this case, it would bethe effects of a
boundary layer can be observed. Using the derivatives

1 1 . 1
X = _ng —ae_‘”/z,/l— ZsZSIn[I‘/l— Zsz—l-(p],
1 1 1 1 ) 1
X= —Eefc —x(l— Zez> + Eaee_“/z\/l— Zezsln[t\/l— Zez+g0:|,

for substitution in (1.1.1), we find the identical satisfaction of Eq. (1.1.1).

21
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We begin with a direct expansion in smallusing the series
x:xo+sx1+82x2+~-~, (1.1.3)
and after differentiating

X =xo+eks+e%iat e,

¥=Jo+ek1+ %24

Substitute series (1.1.3) into (1.1.1) and equalize the coefficients in front of equal pow-
ers ofe, having

%o+ x0=0, (1.1.4)
1+ x1= —o, (1.1.5)
¥+ xp = —k1, (1.1.6)
i3+ x3=—i2 (1.1.7)

and so on. The general solution of homogeneous equation (1.1.4) has the form
xpo=acogt + ¢). (1.1.8)
Substitute (1.1.8) in (1.1.5):
X1+ x1=asin(t + ¢). (2.1.9)
General solution (1.1.1) should contain only two arbitrary constants. In this case, both
constantsu and ¢ are contained in the main term of expansion defined by relation

(1.1.8). Then we need to find only the particular solution of Eq. (1.1.9); which can
be found as follows

1

xlz—iatCOS(t—i-go). (1.1.10)
Really,

. 1 1

X1 = _Ea cogr +¢) + Eat sin(z + @),

. 1 1
f1=3a sin(t + ¢) — x1+ 54 sin(z + ).
After substituting in (1.1.9), we find the identity

asin(t + ¢) —x1+ x1=asin(t + ¢).
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Eqg. (1.1.6) can be rewritten as

1 1
o +x2= Eacos(tJrgo) - EatSIn(t-i-(P), (1.1.11)
and its solution is
1 2 1 .
X2 = gaz cosgt+¢) + gatsm(t + ). (1.1.12)

Really,

1 1 . 1 . 1
o = Jarcost +¢) - gazzsm(t +¢)+ gasinit +¢) + zat cost + ),

.1 5 1,
Xo = Ea cost +¢) — g‘” sin(t + ¢) — gat cogr + ¢).

The substitution into the left-hand side of Eq. (1.1.11) leads to the result

1 5 1,
5 cogt + @) — éat sin(t + ¢) — gat cogt + ¢)
1 2 1 .
+ éat cogt +¢) + gat sin(t + ¢)

1 1
= Ea cost +¢) — Eazsm(t + ).

Then we state the identical satisfaction of Eq. (1.1.11) by solution (1.1.12). In an anal-
ogous way the solution of Eq. (1.1.7) is written as a cubic polynomial lor the first
three terms of (1.1.3) series the solution is

1
X =acost+ @) — Esat coqt + @)

+ %eza [t2cost + @) +1sin(t + @)] + O(&3). (1.1.13)

At our desire the variable can be considered as a dimensionless time. Suppose, of
course, that we wish to have a solution for arbitrary time moments. But it is not possible
in the developed procedure, because the seoestruction regards the successive terms

of the series to be smaller than the foregoing terms; in other case, it is impossible to
speak about the series convergence. But for fixeke time moment can be found when

a successive term of expansion is no smaller than the foregoing term. Figure 1.1 contains
the comparison of the exact solution (1.1.2) with concrete parameters of calculations
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Y

Fig. 1.1. Comparison of the solutiofls, 1x, 2x, obtained by the perturbation method, with the many scales
solution™Sx, and the exact solutio®*x for the caser =1, =0,e =0.1.

§=1,a=1,¢=0,¢=0.2 with the approximate solutions

Oy = cost,

1y = cost — 0.1¢ cost,
%y = cost — 0.1 cost + 0.005¢2 cost + ¢ sint],

& = e %Y coqr+/0.99).

As we could expect, the divergence of solutidnsand exact solutiof*x appear when
¢ is of order 10; or, in the common casey if- ¢~1. But as it follows from Figure 1.1,
the situation is much worse, because, for example, fordr the approximate solution
1x gives a wrong sign in comparison with the exact soluffon For the mathematical
model of an oscillator with damping, that is reflected by Eq. (1.1.1), it means that the
approximate solutiofx forecasts a deviation in the opposite direction for the mentioned
oscillator. By the way, the solutiohx is also worse in comparison with the solutitn
in this sense, the minor approximation is better than the senior ones.

This poses the question how to improve the situation while remaining in the frame of
asymptotic methods. To answer this question, let us consider the exact solution (1.1.2).
Exponential and cosine terms contained in this solution, can be expanded in the follow-
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ing series for smalt and fixed::

1
eete=1— Set g (8[)2——(8t)3 (1.1.14)

1 1 1
1— 2 — 1— = __4__6_...
cos( \/ e —|—g0) COS|: ( 88 128 1024 >+<p]

—codt+ 1t 1 et — ! teb
= ¢ 88 128° " 1024°

=cogr + ¢)

1 1 .
+(8ze +@te +1024t6 + - >S|n(t+go)

1 .
=cogt + ¢) + étsz sin(t + ¢)

1
+ 1—28t8 sin(t + ¢) + - (1.1.15)

Obviously, the product of the first terms in expansions (1.1.14), (1.1.15) $ivesd
retaining of terms of @2) leads to the result

~ 1 122 L
x=Zall— —et+ =&t cogt + @) + —te“sin(t + @)
2 8 8
1 1 5.
Zacodt+¢) — Eaetcos(t+<p)+§ate sin(t + ¢)
1
+ gaeztz codr + ).

Then we state that the used construction of asymptotic solution is based indeed on the
assumption that the combinatienis small. If it is not so (for having the ordee 1),
then expansions (1.1.14), (1.1.15) are wrong or need to take into account all the terms

of expansions. But the asymptotic expansion can be organized in another way, using
additional variables:

Ti=e¢t (1.1.16)
and

To = &t (1.1.17)
In this case,

e ct/2 _ g T1/2,

(1.1.18)
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and expansion (1.1.15) is replaced by other ones:
cos(t,/l— %152+go> =cos[t+<p— %ng_ 1i28t84_ ﬁtea_._}
= cos[t +¢— }Tz}
8
+ <i;64+ 1 t€6+,..> Sin(l—i—go— }T2>
128 1024 8
= COE([ +o— }Tz) + ite“sin(; +o— }T2>
8 128 8

1 6. 1
— - =T 111
+ 102418 S|n<t+<p 5 2) + ( 9)

Expansion (1.1.19) “is working” with the accuracy/@") and therefore the movement
in the direction of achieving a higher amigher accuracy leads to the appearance of
new variables of the type

Tp=e"t (m=0,12..) (1.1.20)

or, which is the same, to new time scalfg 71, T», ... . As a result, we obtain the
asymptotic solution of a new type

x(t,e) =xTo, T1, T2, ..., Ty €)

M
=Y &"xw(To. T1. ... Tyy) + O(eTr). (1.1.21)

m=0

The application of expansion (1.1.21) inevitably leads to the system of equations in
partial derivatives, and the time derivative should be calculated, using the rule for dif-
ferentiating a composite function:

d @ 0 59
d_ 1.1.22
ool fam T T ( )

Then, with the accuracy @), we have:

d.x ~ 8 2 a zaXO
T B—TO(XOJrsx1+s x2)+88—T1(x0+8x1)+8 T
0x0 0x1 dxp of 0x2  Ox1
= — —— 4 — — 4+ —). 1.1.23
3T0+8<3TO+BT1>+8 <3TO+BT1) ( )

Using series (1.1.21) and the procedure of decomposition of the derivative (1.1.22) (see
also Nayfeh, 1972), we obtain the system of equations in partial derivatives defning
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x1, andxy in series (1.1.21). Obviously,

d’x 0 0 . .20 ox  0x . p0x
— ==t +"— || -+ +"—
dr? d0To 0Ty 01> dTo 0Ty 0T»
0% 3%x 2 3%x 3%x 232x 2 3%x

=5 + +e2 o+
012 " “0TodTy | 0TodTz ' 0TodTy . oTZ | 0TodTa

_ 39°x 42 3°x 2<2 3%x N Bzx)
- AT¢ 3T0dT2  AT?

SoTooTy ¢

N 32x0 92x1 282)62 92x0 5 92x1
= 5> te——5+¢ 5 & &
0Ty oTs 073 dT00T1 0Tp0 Ty

82x0 32xo
2
2 -
e ( 0To0T2 * 8T12)
32xo (82x1 32x0 )
= £
T2 ITZ 9Tod Ty

+82<82x2 9%x1 92x0 aZxo)_

2
9T "ot Tty OT?

27

(1.1.24)

Equating now the coefficients at the same powers @i Egs. (1.1.1) and (1.1.21),

(1.1.24), we obtain a set of equations, written below, for terms contaifing, 2.

32xo
20 L =0, 1.1.25
ITZ 0 ( )
32x1 azxo 0x0
i =2 1.1.26
T2 Y an YT T ( )
82x2 32x1 32)60 32xo 0x1 dxpo

2 (L2  (11.27
dT2 T “atoam T oT2 txe <8To + aTl) ( )

The setof Egs. (1.1.25)—(1.1.27)is not linked, it means, that equations served for obtain-
ing the minor coefficients of expansion (1.1.21) do not contain the senior coefficients of
the mentioned expansion. To underline this fact, the next system of equations contains
on the right-hand sides only the terms known from the previous approximations:

82
_x;) +xg0= 0’
0T

82x1 0x0 3%x
—2 +x1 =T+ - )
oT; 0To 0To0T1

(1.1.26)
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82x2 0x0 32xo 32)60 0x1 32)61

2= "7 =

012 2T Tom CoTodTy  oTZ  oTo - 9TodTh

(1.1.27)

The following step consists in a successive solution of Egs. (1.1.25), (9,128.27)
and the corresponding next equations of this type. It is just this type of procedure, but
only for kinetic equations, that will be realized in Section 1.3.

For linear equation (1.1.1) chosen as an example, these is no reason to use this rather
complicated procedure and it is better to avoid expansion (1.1.21). For this aim it suf-
fices to suppose that

x =x(Tp, T1, T2) (1.1.28)

and calculate the first and second derivatives in (1.1.1) as in (1.1.23), (1.1.24), i.e.,

dx 0x 0x 5 X

@ i oo T iy

d%x 8+8+28)8x+8x+28x
— =\ttt — || >t t —
dr? 0Ty 0Ty 01> d0To 0Ty 01>

92x 92x 92x 92x
~_ " 412 ol —= 42— ). 1.1.30
012 oty (an - 8T08T2> (1.1.30)

(1.1.29)

As a result, we have

3%x Py 3°x g 3°x I 3°x .
- e e — X
AT dTod Ty T2 3TodT2

0x 0x
=—c| — — . 1.1.31
E(BTO +88T1> ( )

After the procedure of term equating described above, we obtain the system of equations

82
22 +x=0, (1.1.32)
o1
92 9
 or _ (1.1.33)
0To0T, d0To
92 92 ]
p o* __r 9 (1.1.34)
0120T0  AT? 9T

A general solution of (1.1.32) has the form

x=A(T1, T2) €10 + A*(T1, To) €' o, (1.1.35)
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Obviously,
OX Ty i % Ty
— =iAadh_ja*e o, (1.1.36)
dTo
32 NV R V L
MY T Y (O i 1) (1.1.37)
dTodT1 9Ty dT1

Substitute (1.1.36), (1.1.37) in (1.1.33):

dA : JA* ,
(23_T1 + A)e'TO - <2 T + A*)e"TO =0. (1.1.38)

Equality (1.1.38) should be fulfilled for aitbary values of the independent varialilg
but A and A* are functions of another variableg;(and 7). It can be realized only if
the following relations are identities:

0A

255, +4=0. (1.1.39)
9A*
25T +A*=0 (1.1.40)

whence it follows that
A=b(T)e 2 A =b*(Ty) e TV/2 (1.1.41)

We use (1.1.34) for the definition &{72) andb* (7). Since now

x = b(Tp) e 11/2HT0 4 p* (1) e T1/2-1T0, (1.1.42)
we have
0x . 1 92x _1 (1.1.43)
oy 2 aTZ2 47 o
9%x 9 , ,
—i—[(T e—T]_/Z-HTO — b¥(T e—T1/2—ITO
T T aTz[ (T2) (1) ]
_il 28 omjaring _ 907 myo-imy (1.1.44)
0T> 0T>

and (1.1.34) after substituting (1.1.42)—(1.1.44) takes the form

b1 - bt 1 ,
<2|8_T2 - 21b)e—T1/2+'T° - <2|3—T2 + 21b*)e—Tl/Z—'To =0. (1.1.45)
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Relation (1.1.45) should be fulfilled for aif; and Tp (with ¢ depending on another
variableTy). Then the terms in round brackets are equal to zero. Thus,

.ob 1
2i— — -b=0,
T 4
— (1.1.46)
2i— + -b* =0,
1> + 4
and
b=boe 'T2/8  pr=ppetiTe/® (1.1.47)
As a result, we have the solution
x = bge 11/241(To-T2/8) by e 11/2=1(To=T2/8) (1.1.48)
For conveniencég will be written as
1 .
bo = 54 év. (1.1.49)
Then
1 12 b 1 —i(To—
x = —qe /2dTo-T2/8+¢) 4 — ;e T1/2 g~ I(To=12/8+¢) (1.1.50)
Another form of this solution is:
—T1/2 1
x=a€e 'Y°co To—§+<p , (1.1.51)
or, using the variable and the parameter, we get
—c1/2 1,
xX=ae€ co t—§8t+(p . (1.1.52)

In the previous variant of MMS, which leads to system (1.1.25), (1'L.261.27), the
solution™Sx, obtained with the accuracy of(€r), can be written in the same form.
For the above example £0.2,a =1, ¢ =0)

My, = &0 c0g0.9957). (1.1.53)

The comparison of the exact solutifx with the approximate solution obtained by
MMS ™Sy, in the region of a “claimed” accuracy (€?r) shows (see Table 1.1 and
Figure 1.1) that in the considered range ¢® — 87) the MMS-solution is coincidental
with the exact solution withthe accuracy as the rule of three ciphers in spite of the
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Table 1.1

31

Comparison of the solutiorfé, Lx, 2x, obtained by the perturbation method, with the many scales solution

MSy, and the exact solutiofx for the caser=1,9=0,6=0.2,6=1

¢ Ox 1, 2x msx2 ex,.
0 1 1 1 1 1
/4 0.707 0.652 0.656 0.656 0.656
/2 0 0 Q00785 0.00671 0.00673
3/4n —0.707 —0.540 —0.552 —0.552 —0.552
b4 -1 —0.686 —-0.735 —0.730 —-0.730
1.257 -0.707 —-0.429 —0.498 —0.487 —0.487
157 0 0 —0.0236 —0.0147 —0.0147
1.757 0.707 0.318 0.406 0.397 0.397
2 1 0.372 0.569 0.533 0.533
2.257 0.707 0.207 0.409 0.361 0.361
2.57 0 0 00393 0.0179 0.0179
2.757 —0.707 —0.0962 —-0.329 —0.285 —0.285
3 -1 —0.0575 —0.502 —0.389 —0.389
3.257 —0.707 0.0149 —0.390 —0.267 —0.267
3.57 0 0 —0.0550 —0.0183 —0.0183
3.757 0.707 —0.126 0.323 0.204 0.204
4 1 —0.257 0.533 0.284 0.284
4.257 0.707 —0.237 0.440 0.198 0.198
4.5 0 0 00707 0.0172 0.0172
4.751 —-0.707 0.348 —0.386 -0.147 —0.147
5 -1 0.571 —0.663 —0.207 —0.207
5.257 —-0.707 0.459 —-0.561 -0.147 —0.147
5.57 0 0 —0.0864 —0.0153 —0.0154
5.75n 0.707 —-0.570 0.520 0.105 0.105
6r 1 —0.885 0.892 0.151 0.151
6.257 0.707 —0.681 0.751 0.108 0.108
6.5 0 0 0102 0.0133 0.0133
6.757 —0.707 0.792 —0.722 —0.0754 —0.0753
Ve -1 1199 —1.219 —-0.110 —0.110
7.257 —0.707 0.903 —-1.011 —0.0803 —0.0803
7.5 0 0 —0.118 —0.0111 —0.0112
7.75m 0.707 1.015 0.995 0.0540 0.0539
8 1 —1.513 1.645 0.0804 0.0804

Oy = cost, Lx = cost (1 — 0.1¢), Zx = cost (1 — 0.1¢) + 0.005¢ (rcost + sint),
&y = e 0.1 cog7+/0.99) = e OV cogr - 0.99498744) MSxy = e 0-1 cogr - 0.995).

fact thate = 0.2 is not really very small parametéthis result significantly exceeds the
accuracy of the traditional asymptotic method (Table 1.1 contains also solftiphs,

2x). Since

cogqt+/0.99) — coqt+/0.995) = 2 sin(r - 0.994993719%in(r - 0.000006281),

the divergence @) could appear only ~ 10°, but, in this case, the difference of

cosines is completely suppressed by the exponential teﬁﬁ‘?.eThen, the growth of
relative erron®*x — MSx,) /**x is of no significance. The evolution of the soluti®fx,
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is not shown in Figure 1.1 due to actual cadence of the exact and many scales solu-
tions.

We can recollect another analogy. In theddic theory of reacting gases, the cal-
culation of kinetic cefficients (by explicit taking into account inelastic collisions) is
connected with the investigation of convergence of Sonine polynomial expansions. In
the region, where we can wait for a bad comence, the perturltian effects are small,
because they are suppressed by the exponential functfomvith large E, wherekE is
dimensionless activation energy. Only in the theory of reactions with high energy barri-
ers it is not unreasonable to consider the mentioned effects, but of course it is better on
the basis of the generalized Boltzmann physical kinetics because, as it will be shown,
the traditional Boltzmann physical kinetics leads to significant errors in calculations of
high energetic “tails” of distribution functions.

Let us consider now Eq. (1.1.1) for the case 8 « 1, ¢ ~ 1. After substitution

x =u(r)e /@) (1.1.54)
one obtains
. (1 &

or in the mentioned case

——— (1.1.56)

For conditions:«(0) = 1, u(co) = 0 we have

u=e (/@ (1.1.57)
and

x = @/ (1.1.58)

Let us omit now the first term in the left-hand side of Eq. (1.1.1), which is from the
first glance is small as caaining small coefficiend:

ex+x=0 (1.1.59)
and
x=e /o1, (1.1.60)

Solutions (1.1.58) and (1.1.60) have the same asymptoticO if + — oo. But func-
tion x corresponding to Eq. (1.1.58) is decreasing very fast in comparison with function
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(1.1.60). It means that coefficient in front of senior derivative leads to formation of
“boundary layer” with very fast function’s change.
Then terms with small coefficients in front of senior derivatives cannot be omitted.
It remains only to notice that the MMS has many variants and the efficiency of MMS
application is related with specificity of the problem.

1.2. Hierarchy of Bogolubov kinetic equations
Let us consider a closed physical system that consisi¢ particles. We investigate

non-relativistic gas motion that adheres to the laws of classical mechanics. Introduce
the N-particle distribution function (DFYy in a 6N-dimensional space, in such a way

dW = fy(@t; P, ..., FN; V1, .., V) df - - df y AU - - - AUy
= fydQq---d2y = fy d$2, (1.2.1)
where
d.Qi = df, d\?i, df, = dr,-l dr,-z dr,-g, d\A/l = dvil dviz dv,-g, (1.2.2)
d2 =d2;---d2y, (1.2.3)

as to d¥ there is a probability to find the mentioned system at the time moment
in the element & of phase space. The Liouville equation is valid for theparticle
distribution function,

N N

afn afn afn
V- F,. == =0, 1.2.4
ot + ; ar; + ; ap; ( )

wherey;, p; are the velocity and momentum of a particle numbeiee is the force
acting on the'th particle whose mass is equalig.

Consider the physical sense of Eq. (1.2.4). Let at a time momehere be
a unit volume in the considered phase space defined by positions of the vectors
r,...,ry;Vvi,...,vy. As it has written, the probability to find the system of this vol-
ume at the time momentis fy. Phase points — at the time momentonsisting on
the surface that encloses the mentioned volume — change their positions in the time
interval At; as a result, the position and form of the volume is also changing. At the
time momentt + Ar, the volume will be found in the position in the vicinity of the
6N -component vector with the coordinates

(r1+Ary,...,ry +Ary;Vi+ Avy, ..., Vy + Avy),

and the probability to find the system in this state is the same as at the time mgment
because the distrittion function (DF) fy does not change along the phase trajectory.
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Then

SN T, TN VL, . V)

= NI+ AL+ Al L Py + AN VI + AV, L., Uy 4+ AVy),
(1.2.5)

where the evolution of; andv; (i =1, ..., N) is defined by the equations of mechan-
ical motion. Obviously, Eg. (1.2.4) is als@hd for multi-component mixture of gases
when the system contains the particles of different masses. But the mixture should be
a non-reacting one. Really, if chemical reactions take place, the number of particles
can be changed in the system. This fact can lead to the appearance of a source term in
Eq. (1.2.4). Another treatment is also valid when molecules are considered as bounded
states of atoms whose total number is the same during the system evolution. This ap-
proachis not simpler for the description efdéution on the kinetic level because, strictly
speaking, the laws of classical mechanicsraesufficient for the calculation of react-
ing gases. As a result, on the lowest leebhracterized by the one-particle DF, the
problem arises in explicit form for the irdeal of inelastic collisions (Alekseev, 1982).
We begin with the set of kinetic equations for non-reacting gases.

Introduce ary-particle distribution function in accordance with the definition:

£ =/deszs+1---dszN

=/fN(t,.Ql,...,QN)d.QX_;,_l-“dQN. (1.2.6)

Integrate Eq. (1.2.4) with respect{® 1, ..., £2y with the aim of obtaining the equa-
tion for the s-particle distribution function (see Bogolyubov, 1946; Born and Green,
1946; Green, 1952; Kirkwood, 1947; Yvon, 1935)

/(afN +Z afN

Generally speaking, on the right-hand side of Eq. (1.2.7) there could be a function
¥(t, $21,...,825), but obviouslyy (¢, £21, ..., £2,) = 0. Suppose that gas is kept in a
vessel whose volume is known. This restriction is not of principal significance and can
be removed at the final stage of consideration.

Consider

Ofn
ap;

)dszéﬂ .d2y =0. (1.2.7)

/a;”N d241---d2y. (1.2.8)

We can change the order of integrating arffedéntiating because ¢limits of integra-
tion do not depend on time:

/3fN d2541---dQ2y = — /deszAH dQN_Z—JZS (1.2.9)
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Precisely in the same manner we change the order of operations in the second term for
i<

N N
a d
/ E Vi-%dﬂs_;_r”d.f?]v: E Vi'ﬁ/deQs+1"'d~QN,
i—1 i i=1 '

(1.2.10)

and fori < s one obtains

/Zvi N 40y day =Y v 2B (1.2.11)
- o i=1 ‘

Fori > s + 1 we have

a
/V,‘ . f df2s41---d2y
ar;
_ /V‘ ) ofs+1(t, 21, ..., 825, §2i)
- ' 3I’,‘

Z/[/(afs-‘rlvil + dfs+1vi2 n afv-i—lviS)drildrizdris] dv;

ori1 ori2 ori3

_ / [ / Foavi ~nds} ;. (1.2.12)

In the last equality the Gauss—Ostrogradskii theorem is used; the external — to the
gas — direction is accepted as positive. The physical sense of the integral on the right
side of Eq. (1.2.12) consists in the probability definition of itreparticle penetration
through the wall of the vessel whemparticles are in the state3;, . . ., £2;, respectively.
However, the walls of the vessel are accepted as impermeable for the gas molecules and
this probability and, as a consequence, this integral are equal to zero. This integral is
also equal to zero in the case where the gas is found in a restricted area of space, but the
integration is realized ovemnanfinitely distant surface.

Let us consider now the last term in Eq. (1.2.7). Lets + 1, then

de;

ofn
F Y 40 de
/ 42,1082

d
ap;

dfs

—F - Vs
ap;

/fN d2s41---dR2y =F; (1.2.13)

Suppose further that forde does not depend on the velocity of tité particle or
depends in accordance withetthorentz law. Then, foi > s + 1, the following trans-
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formation is true

/F- Ofn A1+ dQszaa

Ip; p
a
= /|:/ Bp,- . (Fifs+1) dViiIdl’,‘. (1.2.14)

The last integral is equal to zero. Really, theéernal integral can be transformed from
the volume form to the surface one in the velocity space. Taking into account that the
gas energy is finite, we conclude that the probability densityshould tend to zero,
if v; - oco. Then the surface — integral over an infinite distant surface in the velocity
space — turns into zero.

Denote the external force acting on thparticle asFﬁ’ . We have

s+1° A2y

N
F=F'+ Y R (Fi=0), (1.2.15)
j=1

whereF;; (r;, r ;) is the force acting on thiah particle from the particlg. Taking into
account (1.2.13)—(1.2.15), the third term oétihtegrand in relation (1.2.7) is written as
follows:

N
/ZFi A dQy41---d2y
= ap;
Z/ZFi U dQ2s41---d2y
, op;
i=1
- 3ﬂ afN
_ b

+Z / Z F- afN 2L 40,41 d2 (1.2.16)

Jj=s+1

Consider the terms in (1.2.16)

0
Z/ZFU fN dQH—l dQN == Z Fl] . (1217)
310,
i=1 i,j=1
We transform the term
0
Z Z Fij - J;N 211+ - A2y, (1.2.18)

i=1" j=s+1

at first for the particular case of one-species gas.
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With this aim write down the integral
/Fijfs+1(t,[21,...,.QS,.Qj)d.Q]', jz2s+1,i=1,...,s. (1.2.19)

The physical sense of this integral relates to the averaged force acting opdihtcle
from the particle; whens particles are in the statg2, .. ., £2;. For one-species gas in
the force of the particle identity, the value of this integralfor s + 1 does not depend
on the numbey, and we obtain the relation

f Fl] f?+1(t’ 917 R QS’ Q})dQ] = / Fl,Y+1fY+1(t7 91’ sy QY+1) dQY-‘rl
(j>s+1i=1..,5). (1.2.20)

Now transform (1.2.18) using the derived relation (1.2.20):

s N

0
S X PG o aa
i=1Y j=s+1 Pi

K 9 N
=Za—/ > Fijfir1d2;
i1 P j=s+1

u 9
SDBUERECS / Fioe1foe 02541 (1.2.21)
i=1 !

Pay attention now to multi-component g&s.accordance with the chemical kinds of
molecules, groups of particles stand out. Within of each group all the particles are
considered as identical. The transformation, analogous to (1.2.20), can be realized for
the conditions < N:

N
Z Fij fs41(t, 821, ..., 825, 2j)d82;
Jj=s+1

n
ZZNﬁ/Fi,jeN(;fs—&-l(t,-Ql,---,-Qs,-QjeN(;)d-QjeN(;
s=1

(=1 ...5). (1.2.22)

Some comments on the relation (1.2.22). Let, in a mixture consistingdrticles,Ns
particles belong to the same species of particles séthet, ..., n, andN = Z;’Zl Njs.

In every group all the particles are identical, therefore when integrating over the entire
physical space and the velocity space it does not matter what number of particles is,
used in every group. The integration over &l}cy, means that integration is realized
over all the phase volume of one of the particles belonging to the g¥up
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As a result, for one-species gas, the following hierarchy of Bogolyubov—Born—
Green—Kirkwood-Yvon kinetic equatis (BBGKY-equations) takes place:

3Y ag‘ av aS
Yoyu iy s e 2

i,j=1

. 9
== (N -9)g / firr(t, 21, 250)Fi 4102001, (12.23)
i—1 1

The internal forces$;; that do not depend on the velocity can be factored out of the
derivative by momenturp; .

The BBGKY-1 equationy{= 1)

afr  p1 9f1 p Of1 9 /
ey P e e 1 N)— . | F 25. 1.2.24
» + 3r1+ 1 31 ( N)ap1 12f2d822 ( )

The BBGKY-2 equationy(= 2)

8fz 8f1 af2 b Of2 _p 9f2
P1 o %2 pp 92
at (m o1 m ar2>Jr 1 ap1+ 2 9p2
af2 af2
F2. b
+Fp ap1 2L 3p,
0 0
=(2—N)<—-/F13f3d93+—~/|:23f3d93>. (1.2.25)
op1 p2

For multi-species gas, in the absence of chemical reactions, we have

8ﬂ 3fs =3 8fa
DIEAONE SOWTE

N

N
9
= _Z Z Fij - rle(t,le, s 82, 2))d82;
i=1 j=s+1 Pi
(s=1,...,N). (1.2.26)

If s < N itis reasonable to write down Eq. (1.2.26) with an explicit extraction of species
of particles in a multi-species mixture of gases:

Lyt se sy e 2

i,j=1

s
d
_—— s D S 5 PECIEIERY X § .
ZZN,;/F,‘ jeNg ap‘f”l(t 21 Ry, 2jen;) dS2jen;
i=15=1 !
(1.2.27)
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For reacting gases, Eqgs. (1.2.26) should be corrected taking into account an addi-
tional source integral term related to chemical reactions. Possible approximations for
this term are discussed in Alekseev (1982), but, generally speaking, the form of this
term should be based on the quantum theory of inelastic collisions.

The used assumption that, for the convenience of consideration, the gas is taken
as bounded in a vessel of voluntg is not significant. It is possible to use the limit
V — o0, N — oo under the conditiom = N/V = const In this case, hierarchy of
equations has no changes.

The set of integro-differential equations turns out to be a linked one, so that in the
lowest-order approximation the distribution functigndepends orf». This means for-
mally that, strictly speaking, the solution procedure for such a set should be as follows.
First find the distribution functiorfy and then solve the set of BBGKY equations sub-
sequently for decreasingly lower-order distributions. But if we know the funcfipn
there is no need at all to solve the equationsffoand it actually suffices to employ the
definition (1.2.6) of the functiory.

We thus conclude that the rigorous solution to the set of BBGKY equations is again
equivalent to solving Liouville equations. On the other hand, the seemingly illogical
solution procedure involving a search for the distribution functfgris of great sig-
nificance in the kinetic theg and in non-equilibrium stéstical mechanics. This ap-
proach involves breaking the BBGKY chaily ltroducing certain additional assump-
tions (which have a clear physical meaning, though). These assumptions are discussed
in detail below.

1.3. Derivation of the generalized Boltzmann equation

We now proceed with the derivation of the generalized Boltzmann equation (GBE)
(Alexeev, 1988, 1994, 1995c) by applyin@@olyubov’s procedw and writing down

once more Eq. (1.2.26), introducing the forces acting on the unit of mass of the particles.
We conserve the previous notation for the kind of forces that cannot lead to misunder-
standings.

Bﬁ u afs fs
EORA SO DI

i,j=1
—_Z Z/ ij ﬂ+1d~‘2], (1.3.1)

i=1j=s+1

where d2; =dr;dv;, fy is normalized on a unit. It means that the probability to
find all N particles of a physical system at some points of physical space with some
velocities is equal to a unit,

/fN d21d2,---d2y =1. (1.3.2)
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We now write down a dimensionless equation for the one-particle distribution func-
tion. In doing so, we follow the multi-scaleethod and introduce three groups of scales:

— at ther,, level — the particle interaction radiug, r, = (V5)¥/3, whereV;, is the vol-
ume of particle interaction, which could be non-spherical in the general case; the
characteristic collision velocityg,, and the characteristic collision tinig/vop;

— at thex level — the mean free path the mean free-flight velocityg, , and the char-
acteristic time scale/vg,, and

— at theL level — the characteristic hydrodynamic dimensionthe hydrodynamic
velocity, vor, and the hydrodynamic time/voy. .

Other notation:V is the character volume of a physical systefy,is the scale of
internal forces of molecular interactiofy;, is the scale of external forces.

Ahat“"” over a symbol means that the quantity labelled like this is made dimension-
less. From the normalizing condition (1.3.2) it follows that the dimensionlgssticle
distribution functionf, can be written as

fs = fovve. (1.3.3)
For other values, we have

—~ F:: R t N r: —~ =
Fj=—L, &= , fip=—, Fi=—.
TR rovt F

0 FbVgp rb o

Eqg. (1.3.1) can be rewritten in the form:

3, . 0fs Fonx—= 0 Lo Af
v s | o gy O | Fogg O Z L
vy 0ty Th o iy vop = avtb UOb Vip
FO -3
=_v_( oV rbUOhZ Z / i ledsz (1.3.4)

i=1j=s+1

and after dividing of both sides of equationsdyy/r;,, we find

N

0fs [~ 0fs | Fo s~ 3fi | Fo = s
~ T+t ) V + Fi-—+ Fij - ——
atp ; ib afp 2 Z ! ov;p 2 Z Y oV;p

Vouo/Tb i1 Vouo/Tb ;721

3
h

Z Z/ i ﬂ+1d52 (1.3.5)

V va/rbt 1j=s+1

As a scale for the force of molecular intetiao — recall that this force is related to the
unit of mass — choose the valuéh/rb, connected with the scale of collision velocity;
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Fo=v},/rp and then
d fy L~ s
F.::.
+ Z Y90
i=1 i,j=1
= _IBZ Z / ij - fs+1d§j, (136)
i=1j=s+1
where the dimensionless parameters are introduced
Foy rp Vi
ey =2 _"° 1.3.7
“=7 P=1v=7 (1.3.7)
For a one-particle DF, thfl equation is valid
d d ~  Afy
fygy 20 g, 25
otp 3]‘11, oV1p
. o A ~
+,BJZ;/F1j : avlfz(.Ql, 2,1)dR2; =0. (1.3.8)

If effects of the particle correlations could be completely omitted, the simplest approx-
imation for a two-particle DF is valid

f2(21, 2,0 = fi(21,1) f1; (2}, 1), (1.3.9)

wherej is the number of particle; = 2, ..., N. From (1.3.8) it follows that

3 . Af ~
le Vip - Afl +aFz- Afl
otp af1p oV1p

F1j f1j(2;,1)d2; =0. (1.3.10)

The integral term in Eq. (1.3.10) is connected with the averaged %jr,cacting on the
first particle from all the other particles of the system:

N
i=2/ﬁ1jf1,j(9j,t)d§j. (1.3.11)
j=2



42 Generalized Boltzmann Physical Kinetics

The relation for the averaged force can be rewritten for a multi-component system con-
sisting ofy species, as follows

:ZNéfﬁl,jeNafl,jeNa(Qj»t) d2jen;- (1.3.12)
Using (1.3.11), (1.3.12), one obtains from (1.3.10)

3 f1

Vip

3 f1 3 f1

3tb 3[’,1,

SC
+F7-

—0, (1.3.13)

where the self-consistent fort?ﬁc, acting on the particle numbered one, is introduced
F$C=aF; + BFY. (1.3.14)

Kinetic equation (1.3.13) is a Vlasov equation widely used in plasma physics to-
gether with electrodynamics equations, which close the system of equations. In mole-
cular dynamics of neutral gases the self-consistent forces are significant only on the
rp-scale — usually the smallest ones from all possible kinetic scales — and Eq. (1.3.13)
is the same as the free molecular limit of the Boltzmann equation.

In what follows, we intend to construct the generalized Boltzmann physical kinetics
outlining the statistical features of so called, “rarefied” gases. Under the term “rarefied
gases” we understand the physical systems for the description of which one-particle
distribution functionf; is sufficient.

For multi-component mixture, Eq. (1.3.8) can be written as

3 3 f ~ 9
le-I—Vlb Afl +aFq Afl
Iy or1y v,
3
r°N N,
= b Z 8/ ijeNs * A f2]eN5(Q],t)dQ]€N5 (1315)

For rarefied gas, the value

3
N
6= rbT = nrf =nV), (1.3.16)

defining the particle number in the volume of interaction, is a small parameter and the
ratio N5/ N is the number density of species in the physical system is given.

In the kinetic theory, other conditions of normalization of the [PfFapart from
(1.3.2), first of all the DF, are normalized to number density. Consider this question
in detail.

Let

/deﬁlmdﬂN:NN, (1.3.2)
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whereN is the total number of particles in the system which occupies the voldme
d.Qi = dVi dl',' .
For thes-particles distribution function

/ﬁd91~--dszs = N°, (1.3.17)
and finally for the one-particle DF, we have

/fldﬂl =N. (1.3.18)
Since

/ndh:N, (1.3.19)

wheren is the number density, we get

/(/fldw) dr=nN (1.3.20)

/fldvl =n. (1.3.21)

and

With the help of the DFf; Eq. (1.3.1) is written as

8ﬂ 8ﬂ - 3 fs
ey ey e e O

i,j=1

1S O )
Z_N Z/ WszdQHl’ (1.3.1)
1

=1j

becausef; = N* f;.
Write down Eq. (1.3.9 in a dimensionless form; introduce the same scale, however
recall that the DFf; was normalized is another way (compare with (1.3.3)):

R 3s
2 ~ UO

fs=Ts (1.3.3)

s

Write down the analogue of Eq. (1.3.4)

ns v (9, o st af
% Fi-
M{a,;zz Ly R e yR, Y

i=1 i=1 i,j=1
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Fo nstl l
= 3v+3N Z / ij f3+1d93+1v0r§’ (1.3.49)
voy, i=1j=s+1

or, after cancelling the factor before the curly brackets, we find

T 0 fé ~e 0 afA
3&+Z; +'ZF +§:

F
- ;f’z/()rh Z Z/ ij fH—ldQH—l (1.3.22)

i=1j=s+1

As before, the value;g/rb is chosen as the scale for the forég and for multi-
component mixture we find the analogue of Eq. (1.3.15)

dfs 0f1 | = 0f1
— +V — +aF =
otp 1 or1p 1 oV1p

n
Ns [~ a 2 ~
=_8ZW/F1‘,]'€N5 av—ihfz,jezva(ﬁl, Qjens, 1) d2jen;.  (1.3.23)

In the following transformation of Eq. (1.3.23), for simplicity we omit the sign
from DF returning to the details of normalization in case of necessity.

Of the numerous scales involved in the gas kinetics problems, three major groups of
scales pertaining to lengtlime, and velocity deserve a special consideration. In this
case, the particle interaction scajepresents only one of the scales (and the shortest
one) inthe scale hierarchy in molecular systems, wherk tuale, related to the particle
mean free path, and the hydrodynarhiscale — for example, the length or the diameter
of the flow channel, the characteristic size of the streamlined body, etc. — always exist.

In gas dynamics, the conditions

ry <AL L (1.3.24)

are usually satisfied. If desired, inequalities (1.3.24) can be rewritten in terms of para-
meters such as the characteristic collisione, mean free time, and hydrodynamic flow
time. Since the Boltzmann equation is valid only on thend L scales, a fundamental
problem arises here how to adequately describe kinetic processes at all the three scales
of a system’s evolution.

In Section 1.1, we were able to ascertain that standard perturbation methods cannot
present satisfactory results, if the systesvslution were investigated on very different
time scales. In this case, it is natural to apply the method of many scales.

We assume that the arguments of fhgarticle functionf; are the above three groups
of scaled variables and the mentioned small parameteur,f (compare with (1.1.21)):

fs = fs(@ps Pins Vips B Pin, Vins 1, Fir, Virs €). (1.3.25)
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As it has been indicated, a hat over a symbol means that the quantity labelled like this
is made dimensionless. We now write down an asymptotic series for the furfgtion

o0
Z (o, Fin, Vips 6o, Fin, Vins i, Bir, Vig )€, (1.3.26)

which should be used for solving the equation

3 f, o f af o
af;+z b + Z - —i-OtX:Fi-aA‘Y

i=1 i=1

_—S—Z Z / fH—l(t R1,...,92,2;)d2;.  (1.3.27)

i=1j=s+1

Let us take the derivatives on the left-hand side ofstteBBGKY equation according

to the rules intended for taking the derivatives of composite functions (compare with
(1.1.22)):

dfs _afs  3fs0h _0fs 9l 9h

Qs _OJs | OJs Ot (1.3.28)
dr, af, 9, dfp  Oir atk atb

. p 3 P 3 PN R
d 0 fs dfs 0r; dfs Or; or;

B e oy O Bk s BN Bk Bl 3.99)
df;p,  dfip — rink Ofip P oriLk 0rin,g Ofip
dfs 3 fs +23: dfs 0 N 23: dfs ODiLk IDins (1.3.30)
Vi, Vs o

= ixk IVip zlaﬁiL,k ing Vip

Introduce the following parameters as a ratio of the scale factors. No limitations are
introduced here for these parameters.

A
f1= 1 (Knudsen number (1.3.31)
gp= 20 L (1.3.32)
V0b vor

Then the approximated derivatives can be rewritten as follows:

dfy,  ofy 9/ 3 f
—— =+ —=¢8&2
dtb otp oty a L

df,  af  9f  ofs
— = —&+ —
drib ol ip arix or;r

df,  afs  afi Fo 9 F,
s _of  Of, R0 0, £ 10t (1.3.35)
dvi, AV 3sz Fo;x 3V1L Foy

(1.3.33)

g€, (1.3.34)
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because, for example,

%_ﬂ_ r_bvﬂ_gzr_b—gzrib—ssz

iy, My, vop A A (nrf)~ ’

it M, A

_AL _ J _ VoL — e1€3, (1336)
o, M voL

31A)ik,k _ Mv0h _8% _8&& ﬁ

=ge2—,
Wipr My, M, Foy vop Foy,

whereM denotes the scales of values written as the index. The scales of the free mean
path and radius of interaction are associated with the known relation

= () (1.3.37)

the following relations are written for scales on internal foréggelated to the mass
unit and the scale of velocity,

v2
Fo=-2 (1.3.38)

=
and, analogously,

For = 2% (1.3.39)
I

Substitute now the series (1.3.26) in the approximated derivations (1.3.33)—(1.3.35) and
the obtained relations in Eq. (1.3.27). Furthermore, we use the expressign foon

the right side of Eq. (1.3.27) as the mentioned series. Equating the coefficieftaraf

&1, €2 now yields

— atel:
3f0 K. 0f0 G~ af? ‘. 9f0
- Vi - A‘ F . AS F . AS :0, 1340
oty +Z w atip * Z Y90 +a. Lol ( )
i=1 i,j=1 i=1
— atel:

A

ft K. afl e aft ‘. aft
2 +Zvib',\—é+‘z Fij'aAs +OlZFi' >
i= R =

fi \Z Vi
otp 7 ofip ] ib = WVip
0f o~ Af0 . R AR

e Y Wi S bea— Y Ryt

oty - afjx Fo;, i1 av;,,
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3 f0
F N
+ 822 afiL

F ~ 3f0 . 9f0

20 ]’ AfA + 2 Fl fs

€3 Fox aviL €3 p ov;L

1 s N 5
~ 0 A
-y 2 /Fij'—av fi31982;, (1.3.41)
i=1 j=s+1 ib
— ate?

Vip

3f2 SN, 0f2 o af? ‘. 3f2
J? +ZVib' f;—i—ZFifvi;—i-aZFr fs
i=1 ij ! ‘

afl . aft Fo <~ of!
+ 2 8]1} +Zvib' rfs +er ZFij'é
A i=1 i .

AV

s . n s .
= aft 3 ft . of
F. . s As VUi - As
+é&2 E T + £1£2€3 o7, +é1 Eﬁ ib ot 1L

g2 Fo ~~~ Ofr ¢ 9 fL
+ 22 Fij - AfA + 2 Z Fi- Afs
€3 Fox ) oviL &3 ] oviL

———zz/

i=1j=s+1

{ale F08 0/ gjﬂaf&g-l}dﬁ'
Vi,  Fon ~ 0V e3 Fou 0Vip 2

(1.3.42)
The next approximations are organized in an analogous way.
At s =1 one obtainsK11 = 0)
31 o, 0 L af
S I AL N 1.3.43
Aty Vib ofip ! ov;p ( )
3 aft L aft afe  af0 . 3f0
le 1b - Afl +aF1-é+82 L 40 fl +e2F1 - Afl
otp of1p Vp B, af 1, vy,
of . 9fY  eam O]
= W=+ —F1- =
or fiz &3 oviL

= Z::L N / F1 jen; - Wlbfz’jeN‘s d$2jen;. (1.3.44)
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fE o O OS8O L e 01
atb af 1 V1 at)\ 3F1A AT
9 fl . aft
f f]_ —I—EF- f]_

1 ~
3I’1L &3 ov1L

N 3f3 3fY &2 Fo 0f) .~
—_ : 0,02 8270 92 Lys.
Z / L JeNs {8V1h * Foxg a1 * e3 Foy V11 JENs
(1.3.45)

Some conclusions can be drawn at this step of investigation.
It follows from Eq. (1.3.40) that on the,-scale the functiorf? has no change along
the phase trajectory or, otherwise, after integrating onjrerale

fo= ﬁo(fx,vix, Firi 1L, Vir, Fir). (1.3.46)

If function (1.3.46) is known, the functioﬁ1 has to be found from Eq. (1.3.41). This
is possible if certain additional assumptions are posed on the funﬁﬂqrentering the
mtegral right-hand side of expressmn (1.3.41). Eq. (1.3.42) can be used for calculat-
ing fY if not only the funcUonsz , fY are known from the preceding equations, but
also fs1+1. Thus, we see that the system of equations contains linked terms and if, in
Eq. (1.3.41), we need to introduce assumptions concerning the funﬁiqnthen in

Eq. (1.3.42) - Concernlngv

In real life, the dependence (1.3.46) is unknown beforehand. Then Eq. (1.3.41) can
serve to determlne”s0 on A- and L-scales, but, in this case, it becomes doubly linked,
with respect to both the lower index- 1 and the upperindex 1. As a result, the problem
of breaking the linked terms arises.

In what follows, we intend to deal with systems admitting the one-particle descrip-
tion by means of Egs. (1.3.43)—(1.3.45). To this ends we transform the integral term in
(1.3.44).

Let us write Eqg. (1.3.40) at= 2 for two particles “1” and "

ofy o Af3 of = 2f9

2 1y 22 Ve, 2 + F1jen, - o

oty v ar1p JeNs. b o jens, b L jeNs vy
= ofy o Afy g

+Fjen; 1 —2— +aF1- —2 4 aFjey, - —2—=0.  (1.3.47)
JeNs anGNa ov Vip JeNs 8VjeNa,b

Introducing a new variablRy jen; =1, — F jen;, 5, We find from Eq. (1.3.47) that

~ 3 .
—F1 jens - oy f2,jeN5

) )

3f2 1 ofy . ienes) 3 f5
° A - jE Sy S aa
oty of 1 9X1, jeN;s
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_ R L A - af9
+Fjens,1- " +oaF1- == +aFjen; - (1.3.48)
JENs OV jen; oV1p e OVjens, b

Using the last equation, we obtain the following representation for the integral in
Eq. (1.3.44)

= 8 AO - N N afzo -~
_/Fl,j€N5 ’ Mfz’jelvfs deeN,; = /(Vlb _VjeN5,h) : 321J€NS deeNB
afY 8 o af) o 32 ~
+/< fAz +Vip - 52 +aF;:- Afz +OleeN5'Ai) df2jen;
a1p arp AT OV jeN;, b
= afY
+/FjeN5,1' —2_d2jen;. (1.3.49)
anENa
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a = A e A
Z/[/ o '(FJ'ENB’leO)dVJENa]dfjeN,s- (1.3.50)
VjeNs

But the inner integral can be transformed by the Gauss theorem into an integral over
an infinitely distant surface in the velocity space, which vanishes beq%hse 0 as
0j — o0.

Let us introduce an assumption for rarefied gas of neutral particles that, bnahd
L-scales, the positions and velocities of particles 1 Aade not correlated, i.e.,

P 21.2)) = 2. 21) fon, (. 2jens)- (1.3.51)

This assumption is discussed in detail in Chapter 8.

afY A o afY o 3f9 .
=+ V1 == +oaF1- —= +aFjen, - = ) dQ;
/(M RN Yoy, TN 5 ey b JeNs

. afY o afd o afON\] .~
=/[f;’e1v,;< L 40y - aF )]dﬂjeNg

a1 af1p RAYAT)

0 YJjENs 45
—d;
+/f1 8tb J+a/8

VjeNs

(Fjens F2 fien,) d25ens -
(1.3.52)

In expression (1.3.52), the first integral on the right is zero, because relation (1.3.43)
and the third integral is zero for the same reasons as in Eq. (1.3.50). The second integral
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is equal to zero only if the influence of a self-consistent field can be ignored in compar-
ison with the external forces acting in the physical system. This problem is investigated
in Chapter 8, devoted to applications of the generalized Boltzmann physical kinetics in
plasma physics.

The integral term in (1.3.49) is written as

~ 0 ~
—/Fl»jeNa ) —3\71b f2,jeN5 deeN,s

AN af2
2/(Vlh_vjeN5,h) 7d91eN5
8X1 JEN;s
af9
(V1p = Vjens,p) - 7dr]EN5 bV jens. b (1.3.53)
Xl JENs

Using X1, jen; as an integrating variable, we arrive at the expression for the collision
term JstO

n
Ns
jsto _ Z /Fl jeN; - f2 jeNs dQJeN5

O

Ns
_ Z /gl ey + == o, jens b By b (1.3.54)
1, jENs

where the relative velocity of particles 1 apds introduced:
Qjens.1=Vjens. b — V1p. (1.3.55)

Introduce the cylindrical coordinate systdimb, ¢ with the origin of coordinates
at the pointf 1, and the axig, parallel to the relative velocity of encountered particles
andj; corresponding the dimensionless impact paraniegsrd the azimuth angle,

n +00 5 £0
R N R 0fs lrp e on
JSLOZZWS/ngN’S’l[/ aiz dl]bdbdwdvjeNg,b
8=1

—00

n
N 3 i A NI . A
- Z WS /UZOHOO) - fZO(_oo)]gjeNa.lb dbdp dVjen;, 5, (1.3.56)
5=1

where integration is realized on thg-scale, i.e., the functionﬁzo(—i—oo) and fzo(—oo)
are calculated for velocitieiéjeNa , V] andV ey, V1, when particles are placed out of the
interaction zone. As usual the particle velocities after collision are indicated by prime.



Generalized Boltzmann equation 51

Using the assumption that the condition of molecular chaos is valid oh-Huale for
encountering particles — and, as a consequence, relation (1.3.51) — we obtain

n

- Ns [0 A 020 an e

o= :W/[ff Ty = P2 f P, )8iens. 1b dbdp dU ey, (1.3.57)
§=1

the Boltzmann collision integral isnitten for the multi-component gas.
By manipulating Eqg. (1.3.44), we obtain

£l 70
lel + d1f1 =fSLO

D, T, (1.3.58)
where we have introduced the notation
Dift  afi aft o afk
Dltf;l - a{: 01 - affllb +aF;- 8\{11/ (1.3.59)
ZET? = 821—? +V1p - % +eF1 - go—fllj +8182832§)
LT (1.3.60)

+ eV - —— + —F1- ——.

or1, €3 ovir,
The following remarks are of fundamental importance in connection with the theory
being developed.

(1) Until now no restrictions are imposed on the valueggfes, ¢3, including the
Knudsen numbes;.

(2) Eq.(1.3.58) contains linking not only with respect to the lower, but also to the upper
index, implying that in order to emplofé kinetic equation, additional assumptions
should be made to reduce the etjorato one dependent variable.

(3) The collision integral/stO transforms to the Boltzmann collision integral if the pair
correlation functions in the zero-orderexpansion vanish and if one can ignore,
at ther,-scale, the explicit effect, on a given trial particle, of the self-consistent
force of internal origin. We shall address this point in more detail below, when
discussing the relationship betweerm theneralized Boltzmann equations and al-
ternative derivations of kinetic equations. The zero-order two-particle distribution
function entering the Boltzmann collision integral is calculated at\tlseale and
is presented, as usual, as a product of zero-order one-particle functions; this means
that interacting particles are not correlated prior to a collision.

(4) The use of this representation makes it possible to express the collision int&gral
in the Boltzmannian form. The presence of superscript “07#0 is physically
meant that even though the variation of the distribution function omjfezale is
taken into account [the first term on the right-hand side of Eq. (1.3.58)], the form of
the Boltzmann collision integral containing the functiﬁfl remains unchanged.



52 Generalized Boltzmann Physical Kinetics

(5) ltis crucial that the ternlell/DfB in Eq. (1.3.58), accounting for the variation
of the distribution function on the,-scale, is of the same order of magnitude as
the A- and L-scale terms. This has nothing to do with whatever approximations
for lell/DfB may later be made to break the Bogolyubov chain. The (unjusti-
fied) formal neglect of the teerlfll/DfB reduces Eg. (1.3.58) to the Boltzmann
equation. This means, in turn, that thescale distribution function is left out of
consideration in the Boltzmann kinetic theory; particles featuring in the Boltzmann
kinetic theory are point-like and structureless. The system can be described in terms
of the independent variablesp, ¢, and the change in the distribution function due
to collisions is instantaneous and is accounted for by the source/t&fin

We intend to employ Eg. (1.3.58) for describing the evolution of the distribution
function flo on A- andL-scales. But kinetic equation (1.3.58) contains the linking term
lell/Df;, with respect to the upper index, implying that in order to employ the kinetic
equations, a problem arises concerning the approximation of this term, in a definite
sense, analogous to the problem, which led us to approximations (1.3.9) or (1.3.51).

We now proceed to break the Bogolyubov chain onmhiscale with respect to the
superscript inlell/be. This term allows the exact representation, using the series
(1.3.26).

D1 fi _ﬂ[a_fl] _ (1.3.61)
e=0

Di,  Diy| de
Note, however, that in the “field” description, the distribution functfirnn the inter-

action on the,-scale depends anthrough the dynamical variablesv, ¢, interrelated
by the laws of classical mechanics. \&&n therefore use the approximation

o [(5) = acalacn (57

Diy [\ 9e J._ol D) La(=t)\ de )._o
LA ot (a<—fh)) LA 9% (a(—fm) }
afpy  3(—tp) ae o 0V 3(—1p) ae e—0

__ﬂ[(@) lel}:_ﬂ[(aﬁ) lef] (1.3.62)
D1y, e /) .—o Di, |~ Dip e /) .—o D, | s

The approximation introduced here procgegjainst the course of time and corre-
sponds to the condition that there be no correlations ag t8 —oo, where there is
some instant of timey on ther,-scale at which the particles start to interact with each
other. In the Boltzmann kinetic theory, the condition of correlation weakening has the
form (Bogolyubov, 1946)

lim Wz[l‘l —Vi1(t — o), V1; r2 — Va(t — o), V2; to] =0, (1.3.63)
p—>—0o0

where W is the pair correlation function. Ag — —oco (but not forrg — +o0!), the
condition (1.3.63) of correlation weakening, together with the approximation (1.3.62),
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single out a time direction and lead to the éinnreversibility in real physical processes

(Alexeev, 1995c). The next section of this paper discusses this point in detail in connec-

tion with the proof of the generalizeH -theorem. In the sequel, we will turn back to

the chain of relations (1.3.62) discussiihis approximation from disparate positions.
Return to the dimensional form of Eq. (1.3.44) taking into account the new normal-

ization condition for the DFf1, i.e.,

z ~ N,

fs=fiy- (1.3.64)
Then

= ~ NS

/fg dvs dr = / fldvdrW = Ns, (1.3.65)
or

/fa dvs = ns, (1.3.66)
and

/n,; dr = Ng. (1.3.67)

The DF normalization introduced for riicomponent mixture allows us to treat

the functionf s as the mathematical expectation of a number of particles (spBdies

which centers of mass at the time momeate localed in the unit volume in the vicinity

of r, and velocities belong to the unit interval in the vicinity\gf This condition will

be used in what follows as a rule, and as a consequence of this fact, we omit the upper
sign =~. But the lower index “1” in the DFf1 corresponds not only to the notation

of the one-particle DF, but also to the number of particle among all the numbéred
particles of the physical multi-component system considered. The lower index will be
also omitted. As a result, for thespecies mixture, we have

/fadvazna (@=1,...,n). (1368)

Let a particle, indicated as number one in the system, belong to speaiethe mix-

ture. It should be reflected by the investigation of the physical sense of the parameter
(3fp/d€)e—o in approximation (1.3.62). Introduche corresponding dimensional para-
meter

&
[0e/9t] ,—o'

Tien, = (1.3.69)

wheree is the number of particles of all kinds that find themselves within the interac-
tion volume of a particle numbered as 1 by the instant of tigiatroducings®9 (the
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“equilibrium” particle density in the interaction volume), Eq. (1.3.69) can be written in
a typical relaxation form

e

de _ &) —e™ (1.3.70)
ot Ty

The denominator in Eq. (1.3.69) is interpreted as the number of particles that find
themselves within the interaction volume of a certain particle belonging tettheom-
ponent per unit time; the derivativedalculated under the additional condities= 0.

Clearly, this number is equal to the number of collisions occurring in the interaction
volume per unit time. Hence, the parametety, = ¢/[d¢/dt],—¢ is the mean time
betweercollisions of a particle of theth sort with particles of all other sorts, and will
be specified in the following as, .

Reverting now to the dimensional form of Eq. (1.3.44) which becomes

Dfy D [ Df, 1
(2= 1w
(a=1,...,m), (1.3.71)
where
D 0 0 0
- = o Foz'_~ 1.3.72
Dt 0t T ar + 0V ( )

Heregg, is the relative velocity of the colliding particles @ndg), b is the impact
parameter, ang is the azimuth angle.

Itis extremely important that the parametgris the mean timéetweerthe succes-
sive collisions of ther particle with particles of all kinds, defined by

Ny

B Z?}:l Nop .

Ta

(1.3.73)

The numbeV,g of collisions between particles afand g sorts per unit volume in
a unit time is calculated using the functiofisand f. For the Maxwellian distribution
functions (Chapman and Cowling, 1952; Hirschfelder, Curtiss and Bird, 1954)

2rkpT \ Y2
B ) , (1.3.74)

Nap = 2nanﬁo§ﬂ< P
o

where g, is the diameter of the particle and mqg is the reduced masa.ps =
mgmg/(mq +mg). For the model of rigid spheres,

1
Oup = E(Ga +0p). (1.3.75)
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For an arbitrary DF, the total number of collisions per units of volume and time for
molecules ofx andB species can be found as follows

Nug Z/fafﬂgaﬁbdbd(pdva dvg. (1.3.76)

Thegeneralized Boltzmann kinetic equati@@®BE) (1.3.71) involves the additional
integral parameter defined by the same DF.

In the hydrodynamic limit when the Knudsen numbkrg, =1, /L (I, is the mean
free path between collisions for theth particles) are small, the mean time of the
free pathz, can be expressed as a function of dynamical viscqsityof speciesx.
Within the hard-sphere model, the first (Maxwellian) approximation yields (Chapman
and Cowling, 1952)

tOp=mp, (1.3.77)

where p is the static pressure, and denotes the dynamic viscosity. Successive ap-
proximations connected with Sonine’s polynomials lead to a small correction of the
coefficient,IT, = 0.786.

In multi-species gas the approximate relations can be used

nghg

Nup =kpT , (1.3.78)
MHap
1, =kpT Y nppiap. (1.3.79)
B
ng
M= ngtg = — — . (1380)
%: %: gy + oy 4

The considered theory is related to mudfiecies non-reacting gases. An additional
problem arises for an adequate description of the inelastic particle collisions. First of all,
the conception of “species” shalbe scrutinized. In chemical reactions redistribution
of atoms is realized. Then if, in the frame of the Liouville description, the motion of
every such particle is traced, so the total tn@mof particles in an ensemble of particles
is not changing and the Liouville equation can be written in the standard form. This
approachis widely applied in statistical physics (see, for example, Semenov, 1984). But,
in the kinetic theory, this method leads tdfidulties connected with expressions for
collision integrals. As a result, another approach is used based on the classical concept
of a chemical component. In this case, thelusion of inelastic collision is realized
with the aid of approximate collision integrals satisfying the law of mass conservation
in non-relativistic chemical reactionan fact we do not need any more, because the
exactness of those cross-sections of inelastic processes usually is not high.

The elastic collision integralst® in GBE (1.3.71) contains only a DF of the zeroth
order in series by the density parametelt means that, in the generalized Boltzmann
kinetic theory (GBKT), the elastic collision integral can be used in the same form as in
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the classical BKT. This is also true with regard to the forms of inelastic collision inte-
grals. It is significant to note that these affirmations are connected with local collision
integrals. Below the effects of non-locality and time-delay will be discussed separately.

Several important remarks, which will also be discussed in detail in the following
sections from different points of view:

(1) The generalized Boltzmann equation @nsg not only second derivatives with re-
spect to time but also mixed (time-velocity and time-coordinate) partial derivatives.
Introducing the “averaged” distribution function

D
f°‘=f—r7]; (1.3.81)

it assumes the form

Df* &
- =70 (1.3.82)

similar to the Boltzmann equation (I.1). Now it becomes clear that the Boltzmann
equation, which does not contain fluctuation terms, is not a closed one, and there
is no rigorous solution (to put it mildly) to the closure problem for the system of
moment equations in the theory of tutence, based on hydrodynamical equations
derived from the Boltzmann equations.

(2) The parameter in the generalized Boltzmann equation can be assigned a
clear physical meaning and, unlike the so-called kinetically consistent difference
schemes (Chetverushkin, 1999) to be discussed later, does not lead to secular terms.

(3) The generalized Boltzmann equation (GBE) in the dimensionless form is written as

= = = —J 1.3.83
Di  Di “ ( )

Dfy D (KnA D_fa> _ 1y
Df Kn"¢"

From this it follows that the second term is of the order of the Knudsen number
(Kn) and turns out to dominate the left-hand side of this equation as the Knudsen
number increases. Needless to say, this is not going beyond the free-molecular limit
of the equation because

D Dfy
Dt Dt

=0, forKn— oo. (1.3.84)

The solution of Eq. (1.3.84) is the equation of Knudsen flow

D fy
Dt

—0, (1.3.85)

i.e., the analogue of the Liouville equatiaor fa one-particle distribution function.
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(4) Note, however, that the second term in Eq. (1.3.83) cannot be ignored even for
small Knudsen numbers because, in that c&seacts as a small coefficient of
higher derivatives, with an unavoidable consequence that the effect of this term will
be strong in some regions. The neglect of formally small terms is equivalent, in par-
ticular, to dropping the (small-scale) Kolmogorov turbulence out of consideration.

Consider now possibilities for simplification of GBE.

If cross-sections,s and reduced massesg,g are not too different, it is reasonable
to suppose that the mean free timgsdo not depend on the number of specieand
to use the mixture viscosity for calculation of For the model of hard spheres and
Maxwellian DF it suffices to fulfill the conditio (see relations (1.3.73)—(1.3.75)) for
arbitraryo

1 o2,
I, = *_—const (@=1,...,7).
2 s

For example, for mixture NN1) and Q(N2) we have:oy = 3.7 A, 0, = 35 A,
(Hirschfelder, Curtiss and Bird, 1954)3 /I = 1.09; then the approacty, = 7 is ac-

ceptable.
In this case, one obtains from the equation
Dtha B D% (Ta Dtha) _ ystel 4 ystinel (1.3.71)
a simplified form
DDf:, 3 %(T%f;> _ jstel | ystinel (1.3.86)

The right-hand side of (1.3.86) contains integrals of elastic and inelastic collisions writ-
ten in a symbolic form.

This equation can be simplified after d@ting the terms, which are proportional to
the logarithm of hydrodynamic quantities. Really

Dt 'Di Dr Dt Di

Df, D Df, N Dint Df,
= — T —
Dt Dt Dt Dt Dt

_Dfs__ ( D Dfy | DIn(u/p) Dfa

- Dt\ Dt

Dfy D Dfy _ Dfy D Dfy Dt Df,
Dt Dt (r ) - Dt

. (1.3.87)
Dt Dt Dt Dt Dt
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Usually, the derivative of the logarithm of hydrodynamic quantities is a close-to-zero
guantity, and one can ignore the second term in brackets in (1.3.87) as compared to the
first term and write the GBE in the form

Dfy D Dfa

L T T oy = e e (1.3.88)

especially if the mean collisiotimes for different components do not differ too much
from one another. These are the possibilities for simplifying GBE that stand out and
may be used in applications.

There exists a possibility of analytical GBE integrating if the model collision integral
can be used. For this aim, we choose the BGK-approximation for the collision integral:

Jsr,el — f(o) B f

, 1.3.89
kt ( )

where £ © is the local equilibrium DF, anklr is a time of relaxationk > 1). Approach
(1.3.89) has been widely used in physics of ionized gases for a number of years through
the work of Bhatnagar, Gross and Krook (1954).

Let us consider a one-dimensional case in the absence of external foreesnst
GBE leads to the equation

of L Bf (0P, A o0\ _fO-f
hel L L oy — L — )= 1.3.90
ar T Vax T( 02 TV oxar TV ax2 kt ( )
Write down (1.3.90) in the form
82 82 82 P 9 (V)]
all—f + 2a12—f +a22—f + b1—f + bz—f = L, (1.3.91)

9x2 dxot 912 X ot kt

where
a11=rv2, ajp=1tv, axp=1t, bi=-v, by=-1

Eq. (1.3.91) can be brought to the canonical form. Since afz —aynaz2 =0, we
obtain an equation of parabolic type and the following characteristic equation

a11(dr)? — 2a120ds dx + axo(dx)? = 0. (1.3.92)
This equation splits into two equations

( dt ) a2+ ,/afz —ailai2

dx /4 - a1

( dr ) a1z — /a2, — a11a12

dx /5 - a1

)

(1.3.93)
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Because ofA = 0, one obtains only one characteristic equation for the parabolic equa-
tion

dr 1 (1.3.94)

As a result, the following independent variables can be taken for the mentioned trans-
formation:

E=x—ut, . =t. (1.3.95)
Using (1.3.95) we find:

of _9r 08 | of9¢ _ 37

= RO R (1.3.96)
dx  0£dx  AC dx  9&
and analogously the second derivatives
0°f  0%f af of n of
— = 5, —_— = =V — -,
ax2 92 ot & 03¢
02f 0% 02f  9%f
=2 L oy L oy~ 1.3.97
02 = Vg2 " VoEar T 92 ( )
LA i i
axdr  0E2  QEIC
After substituting these derivatives in (1.3.91), one obtains
Ff of  f—f©
—J . 1.3.98
¢ ac2 A kt ( )
Introducing a deviatiorf = f — f©, we find
~ rr 1.
tf —f ——f=0. (1.3.99)
kt
Eq. (1.3.99) has the characteristic equation
2 1
tm—m— — =0, (1.3.100)
kt

with the roots

1+ 1+ 4k1

= 2t
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From the physical sense of solution, the raot (1—+/1 + 4k—1)/(27) will be chosen,
and we have

f— fo=C()e (VIH#TI=D/@o) (1.3.101)
Obviously, the valueC (&) is defined for the time moment= 0, and fork =1
f=fo+C(&)e 0018/, (1.3.102)

Here the exponential growth of one of possible solutions is eliminated by choosing
an arbitrary factor — which is equal to zero —@mespective solution. This situation will
be discussed from the position of the generalizetheorem in the next section.

Relations (1.3.101), (1.3.102) rule the process of gas relaxation in the form of a
traveling decreasing wave to the local equilibrium, defined by/If.

For the space homogeneous relaxation corresponding to the equation

f 2 fO-y

P (1.3.103)
one obtains

f=fo+Cwe ™ (=1, (1.3.104)

f = fot Cye VEHAT-D/@o (1.3.105)
An analogous equation in the Boltzmann physical kinetics is

% = f(o;q_f, (1.3.106)
which has the solution indicated by the upper index BE(1),

fPE=fo+Cwer (1.3.107)
orfork #1

fPE=fo+Cye /. (1.3.108)

The next solutions are presented for Eqgs. (1.3.103) and (1.3.106} &s(the upper
index GBE is used now and further for solution of the generalized Boltzmann equation):

fGBE — fO + C(U) e—0.171/f’
fBE — fO + C(U) e—o.zt/‘['

In this case, both GBE and BE solutions are very close to each other.
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1.4. Generalized Boltzmann H-theorem and the problem of irreversibility of time

The BoltzmannH -theorem is of principal importance for the kinetic theory and it pro-
vides, in fact, the kinetic substantiation of the theory. The generaliz¢deorem was
proven in 1992 (see, for example, Alexeev, 1995c); we present below the main frag-
ments of the derivation, disss it from the standpoint of the problem of irreversibility
of time, and generalize to the case of multi-component reacting gas.

Consider first a simple gas consisting of spherical molecules. The state of the gas is
assumed to be constant, with external forces absent. Then, the GB-equation is reduced
to the form

A _ i(,%) _ st (1.4.1)
at ot \ ot
We will introduce the Boltzmani# -function,
H =/f|nfdv (1.4.2)
multiply both parts of Eq. (1.4.1) by Ifi, and transform the equation to
flnf——(flnf) f (12.4.3)
2f 9 af % f
7z Inf= o —(fIn f)—?<§) -7 (1.4.4)
From GBE (1.4.1) and Egs. (1.4.3), (1.4.4) it follows:
af 92 1/3F\2  9%f
R R
fa_f% J5tn £ (1.4.5)
or
of at 9
(-t 2<flnf>+r?<5) S ()
st of ¥ f dtdf
=J%n f 4+ = or o2 " arar (1.4.6)
Using once more (1.4.1), we find
af at 90
—(flnf)—r 2(flnf)+ f(@) - 55(]‘ )]

=1+Inf)J (1.4.7)
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We now integrate Eq. (1.4.7) term-by-term with respect to all the values of velocities
and use the definition of thd -function,

dH  d?H dcdH
& A2 dr dr

I EYLTAS st

But the following inequality is valid

1/9f\? ot
—r/?<§) dv+/(l+|nf)J dv <0. (1.4.9)

Really, the firstintegral in (1.4.9) is obviously not positive, for the second integral Boltz-
mann'’s transformation can be applied

/(1+In f)JS‘dv=/(1+|n D(F' fi— ffi)gbdbdedvdvg

:}/(1+Inf+1+lnf1—1—lnf’—1—Inf1’)

4
x (f'fi— ff1)gbdbdedvdvy
f f1

The second relation in the chain of Eq. (1.4.10) is obtained by formal re-notation
of forward and backward collisions by using the principle of microscopic reversibility
which can be written, for this case, in the form

dvdvy = dv' dv;. (1.4.11)

Following Boltzmann, we notice that the valug fif1/(f’ f{)) is positive or negative
depending on whetheff, are larger thary’ f; or smaller. In either case, the sign of

In(ff1/(f’ f1)) is opposite to the sign of the differengef; — ff1.
Then, we obtain

d dH
—(H-71=")<o. 4.
dt(H rdt)\O (1.4.12)

We introduce the??-function in accordance with the definition

dH
H'=H —1— 1.4.1
Tdt ( 3)
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Then the inequality is valid that yields the conclusion of the generalizg¢deorem,

dH*
<

< 1.4.14
o ( )

If we suppose that is constant, not depending on time, then inequality (1.4.14) can
be considered as a combination of two principles: Boltzmann’s principle

dH

a7 < 1.4.1
o <0 (1.4.15)

and Prigogine’s principle (Prigogine, 1962; Nikolis and Prigogine, 1977)

——>0. (1.4.16)

For closed physical systems, thefunction is a limited function, in particular, this
function will be restricted from below. In other words, the integfgf In f dv does not
tend to—oo asv — oo, i.e., integral converges.

For this aim, consider the integral

1 1 —
/fémvzdv = Eva, (1.4.17)
wherep is the density and upper line connected with averaging of the corresponding
value.

Integral (1.4.17) is the value of kinetic energy for a unit volume and therefore it is
finite. Suppose that the functighdecreases as— oo faster than e”v*/s7) je.,

f< g mv*/@ksT) Inf<-—

Then/ fIn fdv > —oo.
If f decreases as— oo slower than e”v*/s7) j e

mv2

2kpT’

—Inf <

the convergence of the integrflf In f dv > —oo is defined by means of (1.4.17). Re-
ally, in this case—fIn f < (1/(2kgT))mv?f and the integral of this value should be
limited by virtue of (1.4.17), because the kit energy of a physical system is lim-
ited. In all cases, the integral in (1.4.17) — connected with the kinetic energy of a closed
system —is a limited function.

During time evolution the decreasirfg-function — and therefore thH“-function —
is limited asv — oo.
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Fig. 1.2. Hypothetical time evolution of th&- and H“-functions.

At this stage of investigation we can state that the generaltzddnction (H¢) is
not an increasing function for all hypothetical manners ofhéunction behavior.

Let us consider the possible evolution of tHefunction from this point of view.

If the H-function is a decreasing function, this function is restricted from below.
Consider the time evolution aff - and H“-functions. TheH -function is a monotoni-
cally decreasing function, as it is shown in Figure 1.2. Figure 1.2 also shows the de-
pendence # /dr on time, as a result of graphical differentiating, and the time evolution
of H%, as a consequence of these two mentioned graphs and definition (1.4.13). As we
see,H? is also a monotonically decreasing function.

Maybe another situation shown in Figure8Xould be realized? This dependence
corresponds to the local growth of tHé-function. It leads, as a result of graphical
constructions, to the growth @, but it is forbidden by inequality (1.4.14).
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Fig. 1.3. Hypothetical time evolution of thé- and H“-functions.

One proves (Alexeev, 1995c) that, if
() dH/dr <0, then d4¢/dr <0 as well.
If in some portion of the evolution curve
() dH/dr > 0, then dH¢/dr > 0, as well, which is forbidden by inequality (1.4.14).

The system of inequalities (Ijll) does not forbid the evolution shown in Figure 1.4.
In this case, @iH /dr? > 0 only in a “linear” region and entropy productior 1H /dr)
evolve in a non-monotonic manner.
The possibility of appearance ofetexponentially increasing in tim# -function in
the equilibrium state (ifH* = 0) — and infinite growth of energy of a closed system
— should be excluded by turning into zero the constant of integration. In this case, the
model of the space homogeneous physical system is not correct.
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Fig. 1.4. Hypothetical time evolution of thé-function.

Now what happens to the fluctuations that develop in the system? To see this, con-
sider the generalized equation of conitguwhich was “guessed” in Introduction and
which — as it will be shown in the next chapter — is a direct consequence of GBE in the
hydrodynamic limit

af  [op 0 v
ar{p [ar ar o 0)“

8 d d ap
— — I — —pa 0. (1.4.18
+o0 {pVo T[a (pvo) + ar PVovo+ 15 —p “ ( )

We write here this equation in the generalized Eulerian formulation under the as-
sumption of no external forces and for the one-dimensional unsteady case:

9 ap 3 3
1, ;02X 7 —
” {p T [at +35 (pvo)” 35 (pvo)

0

a a
= a{f(O)[E(pUO)_'_ a(p—kpvg)i“, (1.4.19)

wheret(© is the mean time between collisions calculated in the locally Maxwellian
approximationz @ p = [T (as indicated, the factafl being of order unity; for the
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hard-sphere model,/ = 0.8 to the first-order approximation in Sonine polynomials
(Chapman and Cowling, 1952)).

We assume that except for shock-wave-type regions (to be discussed below within
the framework of the generalized Boltzmaequation), hydrodymaical quantities vary
not too rapidly on the scale of the order of the mean time between collisions:

o dp o 0
m>> 3 m>> E(PUO),

the temperature variations are small, the convective transfer is negligible, and the
chaotic motion is highly energetic as compared to the kinetic energy of the flow, i.e.,
Vz/vg > 1 (for example, for hydrogen at normal pressures and temperatures, we have
vo =10 cm-s71, giving 3.4 x 108 for this ratio). Consequently, Eq. (1.4.19) becomes

9 3 (tQpa
o_Z (ke (1.4.20)
ot 0x p  0x

or
W _ 3 (por) (1.4.21)
ot 0x 0x

where D = ITu/p is the self-diffusion coefficient (Hirschfelder, Curtiss and Bird,
1954). Eq. (1.4.21) is the diffusion equation, with the implication that (a) a locally
increasing density fluctuativimmediately activates the diffusion mechanism which
smoothes it out, and (b) the generalized Boltzma&theorem proved above ensures
that the smoothed fluctuations come to equilibrium.

Relation (1.4.8) can be rewritten as:

dH® IWETAN
w50 e
1
+ Z/'” ]{/—J;%(f’fl’— /1) gb dbde dv dv. (1.4.22)

The second integral on the right-hand side of Eq. (1.4.15) is smaller or equal to zero
because of the obvious inequality

a
b—a)ln—- <0,
(b—a) p
whereb = f' f/,a = ff1. Then, in a stationary state the equality

fAf' = fh, (1.4.23)

is valid which leads to the Maxwellian distribution function.
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If the BoltzmannH -function defined by the distribution functighis obtained from
GBE, in the hydrodynamic limit the valusdH /dr should be considered as fluctuation
of the H-function on the Kolmogorov level of the turbulence description; tih&hin
the relation

H'=H—-1— 1.4.24
L ( )

is an averaged value of thé-function.
For multi-component gas, the analog of Eq. (1.4.1) has the form

e _ 3<m%) = Jstel, (1.4.25)
ar ot \ ¥ ot

As a result, theH -function for the componert is written as

Hy =/fo,ln fo Ve (1.4.26)

Subsequent mathematics is analogous, aaktbre, the inequality assumes the follow-
ing form:

d dH,
_ — — 1K 4.
o (Ho, Ty ) <0 (1.4.27)
or
dH4
% <0. 1.4.14
4 0 ( )

The summation over all the components leads taHhfinction for the mixture,

H=Z/falnfadva,
. dH, ' dH,
" =Z<Ha"a?>=*";’a?

o

(1.4.28)

and to the inequality

dH?
dr

<0,

which results from (1.4.1%

Let chemical reactions proceed in a mutmponent gas mixture, for which the
integral of bimolecular collisions has tfierm (Alekseev, 1982; Alekseev and Grushin,
1994) B,y,6=1,...,7n)
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3
Jstnel Z Z /|:Sa?ﬁ (mamﬂ) f):fs fafﬁ]gaﬂdaaﬁ dvﬁ’

" By sys(; m,ms
(1.4.29)

where dr;’;’ is the differential cross-section of inelastic collision in ik reaction
Aa—i-Aﬂ —)Ay + As,

andsy, sg, sy, 85 are statistical weights of the energy state of partidgsAg, A, A;
(Fowler and Guggenheim, 1939). Here GBE has the form:

ofe 0 0fa
%—5< f) Z/ff faf/]ga/da dVJ

222/5 o fs— fafﬁ]gaﬁda " dvg. (1.4.30)

r By

Now, the analog of (1.4.8), after summation oseis written as
3 dHy d®Hy  dry dHq
—[ d  “d?  dr
——Z /f <%) dv, Q+Z/(l+|nfa)J§te'dva

+— Z /(1+|nfot 5 fyfa fafﬂ)gaﬁd%):;rdvadvﬂ-

rﬂy&a

(1.4.31)

Obviously, in the integral sum on the right-hand side of (1.4.31) indic&s y, § are
dummy and the transformation is valid:

XX [ @M€~ fo g by dvacvy
roa,pBy.s

__Z 3 /In f"‘fﬂ £V F) 13 = fufs)8ap doly” vy dvp. (1.4.32)

roa,B,y,8

We use the principle of microscopic reversibility

£798ap Qo g dva Ovp = g5 dory " AV, dv (1.4.33)
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and once again arrive at the formulation of tHetheorem

dA di" , (1.4.34)

n
<0, H“:H—Zra
dr = d

although, as we can see, inequality (1.4) iday prove invalid in the presence of chem-
ical reactions.
In thermodynamics for equilibrium systenegtropy is introduced by the relation

S=—kB/w(.Ql,...,_QN)Inw(Ql,...,QN)d91-~-dQN, (1.4.35)

wherew(£21, ..., £2y) is the probability density for canonical distribution. For ideal gas
using the assumption about the statistical independence of molecules, the simplification
of (1.4.34) can be realized with the aid of the probability density

Wy (2,) = / W2, ., 23) A1+ A2y 12y 11+ A2, (1.4.36)

defining the appearance of thth particle in the stat&2,, when other particles occupy
arbitrary states admitted by the physical system.
Then

N
w(R1, ..., 25) = [ [ Ws(£20) (1.4.37)
s=1

and, after substituting in (1.4.35), we obtain

N N
S:_kBZ/HWk(Qk)InWs(Qs)dgl"'dQN
s=1 k=1

N
=—kp ) / Wi (£2,) In W (£25) d82. (1.4.38)
s=1

Relation (1.4.37) is written for unit normalization &f. If we pass over to the one-
particle distribution functiong'(r, v, t) used by us, then, with an accuracy within the
non-principal constan$g that is associated only with the level of entropy count, we
have the classical relation

S =—kgH + So, (1.4.39)

which leads to the thermodynamic inequality

ds
—20. 1.4.4
4 =0 (1.4.40)
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We will now investigate the thermodynatrinequality (1.4.40) from the standpoint
of the existing causal relations and direction of time. To this end, one needs to answer
the question of how it happened that inequality (1.4.34), which is the one leading to the
increase in entropy (1.4.40) and to the exist of irreversible processes, appeared in
our generalized Boltzmann physical kinetics. This effect is a direct result of approxima-
tion (1.3.62), into which the motion in the direction opposite to the “time arrow” was
introduced, so that the state of the system at the given moment of time is defined in a
determinate manner by collisions that occurred in the past.

We will introduce the physical principlef@ausality as some operator which “cuts
out”, from all the events possible at the present moment of time, only a certain event
whose causes exist in the past, and which transfers the certain event under consideration
in the present into the class of causal relations for some possible event in the future.
Thereby, the irreversibility of time is imiduced as well. In other words, one cannot
speak of the principle of causality withouting the concept of irreversibility of time.

What may be the result of formal rejection of the principle of causality in this partic-
ular case? If one abandons the additional statement that the cause precedes the effect,
T in relation (1.4.8) may be replaced by ),

dHY 1/07\2
dt —T/?<E) dV

_1 Ih

=7 /n A (f'fi— ff1)gbdbdpdvdvy, (1.4.41)
where
HY =H + L3 (1.4.42)
dr
or, to put it differently,
Ha/ 1 2
d —r/ —(g) dv <0. (1.4.43)
dr f\or

Nothing can now be said about the sign of the derivati&é’ddr in (1.4.43). Inequality
(1.4.43) may also hold in case#d’/dr > 0, because, from this value, the nonnegative
integral T [(1/£)(3f/d1)?dv is subtracted, which does not vary whers replaced
by (—1).

Therefore, the principle of entropy increase follows directly from the principle of
irreversibility of time. After introducing theproximation of the two-particle distribu-
tion function via the product of one-particle functions and using the fact of correlation
of the dynamic variables on thg-scale, the reversibility remains or is eliminated from
treatment, depending on the approximation of the DF with respect to the hypothetical
future or determinate past and, on the formal side, depending on the choice of sign be-
fore t. The probability of reversible processes in closed dissipative physical systems is
vanishingly small, and one must use GBE in the form of (1.3.71) for investigating the



72 Generalized Boltzmann Physical Kinetics

transport processes in applied problems. However, as regards gigantic (in comparison
with human life) time intervals, it is of interest to investigate dissipative and, neverthe-
less, reversible systems.

In order to understand what the evolution of such a system may look like, consider
the particular case of an alternative generalized Boltzmann equation,

Df D[ Df\_ «
EJFD—I(TD—t)_J f), (1.4.44)

which corresponds to the evolution of a one-dimensional non-stationary system with
the collision integral in the BGK form. The appropriate equation has the form

af | of % f %f | ,0%f fO—y
LU (A WA e S W A 1.4.45
3t+v3x+f<8t2 Ve TV a2 kT ( )

Eq. (1.4.45), like analogous equation (1.3.90), is parabolic and, with the aid of trans-
formationé = x — vt, ¢ =1, reduces to the equation
Ta2f+af+f_0 (1.4.46)
ac2  ac  kt o

wheref = f — (@,
Its characteristic equation

1
tm?>+m+— =0, (1.4.47)
kt
with the roots
—1++/1—4k1
mip=—— . (1.4.48)

It follows from (1.4.48) that, witht < 4, the characteristic equation permits non-
monotonic solutions. We will study one of themiat 1,

t
F8BE = fo+C(&)e 05T Cos<0.866;). (1.4.49)

Obviously, the valueC (¢) is defined for the time moment= 0, and fork = 1 the
corresponding solutions of the BE and (1.3.99) have the form

f=fo+CEe'r, (1.4.50)
f=fo+C(&)e 008/ (1.4.51)
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!

Fig. 1.5. Evolution of the time parts of distribution function (1.4.49)—(1.4.51): (13)5é/r €090.8661 /1),
(2) eft/r’ (3) e70.618t/1'.

Figure 1.5 illustrates the evolution of time parts of distribution functions (1.4.51)—
(1.4.53), namely, &*%/7 c0og0.866¢/7), e //*, and €0618//7 |t follows from Fig-
ure 1.5 that, given a global approximatiamdathe state of thermodynamic equilibrium,
the DF may repeatedly assume the same values and, consequently, the system may re-
peatedly pass through the same states. Moreover, in the process of evolution the system
may find itself in the state of thermodynamiguélibrium and, nevertheless, leave the
latter state. The respective “apocalyptic” poidts, Ao, ... are indicated in Figure 1.6.
What happens at these points? The distidn function reaches its value corresponding
to the thermodynamic equilibrium,

H=HO? = / FOln O qy, (1.4.52)

however, the derivative

is other than zero, and the sign of the integral depends on the sign of the derivative
@f/at)a, (i=1,2,..).

Consequently, the Boltzmann entropy may experience vibrations, shown in Fig-
ure 1.6, when approaching the state of equilibrium. Figure 1.6 gives, as a result of
qualitative graphic differentiation, the evolution of the derivativd /0 and that of
generalized entropy{“, which also vibrationally approaches the global equilibrium.
We use (1.4.49) to readily find the valuesif at the apocalyptic points,

HY =H© —0.866e %/ (—1) / C)(In @ +1)av

(i=12..) (1.4.54)
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Fig. 1.6. Vibrations of the (a) Boltmann and (c) generalized Boltzmattf+functions when approaching
the state of equilibrium, as well as (b) evolution of derivativd /dir for the kinetic equation of the type

of (1.4.44).
because
5 0.866 4
<_f) _ 9866 osiyr gy (1.4.55)
ot ) 4 T
TT 1
=TT () 1.4.56
! 0.866<l 2) (1.4.59)

Condition (1.4.56) follows from vanishing of cos8B6: /1 at the apocalyptic points.

One can see now that the reversibility of processes shows up, on the level of one-
particle description as well, as the reflection of reversible processes in a physical system,
i.e., on the level of Liouville’s equation written relative to the distribution functf@n

By analogy with the notation of differee schemas with weight, one can replace
Egs. (1.3.71) and (1.4.44) by a generalized kinetic equation in the form

Df D[ Df D( Df\ .«
L np(+2) + g (L) = %) (L.457)
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wherey1, y2 are some function of21, ..., 22 proportional and correspondingly in-
versely proportional t@ret, the time of return of the system to the initial state. For real
dissipative processes, the tifig; is so great, and the functign so small, as compared
to a unity, that it suffices to use the GBE in the form of (1.3.71).

It is interesting to treat this problem also from the standpoint of the so-called “phys-
ical” derivation of the Boltzmann equation. Of course, subsequent reasoning will no
longer be rigorous, but it will be nevertheless useful for understanding the situation. For
this purpose, we will treat the variation of the number of particles of thessosthich
were initially, at the moment of timg found in the volume d dv/, of the phase space.
After the interval of time d, the particles in the absence of collisions will be found in
the volume df% dv’-*% and in so doing, the difference

fa[r (& +d), Vo (t +dr), £+ de] dr T o o — £ (r, v, 1) dr V),
will go to zero. In the presence of external forégssuch as Lorentz forces, there is no
reason, generally speaking, to assume that the elements of phase volume hold out in the

course of time. It can be shown that within the accurapgd©?] the elements of phase
volumes can be transformed as

dri e = [1+ 9. Fo (dr) } (1.4.58)

But, in the general case, a six-dimensional Jacobian should be introduced

t+dr \,r+de
diri %, v
dire, vt ]

Write the balance equation:

2 ot
— fa(r Vo, 1) = J3tdt, (1.4.59)

t+dr ,r+dr
fa[ r+vedr + = F (d6)?, Vg + Fq dt+}—(dt)2 t+dt:| dir™™, v 1

containing the terms of [@dr)?] on the left-hand side of (1.4.59).
Calculation of the indicatedacobian leads to the result

d[rH—dt’ Vtoj_dt] G ) 19 )
W_H[(%) B — S F ](dz) , (1.4.60)

whereg, is charge of therth particle,B is magnetic inductiorf, is the external force,
acting on the particle of species

Expanding the distribution function as a power series and conserving the terms of
order Q(dr)?], the integro-differential difference equation is obtained (Alekseev, 1987,
1993):
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%4—%, %+Fa~%+‘[{|:a aa];“Jr%.%
+%Fa:%&+%w:a—rﬁy+ 82];“ <ma> B? fy
_foz a:g‘: 'vava+aij7§‘;a:FaFa
+ zaajag’r VoFo + Zaa\lfgz Fo + zgig‘; -vo,} =JS (1.4.61)

wheret = At/2 is half a time step in the finite difference approximation.

Eq. (1.4.61) must be treated as the source of difference-differential approxima-
tions for the left-hand side of the BE. Of course, the difference-differential operator
in (1.4.61) is not the same as the differential operator of GBE (1.37i&)simply the
time step of the difference schema, and viiihmal growth, secular terms appear on the
left-hand side of (1.4.61).

Now, let F, =0, then Eq. (1.4.47) takes the form

D D D
fa +T_ fa ]jt7
Dt Dt Dt

(1.4.62)

whereD/Dt = /9t + vo - 9/9r and the question of approximation of high accuracy
for JS! formally remains open. In Eq. (1.4.62),is a constant with the opposite sign
as compared to the analogous term in (1.3.86). Is it possible to derive a difference-
differential approximation with the negative sign at the second substantial derivative?
No doubt, this is possible.

We will now treat the approximation “backward” in time in the form

Ja @, 1, Vy) — fo(t — At, T — Ar,Vy — AVy)
2
=[Df“} ar— 8D [BDf“} oo (1.4.63)

Dt 2 | Dt Dt
which leads to the balance equation:

D D D At
fa _ D Dfa _ J ==, (1.4.64)
Dt Dt Dt 2

From the mathematical standpoint, both difference-differential approximations are com-
pletely equivalent, and one or the other approximation may be preferred only from the
standpoint of stability of the difference schema employed. We will now use the as-
sumptions, which have brought us to the approximate notation of the GBE in the form
of (1.3.86). In this case, the difference-differential approximation is the same in these
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assumptions as in the GBE provided, naturally, that the time Ateg constof the
difference schema from the generalized Boltzmann kinetic theory is formally used as a
doubled mean time between collisions.

Therefore, two mathematically equivalent difference approximations (1.4.59) and
(1.4.63) have a different physical meaning (see (1.3.62)). One of them corresponds to
the approximation to “predicted future”, and the other one, to “determinate past” which
is consistent with the principle of irreversibility of time.

It is significant that this fact is of no importance as regards the “physical derivation”
of the Boltzmann equation, because no coasition at all is given to the DF evolution
on ther,-scale, and as a consequence, both approximations lead to one and the same
result.

So, Boltzmann'’s result (treated as the effect of phenomenological derivation of BE)
dH /dr < 0 may be derived without explicitly using the assumption on the irreversibil-
ity of time, while the analogous result in the theory of GBE calls for explicit use of
the assumption on the irreversibility of time or, which is the same, of the principle of
causality. Thereby, one of the main paradoxes, providing a subject for discussions in the
Boltzmann physical kinetics, is resolved.

We will now treat the theory of kinetically consistent difference schemes (KCDS)
(see, for example, Elizarova and Chetverushkin, 1986, 1989; Elizarova, 1992). The
ideas of this theory date back to the studies by Reitz (in particular, Reitz, 1981), who
used the splitting method to solve problems of the theory of transfer to the kinetic and
hydrodynamic stages. As distinct from Reitz (1981), the KCDS theory uses the DF ex-
pansion in Taylor seriesith respect to the parametet, wheret is some arbitrary
parameter defined by the rattoof the network step in space to the characteristic hy-
drodynamic velocityhyg with the accuracy witim third-order terms

fj+1(r, v, tj+1)
j

' 3 afj T 3
=fof—rz 7 Z . ar Vg U 4 - - (1.4.65)
a:l B=1

Here, fo is Maxwell’s function, and; defines the number of step in time. In recent
studies dealing with the KCDS (see, for example, Elizarova, 1992), three parameters
have been introduced; = 1*/(2Vhya), 77 = h? /(2Vhyd), T° = h*/(2Vhyd), Which are
defined by space steps on the coordinates andz.

In order to derive the values of gas-dynamic parameters on the new time layer
t =t/*1, the performed expansion is multiplied by summator invariants and integrated
with respect to the velocities of molecules of one-component gas. As a result, we de-
rive a system of integro-differential equations with additional terms (on the right-hand
sides, as distinct from the classical hydrodynamic equations), which present, by virtue
of selected approximation, a combination of second space derivatives multiplied by the
time step.

This approach does not lead to a new hydrodynamic description. Moreover, as it
follows from derivation (1.4.61) (see also Alekseev, 1987, 1993), it does not even pro-
vide, in the general case, a second-orgmraximation for the Boltzmann equation or
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for generalized hydrodynamic equations, which in reality result directly from the GBE.
Attempts at substantiating the KCDS on the basis of modified BE with an additional
relaxation term are inadequate, because Bt “works” at times of the order of the
relaxation time. In particular, with this approximation, as compared to the generalized
hydrodynamic equations and GBE,

(a) all cross derivatives with respect to space and time are absent as well as second
time derivatives, and, as a result, the KCDS cannot be used correctly to simulate
turbulent flows;

(b) the KCDS cannot be used to construct the generalized Navier—Stokes approxima-
tion;

(c) external forces cannot be introduced in the KCDS;

(d) itis impossible to clarify the physical meaning of the parametehis leading to
the appearance of secular terms in the equations;

(e) itis impossible to estimate the contribution to hydrodynamic equations due to in-
evitable modification of the collision term;

(f) as noted in Klimontovich (1992), “the common drawback of Elizarova and
Chetverushkin (1986, 1989) and Elizarova (1992) consists, in particular, in that
the introduced additional terms disturb the invariance of the kinetic equation rel-
ative to Galilean transformations. In this case as well, the additional terms were
introduced without adequate substantiation.”

The following analogy may be drawn: let the finite-difference approximation of New-
ton’s second lawk = F/m be written; depending on the accuracy of the scheme used,
finite-difference increments of the third and higher orders may appear in the finite-
difference approximation. This does not mean, naturally, that the return to differential
notation gives a new law of nature of the typeiof- X = F/m. The reason for this
situation is quite obvious: it is impossible dbtain a qualitatively new physical descrip-
tion by using a formally higher differeea@pproximation for the classical equation.

In the approach developed by Klimontok (1995, 1997), the Liouville equation is
replaced by another kinetic equation with@uece term (or “priming” term, using the
terminology of Klimontovid (1995, p. 319)), that differs from the Liouville equation
by the source term (Klimontovich, 1995) written in théorm as

(v t) — fn@' v, 1)
Tph ’

According to Klimontovich, this term describes the “adjustment” of microscopic
distribution of particles to the appropriate smoothed distribution. Henceforward, the
value of rpp, is selected to be equal to that efduring transition to the one-particle
description. The resultant equation proves to be a combination of the Boltzmann and
Fokker—Planck description (the differential part of the BE remains unchanged) with an
additional “collision integral” (Klimontovich, 1995, p. 251),

3. a
Iy (R, v, 1) = ﬁ[D£ - bF(R)f] (1.4.66)
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with due regard to smoothing over the “point” dimensions, whrie one of the three
kinetic coefficients (kinematic viscosity,, thermal diffusivityy , and self-diffusiorD),
andb is the mobility.

It is assumed that all the three coefficieare identical, and the difference between
them may be taken into account by using some other, more complex, smoothing func-
tion. One can perceive an analogy between the continuity equations of Slezkin (1.20)
and Klimontovich (1995). We see little point miscussing the remaining analogous
HE.

In fact, the source term in the Liouville equation may only appear in the case of
incomplete statistical description of the reacting system, or in the presence of special
non-holonomic links and radiation, while the size of the “point” (using Klimontovich
terminology) is defined by the,-scale in the BE that has been previously not accounted
for.

In closing this section we want to emphasize the fundamental point that the intro-
duction of the third scale, which describes the distribution function variations on a time
scale of the order of the collision time, leads to the single-order terms in the Boltzmann
equation prior to Bogolyubov-chain-decoupling approximations, and to terms propor-
tional to the mean time between collisions after these approximations. It follows that
the Boltzmann equation requires a radioaddification, which, in our opinion, is ex-
actly what the generalized Boltzmann equation provides.

1.5. Generalized Boltzmann equation and iter ative construction of higher-order
equationsin the Boltzmann kinetic theory

Let us consider the relation between the generalized Boltzmann equation and the itera-
tive construction of higher-order equations in the Boltzmann kinetic theory. Neglecting
external forces, the Boltzmann equation for a spatially homogeneous case, with the
right-hand side taken in the Bhatnagar—Gross—Krook (BGK) form, is given by

of _ f—fo

at o Trel

(1.5.1)

wheretg is the relaxation time, angp is the equilibrium distribution function. From
Eq. (1.5.1) it follows that

0 0
f=f0—TreIa—J;§f0—TreI§- (1.5.2)

The second iteration is constructed in a similar fashion giving

0 of \ ~ oo 2 #fo
f=rfo— Trelg <f0 - Trelg) = fo— TreIW + Téﬁ. (1.5.3)
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Thus, we obtain for the distribution function the series representation

f= Z( 1)’ 8{0 Tl (1.5.4)

where the zero-order derivative operator corresponds to the distribution furfgtion
From Eqg. (1.5.3) there follows an analogue of the kinetic equation (1.5.1) for the
second approximation:

%fo  3fo f—Jo
e —. 155
Tt atz ot Trel ( )

It is important to note that the second time derivative of the distribution function in
Eq. (1.5.5) occurs with a minus sign. In the general case, we have the expansion

- i—19'fo = fo
Z Trel ( 1 Y . (1.5.6)

im1 Trel
We now proceed to show that the gerized Boltzmann equation permits an it-

erative procedure similar to that just debed. To this end, we can write the second
approximation in the form (using the notation of approximation (1.3.62))

lell_ Dy (,Difr D1, D1 Alil
G R L= TR

Dy, Di, Di, Diy
D1 (.D D
== < 17 +f1—Af1>
D1y, D1y D1y,
D1 (.D Di[. D1/ Dif°
=1 (f 1f1 ) + —3[?—3(% L )} (1.5.7)
Dty D1y, Dty | Dty D1y,

Higher approximations follow the same pattern. Thus, with the notation of relation
(1.3.62) we obtain

D1J?11 Dy (., D1f10 D1 D1 . D1f10
~ = T—= + — T—=
D1y, Dtb D1y, D1y, Dtb D1y,

D D D D
1{ 1[ 1<f 1f1)“+ (15.8)
Dtb D1, | Dty D1,
It is of interest to estimate the accuracy of substitution of the zeroth-order term of
the seriesf instead offy in (1.3.62)

D1 [.D1f D1[.D1f?
—3[% 1fl}z—}[f 1f1}. (1.5.9)
Dt,| Dty D1y, Dy,
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For this aim we use the model BGK collision integral:

D_f1__f1—f10_

— 1.5.10
Dt Trel ( )

The exact solution of Eq. (1.5.10) has the form of a non-local integral with the time-
delay:

fl(v,r,t)=/ flo(v—FSt r —vét, t—z?t)i exp<—8—> dér, (1.5.11)
0

Trel Ttel

wheredt corresponds to the time-delay.

This result can be easily proved by using the integration in (1.5.11) by parts. Rela-
tion (1.5.11) contains a convergent infinite integral as containing exponential function
exp(—dt/trel), Which tends to zero a¥ — .

In a linear approximation, expandiryq)(v — F8t,r —vér,t — &) in powers ofst
and neglectingsr)? and higher powers, we obtain

Dfy (V_tr 2 (1.5.12)

AT = V.10 — (60

Comparing (1.5.2) with (1.5.12), we see that in the linear approximation zye|.
In the next section, these results will be discussed in the general theory of correlation
functions.

Return now to a spatially homogeneous system free from forces. We obtain from
(1.5.8) witht = constthat

It = g 10'f1 fl
L= = 1)~ 15.1
- ZZ (- =2 (1.5.13)

It follows that, in this particular case, theegeralized Boltzmann equation takes the
form

e Pl afo
> -t Z:l +%=J$LO (1.5.14)
i=2

or, collecting the terms on the left, one finds
o

) ) ai 0
th_l(_l)l_l fl :JSLO (1515)

i
= at

The analogy between Egs. (1.5.6) and (1.5.15) is clearly seen.
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In solid-state problems, concerning, for example, charge and energy transfer in non-
degenerate semiconductors, one solves the Boltzmann equation by iterations for a spa-
tially homogeneous system in the presence of an external electromagnetic field. For the
BGK-approximated collision integral, the Boltzmann equation becomes

pd _ S S (1.5.16)

dv; Trel

(for az-directed external forcé&’), and the distribution function is written as

f=/o— Treng~ (1.5.17)

In the first approximation, we obtain

f=/o— Treng—];o~ (1.5.18)

The substitution of Eq. (1.5.18) into the left-hand side of Eq. (1.5.17) yields the second-
order approximation

dfo 2 2 2
f=Jo— T’B'FW + T F 5+, (1.5.19)
Z

provided the external forcg, acting on the particle, is velocity-independent. The dots
in this equation indicate that the procedure of constructing the series may be continued
by this algorithm. From Eq. (1.5.19), the second-order accurate equation is

3 82 -
pofo _ pe¥fo_ f-fo
av; av§ Trel

(1.5.20)

This equation turns out to be a particular case of the generalized Boltzmann equation
if the system under study is stationary, spatially homogeneous, and if the applied field
is sufficiently weak, giving hope for the fast convergence of the mentioned series, in
which the corresponding derivatives are taken of the equilibrium distribution function.
The representation of the distribution function in a series form, Egs. (1.5.4) or (1.5.19),
is only possible when one uses the BGK model for the Boltzmann collision integral.

Thus, the generalized Boltzmann equatiomoanatically captures the second itera-
tion in the Boltzmann theory for = 1|, but it does not, of course, presuppose the
fulfillment of all the conditions listed. Note also that the appearance of the minus sign
on the right-hand sides of Egs. (1.5.1) and (1.5.16) in the BGK approximation has a
deep physical meaning: this sign makes it possible to provertiteeorem for the
BGK-approximated Boltzmann equation and is related directly to the approximation
proceeded against the course of time.
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1.6. Generalized Boltzmann equation and the theory of non-local kinetic
equationswith time delay

It is of interest to examine the relation between the Boltzmann equation and the theory
of kinetic equations accounting for time delay effects. We resort to the Bogolyubov
equation (1.3.) for determining the evolution of theparticle distribution function in

a one-component gas:

s s afs u afs
at +_2; ! ari+; ! avifz1 Yy,
N
of.
> F,-,»-i. (1.6.1)

In writing Eq. (1.6.1), tle normalization condition
/fsdszlmd.QS:Ns (1.6.2)

is used and it has also been assumed that the dynamic state of the system is fully de-

scribed by the phase variabl&s.
Introducing the correlation function®, the two-particle distribution function may

be written as
f2(821, 822, 1) = f1(821,1) f1(822, 1) + W2(821, §22, 1). (1.6.3)

On ther,-scale, the variable®, and £2, turn out to be correlated, but because of
definition (1.6.3) this effect is accounted for by the functibp. Consequently, in this
approach, it is the integral term containii which must lead to the Boltzmann (or a
more general) collision integral. The BBGKY-1 equation has the form

N
af1 af1 af1 1 af1 /
TRV L T _2 LB A dR
+ V1 +F1 +Nj=2 vy 1; f1(2) ds22

ot arq AV
N
1 oWo
=—— Fi; - —— ds2o. 1.6.4
N,Zzzf 1 Gye 022 (16.4)

The internal forceF(li”) exerted on a given particle 1 from the side of particle 2 at its
arbitrary location in the phase space may be written as

N
%Z/ Fij /12 d22=F"™. (1.6.5)
j=2
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Here, as usual, symbol “2”, the argument of the one-particle distribution fungti@
denotes the phase variables of particle 2. For identical particles, one finds

ON—1
Fim = T/|:12f1(2) dQZE/FHfl(Z) ds2

=/F1jf1(j)d52j, j=23,.... (1.6.6)

If the self-consistent forcE(lsc’l), acting on a probe patrticle in the one-particle pic-

ture, is introduced as the sum
(1.6.7)

F(Scl) F + F(m)

of the external forcd=-1 and the internal forcd,:(li”), defined by Eqg. (1.6.5), then we

arrive at the equation

af1 O (scl) af1 oW,
- F —d.Q 1.6.8
ar TV TF Z L > (1.6.8)
The BBGKY-2 equation has the form
af2 af2 af2 af2 af2 af2 af2
Y2 vy P2y, 2 Y2 Y2, Y2, Y2
o TV e TV e, T g T2y, T2 gy T Gy,
N
1 af3 af3
__1 8 R d$2s. 1.6.9
sz—s/[“ e (69

We next express the distribution functigg in terms of the correlation functions as

f3(821, 822, 23, 1) = f1(821, 1) f1(§22, 1) f1(£23, 1) + f1(821, ) Wa(822, £23, 1)

+ f1(822, ) W2 (821, $23,1) + f1(£23, 1) W2 (821, §22,1)
+ W3(821, 22, 23, 1) (1.6.10)

and apply the theory of correlation functions to obtain the approximation for collision

integrals.

AssumMmPTION1. The correlation functioris may be neglected.

Using Eq. (1.6.2), Eq. (1.6.10) can be putinto the form

13(1,2,3) = f1(3) f2(1,2) + f1(2)W2(1, 3) + f1(DHW2(2, 3). (1.6.11)
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Substituting Eq. (1.6.11) into Eq. (1.6.9) and introducing self-consistent forces in the
framework of a two-particle description & 3,4, 5, ...), viz.

Fe2 = F1+F12+/F1jf1(j)d9,', j=345, ., (16.12)
and analogously
Foe2 — F2+F21+/F2jf1(j)d.{2j, j=3.4,5,..., (1.6.13)

we arrive at the equation fofz(1, 2):

e\ 02\, 2 psed) af2 sc2 /2
or TV T ar2+F1 +F2 v
_ af1(1) 9A@) | scp 91D
= fi (2)[ Vi +F v ]
+ /1 (1)[af1(2) TRV Sl —afl(z)] (1.6.14)
aro oV

making use of the results

N, 0D peen 1A / Fis- 2203 4o (1.6.15)

a1 ST 1 vy V1

If1(2 If1(2 If1(2 IW2(2.3

@ |\, 02 | pean 1@ / Fas- 229 40, (1.6.16)
ot ars Vo AV

In writing Eq. (1.6.14), we have used the following assumption.

ASSUMPTIONZ2. The polarization effects leading to the integrals

__Z/[ 1j- fl(l)Wz(Z 3))] d2a,
N Z / [sz (LWL, 3))] d$2s

may be ignored.

We next introduce the substantial derivatives

Df2(1,2) _ df2 0f2 0f2 | csc2 Of2
Ll p Y2 v, F¢
Dt ot v ar + 8r + ov1
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af2
F(s62) 2z 1.6.17
th oV ( )
D 1 0 d a
i) _ a0 LD, 1 (1.6.18)
Dt ot or, avy’
D 2 0 d a
2f1@ 3 0N LESeD. o (1.6.19)
Dt ot arp vz

which, when substituted into Eq. (1.6.14), yield

D> (1,2 D 1 D 2
sz(t )—f @ 1f1( )+f 1 P221@ 2f1( ) (1.6.20)

Let us now integrate with respect to time along the phase trajectory in a six-
dimensional space:

ot DA
£2(L2) = fr0(1.2) + / a2 1f1()

Io

o+t
+/° f(]_)DZfl(z) or. (1.6.21)
1

0
where f2 0(1, 2) denotes the initial value of the two-particle distribution function.

AssumMPTION 3. We resort to the Bogolyubov condition of the weakening of initial
correlations corresponding to eertain initial instant of timeg (see Eq(1.3.62)):

lim Wz[rl(to—t) Vi(to — 1); 2(to — 1),Va(to — 1); 1o — 1] = 0. (1.6.22)

to—~>—

This condition implies that

(a) we are dealing with infinite motion in a two-body problem,

(b) we may speak of the condition of moleculaaos being fulfilled prior to the col-
lision of particlesl and 2, which corresponds to the approximation in E#.3.62)
proceeded against the course of time, and

(c) Eg.(1.6.22)is written on ther,-scale even though no scale is introduced explicitly.

Because of Assumption 3, Eq. (1.6.21) may be represented in the form
f2(1,2) = fi[r1(10), vi(to). to] f1[r 2(t0). Va(10), to]
to+t D 1 to+t D
+/ 12) 1f1( )dt+/ f1(D) Zfl( D4 (1.6.23)
1 1

0 0

AsSsSUMPTION 4. The collision of the probe particled, and 2, is dominated by the
forces of their internal interaction, so théee Eqs(1.6.7)and(1.6.12))one obtains

(sc2) (sc1 (sc2) (sc1)
Fl = Fl . F2 = F2 . (1624)
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Eq. (1.6.23) then becomes
f2(1,2) = fi[r1(10), v1(10), 10] f2[r 2(t0), V2(t0), to]

0*7 D1y
+ / 2171 fol k. (1.6.25)

0

Integrating by parts, we find
f2(1,2) = fi[r1(10), vi(to), t0] f2[r 2(t0). V2(10), to]

D
+7 [Fltz [ f1(r1(t0), v1(t0), t0) f1(r2(t0), V2(to), to)]]

t=to

1—222[ A1) f1(D)] . (1.6.26)

/ 0T D1y D1
i Dt Dt

0

AssuMPTIONS. Delay is sufficiently small, so that the linearization in the delay time
can be used.

The sum of the first two terms in Eqg. (1.6.26) determines the progit) f>(2) at
the instant of time in the linear approximation im, the velocities of particles 1 and 2
corresponding to their initial values at timg(taken to beg = —oo on ther,-scale).

If we now substitutefz(1, 2) from Eg. (1.6.26) into the BBGKY-1 equation, we
obtain

af1(1) vy af1(1) F. af1(1)
at arq aV1

0
. / Fiz: o[ A2, Va(=00). 1) fur2,va(—00). )] 422

0
Fio. —
—i—/ 12 8\/1{

The first integral on the right corresponds to the classical form of the Bogolyubov
collision integral and can be transformed in the usual manner to the Boltzmann collision
integral (Bogolyubov, 1946). The second cabis integral accounts for the time delay
effect and is amenable to a differential approximation analogous to Eq. (1.3.62). To
obtain this approximation, the following assumption is made.

0+ D1 D
/ tﬁﬁ[fl(l)fl(Z)]dt}d.Qz. (1.6.27)

Io

ASSUMPTION 6. For an arbitrary location of particle2 in the phase space of inter-
acting particlesl and 2, the dependence on the integrand inside the braces in the time
delay integral

a
JSt=/F12- —{
3V1

is determined by the acting internal forég, via the change in the particle velocities.

o+t
/0 t@@[fl(l)fl(z)]dt}dgz (1.6.28)
1

0 Dt Dt
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This assumption was used by Bogolyubov (see Silin, 1971, p. 203).
From Eqg. (1.6.28) we have

t
Jst= / Fio i{ / p D12 Dlz[ Q) f1(2)]dt’}d[22
1 to

oV Dt Dt/
0 0 ! , D12 D12 ,
/(Flz FvA + Fo1- a—2>{/t0l D’ Dt/ [AD f1(D]dr }df?z
~ D12 D12 D1 D1 f1(D)
=37 FD—[fl(l)fl(Z)]dQZ— TR I (1.6.29)

where Assumption 5 has been used again and an effective delay,timeoduced.

Generally speaking, integration with respect to time in Eq. (1.6.29) is “eliminated”
by the substantial derivative, which also contains spatial differentiation. However, to
the linear approximation in the delay time this contribution is negligible. It can be seen
from the relations

d d d
]St:/ F F —_— Vo —V
{[ 12+ v +F21- ova + (V2 —Vvq) - o%a ]

,D12 D
« [ 222 pwA] | e
fo

Dt’
9 (' ,Di2D ,
/ {(VZ—Vl) Y / t th th[fl(l) )] de }dgz
_ D1 D1f1(2)
~ Dt Dt
d ' ,Di2D ,
/ {(vZ—vl) o / = Df[fl(l)fl(z)]dr}d:zz
D1 D1fi(1)
=g / (V2= V1) - —[[fl(l)fl(z)] (AL AD],

D
- TdD—i[fl(l)fl(z)],O] ds2

~ o, D1 D1 /1(1)
Di Dt

: (1.6.30)

wherexz1=rs —r1.

Thus, the appearance of the second substantial derivative with respect to time in the
generalized Boltzmann equation may be d¢desed as a differential approximation to
the time delay integral that emerges in the theory of correlation functions for kinetic
equations.

It may appear that the above theory does not require at all that we apply the method of
many scales and expand the distribution fiirtin a power series of a small parameter
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e = nr2. However, this is not the case. As we have seen above, the integration on the
rp-scale must be employed anyway, and giving upsfexpansion of the distribution
function, on the other hand, makes it impossible to estimate the valye Bach of the
approaches outlined above actually complements one another and is interrelated with
one another. The generalized Boltzmann equation can be treated both from the point of
view of a higher-order Boltzmann theory and as a result of differential approximations
to the collision integral aaunting for time delay effects.

There is another point to be made. From Eq. (1.3.40), the equation for the distribution
function £ accurate to the zeroth order4ris

afY . afY Y - 3£
= Vip - ==+ Vjen; - 5 + F1 jen; -
datp TV or1p tVjens ar t L jeNs

319
——2 4
OVjens, b

jeNs, b V1

- ~ afy 3 f9
+Fjens.1- aF1- —2 +aFjey, - ——2—
V1

_ =0. (1.6.31)
OVjens, b

Comparing this with Egs. (1.6.9) and (1.6.10) shows that the correlation functions,
accurate to the zeroth orderdnare zero and that forces exerted on the colliding parti-
cles 1 and 2 from the side of other particles are not considered in the zero-order approx-
imation on ther,-scale. This result is used for transforming the collision integfa?
to the Boltzmann form in the multiscale method.

We may summarize then by saying that, the derivation of the kinetic equation in
the context of the theory of correlation functions for one-patrticle distribution functions,
leads to a kinetic equation of the form

Df B, std
—=J J, 1.6.32
Dt + ( )

where J# and J'9 are the Boltzmann collision integral and the collision integral ac-
counting for time delay effects, respectively.
The popularity of the BGK approximation to the Boltzmann collision integral:

© _
JB = % (1.6.33)

is due to the drastic simplifications it affords. Essentially, the generalized Boltzmann
physical kinetics offers a local approxitian for the second collision integral

JY = 2(‘[D—f>. (1.6.34)
Dt Dt

Thus, Eq. (1.6.32) in its “simplest” version takes the form

(1.6.35)

Dt\ Dt

Df  fO—f D( Df)
= 4 T— ).
Dt T Dt
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Since the ratio of the second to the first term on the right of this equation is
JW/ 78 ~ O(Kn?), Kn being the Knudsen number, it would seem that the second term
could be neglected for the small Knudsen numbers in hydrodynamic regime. However,
in the transition to the hydrodynamic limit (aftmultiplying the kinetic equation by the
collision invariants and subsequently integrating over velocities), the Boltzmann inte-
gral term vanishes, while the second term on the right-hand side of Eq. (1.6.35) gives
a single-order contribution in the generalized Navier—Stokes description (let alone the
effect of the small parameter of the higher derivative).

A well-known example of a local approximation to a non-local integral term in the
kinetic theory is the Enskog theory of transport processes in a dense gas composed
of hard spheres. To obtain a local version of the theory, Enskog used the expansion
in terms of the small parametéy, where §is the molecular diameter, andis the
mean free path (see Chapman and Cowling, 1952). For example, for hydrogen at normal
pressures and temperatuses 3 x 108 cm andi ~ 1.1 x 10~° ¢cm, and the resulting
8/x = 2.7 x 103 corresponds to the typical hydrodynamic-valid range of the Knudsen
number variation. In the case of the expansion in termisrofs/A would imply L =~
0.4 x 1072 cm as the characteristic hydrodynamic length whereat the smoothing is
proceeding.

Finally we can state that introduction of control volume by the reduced description
for ensemble of particles of finite diameters leads to fluctuations of velocity moments
in the volume. This fact can be considerada definite sense as a classical analog
of Heisenberg indeterminacy principle of quantum mechanics. Successive application
of this consideration leads not only to non-local time-delay effects (connected with
molecules which centers of mass are inside of control volume) but also to “ghosts” —
particles, which are (at a time moment) partly inside in control volume without presence
of their center of mass in this volume. &e “pass ahead” effects are squared in
Eq. (1.5.8). In rarefied media both effects lead to Johnson'’s flicker noise observed in
1925 for the first time by J.B. Johnson by the measurement of current fluctuations of
thermo-electron emission.



CHAPTER 2

Theory of Generalized Hydrodynamic Equations

2.1. Transport of molecular characteristics
Consider a mixture of gases, which consistsyafomponents. Note, as molecule

velocity in an immobile coordinate system. The mean velocity of moleculesspecies
is defined by the relation

Vo = i Vo fo(r, Vg, 1) dv,. (2.1.2)

ny

Mean mass-velocityg of the gas mixture is
1 _
Vo="=)  mangVa. (2.1.2)
p o

Thermal velocity,, of particle is the velocity of this particle in a coordinate system
moving with mean mass velocity

Vg =Vy — Vo. (2.1.3)

Diffusive velocityV, is mean molecule velocity ef-componentin a coordinate system
moving with mean mass velocity

Vo =¥y — Vo, (2.1.4)
i.e.,V, is mean thermal velocity af-molecules.

On the whole, ifyy (r, vy, t) is arb_itrary scalar, vector or tensor function then the
mean value of/, (r, vy, ) is noted as),, and defined by relation

- 1
wa(r,t)=—/wa(r,va,t)fa(r,va,t)dva. (2.1.5)
Ny
Now we can introduce diffusive flu¥, of «-species
Jo =mgnaVe, a=1,...,1. (2.1.6)

91
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After summation of the left and right-hand sides of Eq. (2.1.6) over&édl =1, ..., n)
and using (2.1.2), (2.1.3), one obtains

n n n
> 3u=) paVa=)_ pu(Vo —V0)=0. (2.1.7)
a=1 a=1 a=1

Consider now in the gas an elementary surfagembving with mean mass-velocity
Vo relatively to a chosen immovable coordinate system, and introduce anpasitive
normal directiom. The transport of molecular characteristics across a surface can be
found with the help of distribution function (DF}, (r, v, t), which defines the prob-
able position of mass center of molecules in phase space. Let us obtain the number of
mass centers e@f-molecules crossing this area ds in positive direction time . Let
©® denote the angle between the positive direction ahd vectoV,. Because the own
velocity of e-molecules relative togis Vo, in time d the area slwill be crossed by all
molecules belonging to the volume & V,, cos® ds d¢ (dr = dx dy dz). The number of
those particles the velocities of which belong to the intemglV, + dv, is equal to
Jfu(r, Vg, 1)V, cosO® dV,, dr ds. Transportation of mass, momentum and energy is real-
ized by flux ofa-molecules acrosssdArbitrary functionsy, (r, vy, t) of this kind can
be called molecular markers. Flux@™"* of scalar molecular marker in-direction is
given by

A Ve = 0 (P, Ve, 1) fu (T, Vi, 1) Vo €OSO AV, dt ds.

If 4 (r, Vg, ) is vector function (momentum, for example), it is convenient to consider

the fluxes of scalar components of the mentioned magkerlux Fn(“‘”“ is given by

integration over all velocities groups for whidh,, > 0 (V,, is projection ofV, on
normal directiom):

Ve = ds dr / Ve fa Van AVg. (2.1.8)
Van>0

Similarly, the ﬂuxl’n(_)""” of markers from the positive side to the negative is

Ve = _dsdr /V 0% fiu Ven 0V 4. (2.1.9)

The full flux F,}”“ of markery,, in positive direction oh is

Fr://a — pn(+)1/fa _ pn(—)llfa —ds dt/l//afaVan dv,, (2.1.10)

where integrating is realized over 8|,. The specific fluxy, “ across the unit area in
unit time is equal to

v =/wafaVan dvy. (2.1.11)
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Consider transport of mass, momentum and energy in a gas.

(1) Let wo(tl) = mg, then from (2.1.11) follows the relation for diffusive fluy, projec-

tion on the normal direction

Jan =mgy / JoVan dvy = pozvozw (2112)

) If wéz) =mVy;, i =1,2,3, then relation (2.1.11) defines momentum transport in

direction ofn.

Letn be an alternate direction coinciding with positive directions of coordinate
axes in physical space. Then obviously the momentum transport is defined by sym-
metric tensor of the second range

Py = paVaVa, (2.1.13)

whereV,V,, is diada with nine components,

P Ve1Va1, Pu Va1Va2, Pua Va1Va3
Py = { paVa2Val, paVa2Va2, pa Va2 Va3 ¢ - (2114)
Pa Va3Val, Pa Va3Va2, oo Va3 Va3

The sum of tensors of partial pressures gives pressure tensor for gas mixture

P=3 pVoVe. (2.1.15)

Vector of pressur@ for surface element cannot coincide with normal direction
to this surface. It is easy to check that mad component of pressure for arbitrary
oriented surface element in a gas is essentially positive:

PN=> puVaVan N=)_ puVZ, (2.1.16)
o o

By definition, the mean value of normal pressure acting on three arbitrary but recip-
rocally orthogonal planes, equals the static pressure in gas

1 PR
p= ézpavgn. (2.1.17)
o

() Letyl? =myV2/2+ &,, Wheres, is internal energy of particle of species

Then relation (2.1.11) defines projection of heat fiuan the normal direction
to an element of surface, moving with the mean mass-velogity

1 -
CIn:Z‘]omz Ezpavazvan“‘zsa- (2.1.18)
o o o
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Consider the quantity of kinetic enerdy, in unit volume at a time moment
1 2 1 —
Ex=) SMav fa dvy = Ez,oava. (2.1.19)
o o

Taking into account that
Vo =Vo+Vy (2.1.20)

and using (2.1.7), one obtains

1 —5 1

Ey= Z Epa VO,Z + Epvg = Emicro + Emacro (2-1-21)
o

Estimate the order of this value. It is known from experiments that nitrogen density

(at temperaturd = 27316 K and mercury pressure = 760 mm)p = 1.25 x 10~3

g-cm3. Then from (2.1.17) it follows that for hydrodynamic velociy~ 1 m-s~1

the ratio Emicro/ Emacro™ 2.4 x 10°. It means that in this case practically all energy of

molecules corresponds to energy of chaos moveméﬁ_?, ~15x10Pm-s L.

But apart from energy from translation movement, molecules have, generally speak-
ing, vibration and rotation energy. Given chemical reactions, the transition of potential
energy of molecules into kinetic energy particles should be taken into account. All
these kinds of energy including energy of chaotic movement identify as internal energy
of gas. Temperature associated with translation movement can be defined as

3 o V2
2kpTn= o
2 B 2

(2.1.22)

wherek g is Boltzmann constant, the number of particles per unit volume. Itis natural
to define temperaturg, of a-species as

me V2 =3kpT,. (2.1.23)
In mixtures of chemical reacting gases, tmratures of species can differ significantly
(Alekseev, 1982).
2.2. Hydrodynamic Enskog equations

Recall derivation of the Enskog hydrodynamiuations. Multiplying Boltzmann equa-
tion by molecular markey,, and integrating over all, yields

fa dfa fa
al 5., a TS FO{'— o
/w (az Vet av(),)dv
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U
= Z/ Vo (fuf] = faf) Pyl gujbdb de vy dv;

+ / Vo IS dv,, (2.2.1)

wherePO‘j‘jf is probability density of elastic collisions of particlesand j, /St is an
integral of inelastic collisions. The use of notation for mean values leads to relations

/%% /wafa /faw“ Ve

InaVa Ve
= — 222
or o (2.22)
a a _— ad
/wva : % = 5 : (nozwotva) U ALE %- (2.2.3)

If external forces do not depend on the pdetie velocities or corresponding Lorentz
forces, the following transformations are valid

0fa Va1= 0V
/wotFod%ldva:/[Fall//afa]yﬁzi_zdvaZdUaS_/ Otlfot v Vi

Otl
0
= —naFu ol (2.2.4)
Va1
Hence Enskog’s equations are written as
anoﬂ//at 81#0, alﬂa 3%:
Vo ) — vV, - F, -
Y +3r (noﬂ//a 0{) not|: 91 + Vo ar + Fq 3Va]
= Z/ Vo fuf] = fafi) Py gujbdb de dvy dv;
J
+ / Y I3 Ve (2.2.5)

Enskog’s equations (2.2.5) are integro-differential equations and, generally speaking,
they are not more simple than initial Boltzmann equation. But for so-called summa-
tional |nvar|ants(¢(1) (2) w(s)) integral terms on the right-hand side of Eq. (2.2.5)
could be significantly S|mpl|f|ed. One proves (Hirschfelder, Curtiss and Bird, 1954),
that forw(l) = mg, the first-mentioned term turns into zero and the second one leads
to the mass rate of formation afspecies as a result of alnéal reactions. For other

mvanantsw(z), (3) , in view of conservation laws the integral terms are equal to zero
after summationoveraft («=1,...,n).
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In the generalized Boltzmann kinetic theory (GBKT), as it was shown, local collision
integrals can be written in the same form like in classical Boltzmann theory. Therefore,
GBKT does not create additional difficulieonnected with collision integrals.

2.3. Transformations of the generalized Boltzmann equation

The generalized Boltzmann equation (GBE) inevitably leads to formulation of new hy-
drodynamic equations, which are called generalized hydrodynamic equations (GHE).
Classical hydrodynamic equations of Enskog, Euler and Navier—Stokes are particular
cases of these equations. For the purpose of derivation of GHE let us transform GBE to
the form convenient for further applications. Write down the second term on the left of
GBE

Dfa D( Dfo

——| =
* Dt

T D ) = Jte 4 e, (2.3.1)

in explicit form

D ( Dfo,> _ Dt Dfy D Df,

Di\" D1 Dt Dt " Di D
where
Dﬂt:%jwa.aa_ﬁpa.%, (2.3.2)
D%Dtha = aazté“ + 2V - gi?fl + 2F,, - aavzfgt + Vg - aa—r<va : aaira)
+Fa~%<va-%)+a;“-%+VQ-;—r<Fa-%>
R, - %(Fa : %) (2.3.3)

In doing so we should keep in mind that if the mean time between collisioaspair-
ticles does not depend on velocity, then

D 3 3
T O 4y, . % (2.3.4)

Dt at

Transform terms in (2.3.3):

3 Of 32 fy
Vg - — | Vo - i =VyVy: —f (2.3.5)
ar ar arar
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3 afa 82f01 afOl
EL 0 (v YN ey . Ye 2.36
* avo,< O or ) T Ar vy +Fa ar ( )
8 afa azfot afOl 8
vV, —|F, - 2=} =v.F, : ——Vy: —Fgy, 2.3.7
* ar< * ava> R VT +ava o @ ( )
d fu F’fu | 0fa 9
Foo (k.. Y\ _E.F, ap . L F, 2.3.8
* ava< * ava) N BV, 0V, +8v0, YT ov, ( )

The sign“”in (2.3.5)—(2.3.8) denotes, as udlyathe double tensor product. For exam-
ple, in (2.3.6)

3

32 fy 32 fu
FoVa : = FoiVej —o—. 2.3.9
T A avy iZ Y8 Qg ( )

The derivative of external forcds, (@ =1, ..., n) with respect to velocity appears on
the right side of (2.3.8); forcE,, — acting on the particle of species- is related to the
unit of mass of this particle. I, does not depend on velocity, this derivative naturally
turns into zero. In the following notation, the force independent of velociﬁéﬁé If

F includes the Lorentz force, noted B§ (B — magnetic induction),

Fo =FD +FB (2.3.10)
the subsequent transformations of (2.3.8) can be realized:

3fs 9
g, F
v, & ovy

—%F(l):iFB—i-%FB' 0 FB

Ve ¥ TV ¥ AV, Y0V
2
qo 0fa 2 0fu (1) 0 B
=|— ) — -1B(vy - B) — B“v, —FY . —F", 2.3.11
(mo,> WV {B(Va - B) “}+ava ¥ v, @ ( )
because
FB — 9 1y, x B, (2.3.12)

o

whereg, is the charge of the particle of species
The last term on the right side of relation (2.3.11) is written as
0fa —1 0 qa Ofa
2R, — pB - 2% 2 (E(D B). 2.3.13
Vg ¢ oV, ¢ maava(“x) ( )
Sign “x” corresponds to a vector product. GBE can contain Umov—Pointing vector
S~ [E, H] (H is magnetic intensity) in explicit fon because the force of non-magnetic

origin Ff),l) can be connected with electric intensiy
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As a result,
0fu 0
—Fy: —
Wy &V,
2
da \“ 0fa 2 9o Ao @)
(=) 2% [B(v. -B)—B == . (F B). 2.3.14
(moz) Vg { (Ve - B) Va}+maava (01 x ) ( )

We reach the generalized Boltzmann equation in the form

afat afot afoz a‘L'a a‘L'a
el V, » —— F,.—— 1—-(—4+v, . —
(at+“ar+“ava ar TV 57

0fu L 0%fa 02 fu 02 fu
- 2 -V, TV V, .
T"[ a2 " arar VT Gror V01

0Fy  Ofa 0fa qa Ofa
Tao Yo g Yo G Va
o Vg e +ma WV,

2
+ (q_a) e [B(vy - B) — B2, ] + %va : iFa

My ) OVy 0Vy ar

32 fu 32 fa
:FyFy +2
Vv, ot AV, or

(F x B)

+

Vo Fa} = J3tely ytinel (2.3.15)

As is seen, the explicit form of differdial part of GBE is much more complicated
in comparison to Boltzmann equation. Asesult, the transition to generalized hydro-
dynamic equations (GHE) requires more effort.

Let us go to this work following the standard procedure of obtaining the hydrody-
namic description: multiply GBE by the particle collision invariamg) i=1273)
and integrate over all,. The result of this procedure leads to the generalized Enskog
equations of continuity, momentum and energy.

2.4. Generalized continuity equation

Multiply GBE (2.3.15) bylpél) = m, and realize term-by-term integration of left and

right sides of equation. Formally 22 terms should be transformed, here and in the fol-

lowing we of necessity demonstrate only chaer and complicated elements of these

transformations and restrict our consideration to some comments in more simple cases.
Consider integrals the transformation of which is realized by integration in parts. In

doing so, the integrated part turns into@because distribution function is equal to zero

if vy, =+o00.

Ay 0
—— v, : —Fyav,
/m“avo, o gp et
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0 0 0
= —py— -FD +/ma£va : EFS dvy

ar 0Vy
d a a
=—par- FD +qa/{£ - [va X [(vo, - a—r>B]:|}dva
0, 4o
=—pu— - Fy’ + —pu Vo - rotB, (2.4.1)
or My
9 2
f e {B(Ve - B) — BAVg | dvg = Zsza(q“ ) : (24.2)
3VO, my

Consider also:

ma/<Fa . %) (Va . aﬁ) dva
0Vy ar

aT ad aT, a
z_ma_a'/fa_'(FaVa)dVa— mot_a fa( oz'aT)Vodeoz
o

ar Vg ar
0T
= —maa—ra FOlfOl dVo,
87:(1 qu a‘fa —
__, 0% r@_ e OTa Bl. 2.43
Po ar P mapoz ar [Vq x B] ( )

Collecting all — transformed in this way — terms, one obtains the generalized continuity
equation

0 0 d _ 0 _
at{pa - a[%‘f‘— (,Oavot):“ 3]’ : {pava _Ta[a(pava)
9 @ _ 4
+ o (pavava) paFy’ — —,0 Vo X B R, (2.4.4)

whereR,, is mass rate ak-particles formation in presence of inelastic (also chemical)
processes

Ry = mg / JStel gy, . (2.4.5)

Generalized continuity equation differs in radical way from the classical continu-
ity equation. The origin of this distinction — for more simple case of one-component
non-reacting gas — was discussed from qualitative positions in section “Historical intro-
duction”. Nevertheless, we repeat the mpaints of this consideration because of their
importance.

Recall the phenomenological derivation antinuity equation. Control volume is
defined in an area occupied by gas. The characteristic length of this control volume is
much bigger than mean free path betweellisions but much smaller than hydrody-
namic scale. Write down the mass balance for this volume with transparent boundary
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surface. In another way, variation of nsas control volume ould be connected only
with fluxes of particles directed inside or outside of reference surface. This procedure
leads to the well-known equation

9
P+ vo=0. (2.4.6)

Obviously, in the derivation of Eq. (2.4.6), the implicit presumption was that particles
can be placed inside or outside of control volume. It meartsothig point-like particles

are taken into consideration. This fact — as it was in Chapter 1 in the course of GBE
derivation from the Bogolyubov chain — is principal restriction of Boltzmann kinetic
theory. In the generalized Boltzmann kinetic theory (GBKT), considered particles have
finite sizes and then at some instant of time can be placed partly inside, partly outside of
reference surface. This fact, along witlethse of the DF form oriented for describing

the point structureless particles, leads pp@arance of fluctuation terms, in particular

in (2.4.4). For example, the termy[0p, /3t + (3/3r) - (0 V)] reflects the fluctuation

of densityo,, and the term

d _ il _
Ta [5(@1“}1) + g(pavava) - PaF((xl) - Z_l:potva X B]

corresponds to the fluctuation of momentwpVv,. For the clarity, let us write down
the generalized continuity equation in dimensionless form for particular case of one-
component gas:

o, foe 8
ar{p r[ar ar'(p 0)]}

d d 0
— —7| = — - (pW) | =0. 2.4.7
+ o {va T[az(’”’o” T (pVV)“ (2.4.7)

Introduce the density scalge,, hydrodynamic lengths scale mean thermal veloc-
ity as the scale for particle velocity, amgs, as the scale for hydrodynamic velocity.
Hydrodynamic time scale is definedag= ng;, and scale fot is/, /vr. In dimen-
sionless form (2.4.7) is written as

d|. RAKY d N
=10 —AyT—| —= + = - (pV
a;{p ”TL[at Jrar 0 0)]}

3 AA Al)\, 3 AA 2 3 AR~
— -1 pVo— AyT | —=(pV A C— - (pW =0. 24.8
+os {po vTL|:3t(p o)+ A, oF (o )“ ( )
But Knudsen number i&Kn =1, /L, wherel, is mean free path. Therefore, indicated
fluctuation terms are proportional to Knudsen number and are really small in the case
of small Knudsen numbers in the regime @ihtinuum media. Qualitative pictures of
these regimes are shown for smighi (Figures 2.1 and 2.2) and larg@ (Figures 2.3
and 2.4).
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Fig. 2.1. SmalKn, particles of finite size. Fig. 2.2. SmalKn, point-like particles.

O

O

L

J

- O

Fig. 2.3. LargeKn, particles of finite size. Fig. 2.4. LargeKn, point-like particles.

As is seen, foKn ~ 1 fluctuations of mass in control volume are of the same order
as basic terms and introduction of additibieams becomes more and more significant.
But no reason to think that fdfn <« 1 fluctuation terms could be omitted. As will be
shown in the next chapter, the consideration of these terms is of principal significance
for turbulence description on the Kolmogorov micro (or sub-grid) scale. Also should be
noticed that for the case & « 1 hydrodynamic equations (including the generalized
continuity equation) belong to the class of differential equations with small parameter in
view of senior derivatives. This fact could lead to “boundary layers” effects in solution
of these equations.

2.5. Generalized momentum equation for component

Generalized momentum equation f@rcomponent is obtained by multiplying GBE
(2.3.15) by collision invarianvéz) = mqV, and the following integration over ali,

afot afa afo( afa 81’0,
Vol 224 vy 224+ Fp — |1 =2+ V- — ) |av
/m““<at+“ar+“ava ar TV e ) |V

2fy L %fa 92 fo 92 fo
— Vy| —5 +2 -V, TV, V, 2 .
T”‘/m" "[ 02 " Sarar Ve arar VYot v e
Fo 3fa oy da fa a1
R = T L AN (=R -}
o ove T o g ove (Fa’ < B)
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+ (—) e [B(va-B) — Bzva]—i—%va : EFO,

my ) 0Vy OVy ar

+

0% fu 9% fu
:FoF 2 1 Vo Fo |dv,
WdVy «t dvgdr ¢ “] *

- / MV JSH v, + / MoV JSH dy, . (2.5.1)

Transformation of the first integral on the left side of (2.5.1) follows the main features
of the standard transformations used in derivation of the Enskog momentum equation.
For examplei{=1, 2, 3),

/mavm (,:a . %) (Va . %)d\,a
0Vy ar

_ Za_/ o

13 0Vqy]

m Za—/ Jfo—— (Vaivar) AV,

ozk 3 al oz Vol wi Vak o

0T aT,
Z_maZﬁ/Faifavak dVa—maZB—’jZ/Fakfavai dvy. (2.5.2)
k k

In derivation of (2.5.2) it is taken into account that possible dependence of the external
force on velocity corresponds to the Lorentz force; also, using (2.3.10), one obtains

/mava (Fa . %) <Va . aﬁ)dva
0Vy ar

0Ty _ _ 0T qa 0T
1 1
= _paF((x)a—ra Vo — PaVozF((x) : a_ra - _a(a—ra 'pona)[Va X B]

— q—“pa{[vo, x BJ - —}vo,. (2.5.3)
m ar

o

As usual, top line in (2.5.3) denotes averaging over velocity with taking into account
the rule (2.1.5).

Consider now transformations of the second integral in (2.5.1). Below are given ex-
amples of mentioned transformations.

d _ 0 0
/mavaﬁ Fydvy = paVa- FO + g4 / fo,vo,a—r - (Vg x B)dvy

9
= paVa— -FD — 1%, GoVa - 10tB, (2.5.4)
ar My
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9% fu
Vog—— - F,dv,
/m“ Yovgor T

on 0
z_maFg})a—;‘ +qa/VQM : {[va B]ﬁ}dva

ap qa a
e L AR« — (paV, 255
o at + ma X at (poz Ot)’ ( )

82
/mavaif?/ - F,F, dv,

92 92
— ZmQZF(l)/ 7fFB dv, + /mo,vo,i :FEFB gy,

avmava] avaava

—_F

—2m ZF@/ 827fFB av,
¢ ol E)vmava] aj =N

2
+ 2(2—“) pa[B(B - Vo) — 2B%7,]. (2.5.6)

Consider in detail the evaluation of integral on the right-hand side of (2.5.6) for velocity
componentys; use the integration by parts

2
& 3fa B

F; 7F dv

Zma / E)vmava] o e

= qama(Fo%)Bg — F\2By). (2.5.7)

Similarly transformed can be the terms related to other components aid (2.5.6)
is written as

82
/mo,vwai 1 FoFy dvg

LA

2
=2p ( ) [BB- va)—szva]Jrzq“ peFY x B. (2.5.8)
my

Consider now the integral
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a a
=—ma/Fa Vg - e dvo,—mo,/vo, Fa-ﬁ dv,,
ar ar
d _ 0 _
= —F o (paVa) — (Fg}> : a)(pavo»

o dfu
_ma/FOB;< afr )dva _ma/Va (Ff . a%)dva. (259)

Integrals of (2.5.9) associated with magnetic field, can be transformed using formula for
triple vector product

(Vo X B) - ﬁ - (B x aa_r>  fuVa. (2.5.10)
We have:
Me / Fo (Vot : af"‘>dvo, —qa/[va x B] <va~ af"‘)dvo,
ar ar
q—" 9 VaVa| x B (2.5.11)
ar pa ava ) gl
ma/va<Ff- aJ:"’)dvo[_qo,/vw[(vo, x B) - ﬁ] .
0| ga
= [B X —] - — paVaVa- (2.5.12)
or | my

As a result, (2.5.9) will be brought into form:

32 3 ) 3 _
/mava —avafaar Vo Fg Ovy = —F((Yl)—r “(paVa) — (F((xl) ’ §>(pavot)

9 9
| L e, e | xB— (B x =) 2 Vava. (2.5.13)
ar ar My

My

Let us introduce the vector product of operaigdr and diadaz,V, as a tensor defined
by vectors(d/ar) x Vg, vy, in particular it means that

5 5
(B N E) PTG =B X (2.5.14)

We need also for the following transformations the relation:

B%Uy —B(B - Vy) = —(Vy x B) x B. (2.5.15)
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After substitution of all transformed integrals into (2.5.1), one obtains the form of the
generalized momentum equation

d _ 0 _ a _ 1 qa -
— 1 paVe — T —(,ov)—l——-pvv—,oF()——,ov xB“
at{aa (X[at ava ar avaVvoa ol o maao{

00 0 _ _ a _
- fol) |:p0t - Tot<a_:t + 5 : (pozvoz)>:| - nq,l_o;{pavot - Ta[&(l)ava)

0 _
+ — - pa Vo Vo — paFgl) — q—apava X B“ x B
ar My

0 . 0 _ 9 - _
+ ar {potvotvot — Ta [Epavava + ar - Po (Vo Vg )Vo — Ff})pava

_ 9@ — g ——
- paVaFgll) - m—apa[Va x Blvy — m—a,OaVa[Va X B]]}

o o

= / Mg JSH dv,, + / MV JSH dv, . (2.5.16)

By virtue of momentum conservation law, after summation the integral terms on the
right side of (2.5.16) turn into zero

> me / VoSS dv, =0, (2.5.17)
> me / Ve JSH® dy,, = 0. (2.5.18)

Boltzmann collision integral satisfies these demands; moreover, it can be proved
(Hirschfelder, Curtiss and Bird, 1954; Alekseev, 1982) that

/ y Pt dve =0, Y / J$Hnely ) gy, =0, (2.5.19)
o

Z/%(lz)th,el vy =0, Z/lﬁéz) Jstinel gy (2.5.20)
o o

Z/wéS)J;t,el vy =0, Z/wés) Jstinel gy, — 0, (2.5.21)
o o

where
1) 2 3) mav§
1ﬂot = Mg, ¢a =mgVa, Wa =T+8a.

The proof is based on inversion of forward and backward collisions and use of the
mass, momentum and energy conservation laws for non-relativistic particle’s collision.
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But in plasma physics — in particular in strong electric fields — the use of hydrodynamic
equations for gas mixtures is not sufficient for adequate description of physical system.

In this case one uses transport equations for components introducing approximations
for integrals of types

/wéZ,B)Jst,el dVo,, /wéZ,B)Jst,inel dVa,

like the BGK approximation (Bhatnagar, Gross and Krook, 1954).

2.6. Generalized energy equation for component

Generalized energy equation f@ercomponent¢ =1, ..., n) is a result of a term-by-
term multiplication of left and right sides of GBE (2.3.15) by collision invariaéﬁ) =
Mg v§/2 + &4 and following integration over all velocities:

2
MoV, 0fy 0fy 0fy
el vV, —— F,.——
/( 2 +‘9">(az+ “ or T av,
0Ty 0Ty
1— (=% il
X [ ( 5 + Vg ar )]dvo,

2 2 2 2

My VY 0° fu 0° fu 0° fu
— 2 -V, 1V V
T“/( 2 +8“>[ a2 " %arar Vet grar VeVe

32 f, OFy  0fy e Qo Ofu
2 -F Y R, =2 2 (FD B
toveor o vy T o oy av, (Fe” xB)
2
qa afol 2
22) == . [B(v,-B) — B
+<ma) v [B(vy - B) o
+8f°’v 2 P fo :FoF +282f°’ Vo Fq |0V
Ve o ar Y veavy Y Tavgor T YT
2 2 )
— / (’”“2”“ +so,)J§t’e'dva + / (m"‘z”“ +eo,)J§t"”e'dvo,. (2.6.1)

As reference material we present the result of transformation of all terms in the gener-
alized energy equation (2.6.1):

dfu 3Te \ ((Mmav?
/W(l—¥>( 2 +€a>dva

0Ty \ 0 pav_z
=|1-—)— Ll 2.6.2
( 8t>3t< 2 +n“8">’ (2.6.2)
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0fo 0Ty mo,v
/W(V“'Wx 2 ““)dva

9Ty D [1

ar 9|2

2
a d 1 —
Mo +501> (Voz : %)dva = 5 : {EpaVaUE +8ana\_/a},

My v2 d 0T,
0’2 = +€a> (va . %) (va . a—r“)dvo,

== — — : pg V2V, v+ai—snvv
_Zararloa (X(X ara atfaVa Vo

My v2 0 _
/( Otzot +501) <F0t . a{:(:)dva— —paFo - Va,
My v2 0 0T,
[ o) ) o

/OaVozU + eanava] s

0T, 10T, 0T,
—paa_ra (Fa-VaVe) = 5 aa (PavFa) = a_ra'(g’”n“':“)’
2 2 2 2
MgV 0 fu il PaV
/( 2"‘ +€o[> 5.2 dva=ﬁ< 2“ +€ana)9
2 2 2
MoV d a 1 -
[ (g + o) g v = - (B + eamat).
2 2
9
/(m“zv“ ea) argf Vg Vg OV
! 5 S
= ﬁ . Epavavava + €anavava )

2 2

v 0 a _

<+ Ea) avfaat -Fa dVoz = _fol) . E(pava),
o

2 OF, 9 oFS)
/ 2ot +éq | —— fot Voz = z. \_/ou
2 ot avo, at

2
)
mgv, +8a)Fa . ﬁdva

2 ar
10 0 — 1 0
= 55 : (paFavg) + a_l' : (eanaFa) - Epavga_r -Fa,
m

V2 e "
/( 2“+ea>av (FP x B) Vg = —pa Ve - [FY x B,
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(2.6.3)

(2.6.4)

(2.6.5)

(2.6.6)

(2.6.7)

(2.6.8)

(2.6.9)

(2.6.10)

(2.6.11)

(2.6.12)

(2.6.13)

(2.6.14)
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myv? fou 2
/( > +€°’)av - [B(Ve - B) — B2Vy | dvy

o

]
— 7 8{:“ 2. [B(vy - B) — B2V, | vy + 26410 B
o
_ v2 m B
= —paVaVy : BB — BZ'OQ?“ + 264ny B% — %BZ/ % . vgva dv,
2
— — paVaVy : BB + 2eqng B2 + 4274 % ”‘2” (2.6.15)

2
myv a d
/( a2“+6a>£vangadva
2
) of,
:/( “2“ + &4 )ﬁva. arF‘("l)dV“

2
3
+/<m°‘2v“ +e )af“ Vg a—rFo‘f dvy. (2.6.16)
0{

Transformation of integrals on the right side of (2.6.16):

2
MgV 0 fu o
——V, : —F$ dv,
/( 2 ”)aa“ ar o Ve

pav 9 S
_( 5 +na€a>8_r":t(xl) — paVaVe 5 F, (2.6.17)

2
MgV 0fo J _p
——V,: —FZdv
/( 2 +€°‘)ava“ ar @ e

2

muvy 0fy 0 B qo _

= ——:—F2dv, + — Vq - rotB
/ 2 v, or ¢ “+man°’8°‘°‘

——Zma/v fo, Fdeo,

0
— Zma/vmvw fo— FB dvy + Ly eqVy - rotB
— m

o

l -
= ZNaqav2Vq - TOLB + L% 1y eqV, - TOLB. (2.6.18)
2 my

Using (2.6.17), (2.6.18), we finish the transformation of (2.6.16):

2
MgV 0fo 0
——V,: —Fyav
/( 2 +3a)8va o grTe Ve
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9 Mg v2 9
:—,Oavava: aF((yl)—na(—aza +8 )8[‘ F(l)

1 R
+ Enaqavgva -T0tB + nggeeqVy - 1otB, (2.6.19)

2 2
Mg VY 0% fu
:FoFg dv,
/< 2 +3a) NV aFa UVy

2 2
Ma Vg fe e
= :F,VF,” dv
/( 2 +8“)8va8vo, @ o T

2 2
+2/(’"“U“ +sa>7a Jo_ . pOEB gy,

2 0V 0Vy
mavg azfa BB
—i—/ > + sa) EVIETIR F,F, dvy. (2.6.20)
o o

Consider transformation of every of three integrals on the right side of (2.6.20):

2 2
MgV 9 f,
/( a2 o Ea) 3Va3(:/a : thzl)ngl) vy = paF((xl)Z’ (2.6.21)

2 2
MgV 0% fu ()B
‘FUFS dv,
/( 2 ”"‘)avaava o To Ve

= my /fo,F;})a Varj dvo,+mo, /faF(l.l)F(ﬁ dve. (2.6.22)
i,j=1
i#]

Using the explicit expression for the Lorentz force we find if

Z/fa o’ va, Ay = — 2%, FD . [, x B, (2.6.23)

ai vy My

wé/

then the right-hand side of relation (2.6.22) is equal to zero. The last of three mentioned
integrals can be transformed as follows:

2 2
MgV 0° fu BB
:F2F2 dv,
/( 2 ”"‘)avaava a’a CNa

_ 5 2
2 PaVl q
Zpot(Fo?) _2< 012a+ all a)(m(:) B2

2 —_—
+2<Z—") pa[ (B V)2 —12B2]
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2 2
=pa<q—“> [(B-va)Z—zvgBZ]—wZ(q—“) Ealla. (2.6.24)

My

Using (2.6.21)—(2.6.24), one obtains

2 2
MV 0° fu
:FoFo d
/( 2 +€°‘) VeV, o e Ne

2 S [—
= pa Fy? + (q—) pa{(B-Va)? — 202B%)

o

2
— 232<q—°‘) Ealla. (2.6.25)

My

Calculate now the last integral of the left side of (2.6.1)

2 2
MgV 0
/( Otzoz +€a) avafgr Vo Fo dVo,

2 2
0
=/<m°‘v°‘ —i—sa) Ja Ve FY dv,

2 oVyor

My v2 92
+/< "‘2“ —i—sa) - f;’r :VeFB dv,. (2.6.26)

o

The first integral can be written in the form

2 2
mava 3 fa (1)

sV FYY dv,

/( 2 +£“)8vaar o Ba

| d [ p, v2
= —F((xl) : {a_r - PaVa Vo + 5( 0t201 + 501”(1) } (2627)

The second integral is transformed using explicit form of the Lorentz force

M v2 3% f,
/< Otza +€a) avagr :vangva
My v2 0
z%{/fa<%+€a>§'[va><8]dva

el Mo V2
“ar '/fa[Va X B]( > +8a>dVa}. (2.6.28)

The identity holds

9
o Va x Bl =V, - TotB. (2.6.29)
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Then (2.6.28) is written as

2 2
mava a fO{ B
(Vo F2 dv,
/( 2 +£“>8vaar oFa e

1 -
=—3 rotB - q—“pavgva —rotB- 2% ¢ n, 7,

My My
19 S )
-5 pa%[va X BlZ - - %naea[va x BJ. (2.6.30)

For integral (2.6.26) we have

2 2
MV 0° fu
+ 1V Fy dv,
/< 2 ga)avaar oL

3 3 [ pgv2
——F;1)~{a—r-pavava+a—r( aza +€ana>}

— ZrotB - —,oavzva rotB - L% ¢ n, V.,
2 My o
10 o ————> 0 qqu

~ 5o pam—a[va x BJvZ — ar m—anaea[va x BI. (2.6.31)

Combining all results of integral transformation in (2.6.1), we find the following
form of the generalized energy equation:

ad pv_2 d pv_2
5{ a2a+€ana_ra|:5< a2a+€anoz

oV, Vat + Sanava> - Fl(yl) : pa\_/a]}

3

3

8 2V, + v 9 (L 2y, + v

— EqN — T —\ = v Eqll

3 o allaVa o 57 2/0a Vo allaVa

8 — 0. ED v — } 2F
VOtVOt + eanoVaVe Paty” - VaVa Z/Oa VyFa

— _ 0 _
- €a”aFa]} - {pafol) Vo — T |:F¢(11) : (E(pava)

0 o _
+ a * PaVaVo — paFgll) — qalgVe X B)]}

5 2 .
_ / (m"zv“ +sa> 7€ dv,, + / (m"zv“ +3a> Joelave.  (2.6.32)
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2.7. Generalized hydrodynamic Euler equations

Formulate now the summary of the generalized Enskog hydrodynamic equations for
components.
Continuity equation

0 004 ad _
_{pa - Ta[? + = (potva)i“

ot ar
0 _ a _
+ a_l' : {pava - Ta[g(l)ava)
a o) o _
+ —- (pavava) — paFy” — —paVa X B | = Ry. (2.7.2)
ar My

Momentum equation

0 _ d _ d _
o, {pava — Ty [E(pava) + E * PaVaVa — /OotFt(xl) - Z_Olpava X B]}

ot o
00 a _
o3 )]

q _ 0 _ 0 -
- = {pava — Ta [E(pava) + a_r * PaVaVa — PaF,(xl)

o

_ d 0
- q_apotvot X B]} x B+ ar : {pavava — Ta[%(ﬁavava)

o

0 [ _ _
+ — - pa(VaVa)Ve — Fgll)pozvot — PaVa F(l)

ar ¢
- q_apoz[vot x Blvg — q_apotvoz[voz X B]:H
o My
=/mavaJ§t’6|dVa +/mavajjt’i”e'dva. (2.7.2)
Eenergy equation
3 [ pav2 3 [ pav2
E { ,0012 <+ Eqllgy — Ty |:§ <p012 <+ 501"0{)
0 1 — _ _
+ 5 : <§an§Va + 5anava) - Fgll) : pava]}

91— _ (1 — ]
+ 5 : Epozvotva + gaNoVo — Ty E Epavava + &angVy
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e
+ 5 : EanaVaVa + €aNa Vo Vo
O g L e E
- ,OozFa “VgVo — EpotvaFa — eqngFo

_ d _ 0 -
- {pafol) Vo — Ty |:F¢(xl) . <§(potvol) + a_r * PaVa Vo

- paFt(yl) — gangVe X B)]}

2 2 .
— /(mazva +€Q)J5t’6|dvty +/<m012v01 +€Ol)‘]5t’lneldvo" (273)

GHE for mixture of gases are significanttyore simple because after summation of
the left and right sides of (2.7.1)—(2.7.3) over all componenis =1, ..., n), the right
integral parts of these equations reduce to zero on the strength of conservation laws.
Then we have

0 00q a _
E{p _Xa:fa[? + ar (pava)]}

9 0 _ d _
o {va - ; T [Wﬂava) + 57 (PeVaVa) = puF)

— Z—"‘pavo, x B“ —o, (2.7.4)
o
0 0 _ d 1 q _
E{pvo - ?Ta[a(pava) + E * PaVaVa — ;OotFt(y) - m—o;,OaVa X B]}
RJe) a _
1
_za:Fé)[pa_Ta(a_:‘i‘a‘pava)}

_ 0 _ d o
- Z q_a {pava — Tu |:_(;Ootva) +—- PaVaVa — paFgll)
— Mg ot ar

da _ 0 .
- m—,OaVa X B:H x B+ a : {Xa:pavava

o

0 0 —_ _ _
- Z Ta [E(IOWV(XV(X) + a : IOOl(VOtVOl)VOt - fol),OaVa - pavaFgll)
a

_ e Ve X BlVa — 2% pyValVa x B]]} —0, (2.7.5)
m

o o
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0 0, v2 a [ p v2
E{Z( a2a+8ana)_zfa|:5(%+8ana
o o
] 1 — _ _
+ ar (Epavgva + Sanava) - F¢(>11) ’ potVa:“
0 1 — ) /1 — )
+ E : {Z(El)avav(g + Sanava) - Zfa |:§ <§pavavg + Sanava)
o o

0 1 —
+ = <_pavgvava + 8otnotvotva) - pafol) *Va Vo

ar \2
1 5 E D g @ (2.5
- EpotvaFoz — &aNgFo - ZpaFa Vo — Zra Fa : E(pavot)
o a
a - (1) —
+ ar - paVaVa — PaFgy” — GanaVo X B =0. (2.7.6)

Generalized hydrodynamic Enskog equations (GHENE) are very complicated. In par-
ticular, GEnE are of higher order than classical Enskog equations. This brings up im-
mediately two problems: (1) is it possible to simplify these equations? (2) what about
the additional boundary and initiaboditions for these equations?

Let us begin by looking at the first question. Extraordinary features of GHENE consist
in appearance of terms proportionaktoin all Egs. (2.7.1)—(2.7.6). Mean time between
collisionst, of particles belonging te.-species can be calculated if Df is known.

For the model of hard spheres in one-component gas

1
tO=——- (2.7.7)

- 2 ’
T 204 Mg 08

wherew, is mean velocity ofk-moleculesg, is their diameter, upper index (0) under-
lines that calculation ofo(,o) is realized for local Maxwellian function

[8kpT
R iy (2.7.8)
TMgy

(O— Ve (2.7.9)
4mngo2kpgT

Then

Multiplying term-by-term (2.7.9) by, = n,kT, one obtains

(O) _ «\/makBT
Ty Pa 74\/;02 . (2.7.10)
o
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But for simple gas in the first (“Navier—Stokes”) approximation dynamical viscosity for
the hard spheres model is written as (Hirschfelder, Curtiss and Bird, 1954)

5«/m0,kBT
= —— . 2.7.11
(]2 16 vro? ( )

Of course, the subject under discussion is changing of the transport coefficients cal-
culation in GBKT but this question we leave to Chapter 5. Now we state that mean
time between collisions in local Maxwellian approximatig(,ﬁ) can be presented using
viscosity[uq]1, calculated in the next successive approximation. In other words,

(% po = 0.8[ 111 (2.7.12)

This fact leads to very interesting conclusions in the theory of turbulence considered in
Chapter 5 from positions of GBKT.

The use in BKT instead of the first approximation, the convergence series in Sonine
polynomials for hard spheres leads to slightly changing of mentioned coefficient. One
obtains 0.786 instead of 0.8.

Consider a simple gas under no forces in BGK approximation for classical Boltz-
mann equation (BE)

of L af [ f©
TR A i—— (2.7.13)

From Eq. (2.7.13) follows the expression for F

of of

—rO__ 9% 2.7.14

F=l gy Y ( )

For a gas consisting of point-like particles in the case of slow changing of parameters
of state,f — f© must be small and Eq. (2.7.15) becomes

9f© af @
© J;t 420y U (2.7.15)

_ 0 _
f=r"-x B

In one-dimensional stationary approximation

©
Fe fO 4 L0 f

(2.7.16)
and for a simple gas of uniform density and temperature, streaming paradlal,tbut
with hydrodynamic velocity changing along the axiy it is reasonable to suppose
that changing of local Maxwellian DF© is governed by evolution of hydrodynamic
velocity vg. As a result,

dvg af @
FofO 4 @, 20T (2.7.17)
ady dvg
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The viscous stress in thedirection across a plane= constis
Dxy =/m(vx —vo)vy f dv. (2.7.18)
Substitutef from (2.7.17) into Eq. (2.7.18)

p)(y = /m(vx - Uo)v),f(o) dV

3 af©@
+r(0)ai)?/vy E{vo m(vy — vo)vy av. (2.7.19)

Because the first integrand is an odd functiomof- vg, the first integral vanishes and

af @ dvo
Pxy = ‘[(0) / l)yaf—vom(l)x — UO)Uy dV@, (2720)
or
dvg
DPxy = By’ (2.7.21)

where coefficient of viscosity is equal to

af©@
p=10 / oy (o, = voyuy v, (2.7.22)
dvg
or
9
M:r(o)a—/mf(o)(vx - vo)vgdv+r<°>/mf<°>v§dv. (2.7.23)
vo

The firstintegral in (2.7.23) vanishes as containing an odd function in the integrand, but

) Z/mf<°)v§ dv. (2.7.24)
It means that in considering stiff restrictions the valid formula is
t@p=p. (2.7.25)

Relation (2.7.25) is also a consequence of the so-called elementary theory of gases.
Finally we can state that

tOpy=Mpy, a=1,...n, (2.7.26)

where numerical coefficientl reflects the characteristiedtures of particle interac-
tions.
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In the theory of generalized hydrodynamic equations, relations (2.7.26) allow to
close GHE leaving all calculations — in the definite sense — on the macroscopic level
of physical system’s description.

If a mixture of gases contains particles of which the masses are not too different,
it is possible to set in B (2.7.1)—(2.7.6X, as independent of number of species.
Therefore, the problem of the, calculation is not difficuland exactly the same as in
classical BKT.

The difficulties of principal character leads to the problem calculation of averaged
values in (2.7.1)—(2.7.6) for which we need explicit expression for DF. But for local
Maxwellian DF all averaged values in (2.7.1)—(2.7.6) can be calculated in finite form
and lead to generalized Euler equations (GEUE).

Calculate averaged values for the velocities moments ofﬁF Summary of results
follows.

For continuity equation:

3/2

- My —my V2/(2kpT)

V, = Vg€ T dV
o=(zrir) [ :

3/2
Y —mq V2/(2kpT) _
= Vo€ o dv, = Vo, 2.7.27
<27rkBT) / 0 o = V0 ( )
3/2
_ m _ 2
VoVy = (27[]5;]‘) /Vava e MaVy/(2kpT) dvy,
1 o
=voVo + — [ S{?VaVadve =Vovo + % 1, (2.7.28)
o o

where p,, is static pressure o&—species,7 is unit tensor. In calculations realized
in (2.7.27), (2.7.28) take into account vanishing integrals containing odd functions as
integrand.

We have the following generalized Euler continuity equation (compare with (2.7.1),
(2.7.4)):

3 30
{pa éo)[éi +— (paVO)]}

a 3 o 0
pavo — 70 —(pavm + o (paVov) + 1 - =
ar or
— paFD — 31—apavo X B“ = Ry, (2.7.29)
o

and for a mixture

0 0Py
=z O el
» {p ? o |: o1 + (potVO)i| }
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3 a
o {/OVO—ZT(O)[—(/%VO)-F - (PaVoVo) + 1 - ar

paF® — 2% 5 vo x B“ —0. (2.7.30)
mey

Generalized Euler momentum equations for species can be obtained in a similar way:

ar

o 00¢
—~ (‘1—>pavO x B]} —Fd [pa — r;")( + 3 <pavo>>}
My ot

d 0P
_CI_ {p Vo — T(O) |:—(/0a 0) + - PaVOVO + a_r - PaF((xl)

My

0 0 0
57 {p Vo — (O)|:—(pa Vo) + - paVOVo + e — puFP

my

0 < 0
— 2 v x B“ x B+ ar {paVoVO + pal — Téo)[g(l)avovo

oy 0
+pal )+ —

ar : (/Oa (VoVo)Vo + pu (VoVa)Va + e (Vo Vo)Va

VVEVEEY q
+ Po (Vozvot)VO) - F((xl)pavo - potVOF((yl) - m_apoz [Vo x Blvg

o

- q—"pa[v X BVy — 2% poviolvo x B] — 2% p, Vo[V x B]]}
My My

:/mavant’e'dvo, +/mo,vo,th’i”e'dvo,. (2.7.31)

The following averaged expressions shoudddalculated in local Maxwellian approxi-
mation:

32 — [
M  Pa (VaVO)Vot = a_ e (ponO) (2732)
32 — 32 50, 32
— V.V =——:P, = — Tvo=A 2.7.33
aror poz( aVa)Vo arar Vo= aror P PalVO = (PaVO) ( )

whereA is the Laplacian,

d e — d

a_r “palVa x BlVy = _5 x (paB), (2734)
0 — 0

i paValVe x Bl = ar X (paB). (2.7.35)

Then summation of two last expressions leads to canceling of each other.
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Write down the generalized Euler momentum equationvfspecies:

0 0 0P
a {paVO_ (0)|:_()001 O)+ - PaVOVo + — ar PaF,(xl)

a
- q_apotVO X B:“ - thl) |::001 - To((O)< Pa + - (paV0)>:|
My ot

du 0) 0 0 ) 16))
— 2 Vo — —(paV0) + — - PaVOVo + — — poF
. {pa 0— Ty |:al (paV0) ar PaVOVO ar Paly

d 0
- q—apavo X B“ x B+ ar {paVoV0+pa1 - T(O)[at (paVoVo

My

d 0 0 <
+ Do ) + ar Pa (VoVO)VO + 21(3 (PaV0)> ar (IpotVO)

o o

— F® pavo — paVoF Y — :1_011001 [Vo x B]vo — Zl_a,OaVO[VO x B]} }
= / Mg JSH dv,, + / MV JSH dv, . (2.7.36)

After summation of (2.7.36) over all species, one obtains the generalized Euler momen-
tum equation for mixture of gases

0 0 0Pa
” {pVo - ZT(O)[—(,OaVo) + — - paVoVo + 8_ — puF

q ap
- m_apaVO X B“ - ZF&D |:,Ooz — T()({O)( 8[01 + — (0 O)>i|

o o

5 9Pa
- Z 9o {p Vo— r(o)[—(pavO) o paVoVo = — paFE

qa 9 7 o] 9
— —paVo x B B+ —-{pvov I — — (o VOV
apa 0 X “X -I—ar {/0 oVo+p Ea Ty at(l)a ovVo

+ potl ) + a_ Pa (VOVO)Vo + 21( (ponO)> ar . (IPaVO)

q
— F{P paVo — paVOFY — —=pulVo x BIVo
o

_ o volvo x B]“ —0. (2.7.37)

o

Let us get to the derivation of the generalized Euler energy equation. Write down this
equation omitting all integral terms, which are obviously equal to zero as containing odd
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integrands of the thermal velocitids, .

0 ,0v2 pﬁ 0 ,ov2 pW
5{ S0 ot tana — 70| (50 S5

3 (1 1 —
+or <§,0a vavo + >Pa V2o + po (Vo Va)Vea + SanaVO)

- Ft(xl) : paVO] }

0 1 1 —
+ ar : { Epotv(%vo + Pa (VO : Va)Va + E,Oa VOtZV() + eqngVo

0 (1 1 —
- To(lo) [5 (E/)ot USVO + Ou (VO : Va)va + Epa VanO + SanaVO)

o 1, 1 — PNy v
+ o [Epavovovo + Epo, VanoVo + EanoVaVoz

+ Oa (VO . Va)VaVO + oo (VO ' Va)VOVa

1 ——— -
+ Epa Vazvozvot + €aNaVoVo + 5anavava:|

R T _
— Pa F((yl) - VoVo — Pu Ft(xl) “VoVo — Epa vg Fo — €alia Fa] }

0 0
- {pa F¢(>11) -Vo — ToEO) |:F¢(11) ’ <E(paVO) + a + PaVOVo

0 -
+ 5 “paVaVa — paFgll) — ganaVo X B)]}

5 2 _
_ / (m"‘zv”‘ +sa> I dv, + / (m"‘zv" +3a> Jateldvy.  (2.7.38)

Let us calculate all average values connected with local Maxwellian DF

0 My %2 V2/(2kgT
fag ):na<m) e e Va/(2kpT) (2.7.39)
We have
vz 3
p‘*za = Zno kgT, (2.7.40)

3 3 2 me \*?
_r‘pa(VO‘Va)Vazmaa‘ {VO‘/VaVae_ adV“”“(ngZT) }
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3

A 2kp 5 I
me—ama .Zla—ri{nav()jT/WajWiWae O‘dVVOt
l,]=

8k w2
Bks Zar {O / W2 w2 e dWa}
1

8k w2
=5 Zarl {navo,T/(; wie Ve dWa}

8 Jm1390 0
220 Vope) = — - (paVo). 2.7.41
=37 2 2201 - (Vopa) o (PaVo) ( )

Other integrals in (2.7.38) can be evaluated in a similar way:

9 3 -
o {VaVaparg) = - (pav§l ). (2.7.42)
ar ar
a : {,Oa(Vo . Va)VaVQ}
9 9
=~ {pa(Vo- Va)VoVa} = - - pavovo, (2.7.43)
ar ar
0 ——— 8 [pe
2 VAV Vg =5— (LaT), 2.7.44
ar Pa Vg VaVa or (,Oa ) ( )
EantaFu = 0 2% ng[Vo x B] + gangFY. (2.7.45)

o

Calculate also an Euler approximation

a
o ,OO,UF

ar
d
= {ma/ngf})fOfo) dv, +qa/v§[va x B]£0 dvo,}

2|

Cl>|Q_j

{p FD2 + F<1>ma/ VZEOdv, + —/Oa[VO x Blug
0{

+20.v0- [ ValV x BIFL dVa + g0 [ V2Ivo x BISO dva}

d
= {paF(l)v + 3F(1)pa + ,OaVo—[VO x B]
ar My

+5p0 2% v x B]}. (2.7.46)
My



122 Generalized Boltzmann Physical Kinetics

As a result, the following form of the generalized Euler energy equation for species
can be stated:

o [p V2 3 0 (P v 3
5{ 7T 2”“”“”“—Téo)[ﬁ(%%mﬂana
0 5
ar ( Po vSVo + Epavo + SanaV0> - nyl) : paVO]}
+ ar 2/Ooﬂ)ovo + 2PaVO + EalaVo — T, 3 E/Oavovo
+ EpaVo + eqnigVo | + ar EpOtUOVOVO + EPaVOVO + Epavol

5p2- -
+2PlaT 4 eunavovo+ 80,—I> — paFD vovo — poFY - 1
2 Py My

1 3 o q 5
- Epavéthl) 2th1) 012 O mo; [Vo x B] — Epot_[VO x B]

q
— ulla [0 x B] - ganapfy]} _ {papgn Vo

o

i) d 9 ¢
70 [ng (5(pav<>) +orPaVOVo o pal — pu F&

— gang[Vo X B])]}
My Ug st.el My vg st,inel
=/ e ) I3 dva—i—/ e ) g v, (2.7.47)

Finally, after summation of Egs. (2.7.47) over all species we reach the generalized
Euler energy equation for mixture of gases:

3 [pv3 3 ol ? ,oavo 3
5{74‘5174‘;50["0:_;7“ o 2 +2Pa+€ana

0 1 5
+ E : <§an3V0 + EPOtVO + SanaVO) - F(l) ,OaV0:“

o (1 , 5 ol /1
+§‘{EPUOVO+ EPVO‘FVOXQ:Sana_za: a([)|:a <2,0an 0
2 pavot sanaVo ) + —= - ( 2 pavBVovo+ ~ pavovo + = pavi]

- Eall — | =gV - —pay,

2Pa 0 alla VO ar 2)001 oVovo 2p01 ovo 2Pa 0

5 <>
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1 5.1 3.4 Pavg q S5  Qu
—EpavOFg) 2Fg,> Tm(:[ x Bl = 3pa a[vaB]

q
— 8al’lam—a[V0 x B] — 301”01':((11):“ - {VO : @paF((xl)

o

5 5
-y [Fél) - (—(pavO) o PaVOVO + - Pal — paFD

— GanalVo x B]>:| } =0. (2.7.48)

Write down the system of GHE in the Euler approach taking into account the force of
gravitation:

— continuity equation
0 ul oo 0 nl o
—yp—I1— — -ypVo—IT—| —(pV
at{p [az + —-(pv 0)“ ar {p 0 p[at(p 0)
ad < Jp
. 7-£_ =0, 2.7.49
+ospvovo 1o /Og:“ ( )

— momentum equation
ap
pvo —IT ,00)+—,000+3——,09
fy e

8
p
g[ <8 (po)>]
+8 vovo+ pI — ¥ 8(vv+ 7)+8 (VoVo)V
oy | PVovotp patpoo P oy~ P(Vovo)Vo

+21 [5 : (va)] +o (1 pvo) —gpvo — vng} } =0, (2.7.50)

— energy equation
0 ,ové 3 % 3 ,ovo 3
Y S TR § Y-
az{ > tar—y > ToF

+a lvzv—i-sv v
r 2/000 2170 - PVo

g
+3 12v+5v HM v+5v
ar 2/0U00 2P0 at 2/0U00 2PO
+a 1 vv+7vv+:L +5 1 VoV
—_— v v [ — .
ar 2/0000 2POO 2170 25 p9- VoVvo
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— 7_} 2,_3 — vo— 1t i(v)
r9 20”09 291’ P9 Vo > g 57 \PVo

0 0 o
— —-pl — =0, 2.7.51
+orpVoVot oo p ,09>“ ( )

whereg is acceleration in gravitational field® = ITu/p (for hard spheres model
IT =0.8), A is the Laplacian.

Let us summarize generalized Euler hydrodynamic equations the simplest case of
one-dimensional motion in absence of external forces:

— continuity equation

B p 0
D I ()}
8[{'0 T [at + Bx(va)]}

) 9 ) ap
) 2, Pl _g 2.7.52
+o {pvo T [at(pvo) +o (pvg) + ax“ , ( )

— momentum equation

d a d ap
© 2
at{ oo [at( »0) ax( UO) ax:“

+

— energy equation

o[ , ) 2
e 3y — (O] 2 3 e 3 5
oy {pvo +3p—1 oy (pvg+3p) + o (ovg + 5po)

9 9
+ {pvg’ +5pug — @ [5(/01)8 + 5po)

ax

9 2
+ —<pv3+8pv5+5p—>“ —0. (2.7.54)
ox P

2.8. Boundary conditionsin thetheory of the generalized hydrodynamic
equations

Let us consider now the problem of the &dthal boundary conditions in the theory
of GHE. With this aim write down once more Eq. (2.4.8) and demonstrate — using this
equation as an example — how this problem can be solved.

9 3p 0
- o - KnA A(O) A —_— A\A/
ar{p NPT *or (pVo)
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3 3 3
+——-{ﬁVU—KnAvﬁm[gyﬁOm—%Agz ﬁvvq}:zo. (2.8.1)

ar of (

Knudsen number is defined as a ratio of the mean freefuagiar the wall to the char-
acter hydrodynamic scale. The explicit form of coefficieni,, is not significant for us
here, notice only that the thermal velocity is used as scale for molecular velocity near
the surface. The length can be significantly different and should be introduced in cor-
respondence with concrete solving probldérar the boundary condition’s construction,
we consider an area near the streamed wall taking into account tisathe distance
to the wall (Figure 2.5). Tend now to zero using an arbitrary law of this tendency. It
means that in (2.8.1) differential terms — for whi€h is coefficient— in square brackets
are far more than algebraic terms frorhieh they are subtracted. TherewKin can be
considered as a value independent ahdf.

After dividing Eqg. (2.8.1) byKn, it becomes obvious that this equation can be iden-
tically satisfied for arbitrary tendendy— 0 (and therefor&n — oo) if

ap 0

Vo =0, 2.8.2
ar Tar PV (2.82)
a(v)+a w=0 (2.8.3)
o1 PYO T g PR o

But Eqgs. (2.8.2), (2.8.3) are classical continuity and momentum equations on the wall.
This very remarkable fact will be discussed in the next chapter from turbulence posi-
tions.

On the whole we state that GHE can be written in the symbolic form (index “
related to the continuity, momentum and energy equations)

D1, +Kndy; =0 (i=1,2,3)
and following considered method f&in — oo we reach conditions

Paiw =0, (2.8.4)
where index ‘W” corresponds to the wall.

Relations (2.8.4) deliver additional boumga&onditions we need, and have transpar-
ent physical sense — fluctuations disappear on the wall.

Fig. 2.5. Domain in the vicinity of the streamed wall.
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In hydrodynamics of weakly rarefied gagbe kinetic boundary conditions (in par-
ticular velocity slip) are used. These conditions are the direct consequence of the Boltz-
mann equation and allow to expand the area of the formal appliance of the Navier—
Stokes description. Further we intend to show that GHE contain known kinetic bound-
ary conditions as asymptotic solutions near the wall. It means on the one hand that GHE
can be applied for description of the rarefigas without additional kinetic conditions
serving for adjusting kinetic and hydrodynamic solutions in boundary kinetic layer. On
the other, we can state that “jump conditions” can be obtained as solutioydaidy-
namicequations which can be used for adequate description of kinetic layer near the
wall.

With the aim of analytical investigation we introduce reasonable assumptions often
used in the theory of kinetic Knudsen layer. We suppose that the flow is one-dimensional
(and therefore all gradients along streamed surface can be omitted), gravitation is not
significant; static pressure in the layer is constant,

p = const (2.8.5)
The last presumption is not of principal significance, but allows to simplify the prob-

lem eliminating from consideration the energy equation and then the temperature jump.
One-dimensional Euler equations under these assumptions are

d w0 2 ip\| _

D o~ (2 oun?) + 2 _

% {puv Hp (ay (puv®) + 5 (pu))} =0, (2.8.7)
sfpror -t Lipdral ou]| o (2.8.8)
dy p Loy dy

wherey is in the direction normal to thetreamed plane surface amcy are components
of hydrodynamic velocity. After integration overone obtains

pv:nﬁi(pvz) +cy (2.8.9)
pdy
w d 2 du
puv:H——(puv )+17,u—+C2, (2.8.10)
pdy dy
2 w d 3 dv
pv°=M=—(pv°)+3Mu—+C3—p, (2.8.11)
pdy dy

whereC1, C2, C3 are constants of integration.
By application of (2.8.9), Eq. (2.8.11) becomes

d
17%(,01;2 + 3p)£ — Crv—C3+p. (2.8.12)
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Write (2.8.9) in the form

dv dlnp:| C1 (2.8.13)

"
1=n= [2— +v——— .
pL dy dy pv
On the bottom of the Knudsen layer particles go into the stream after desorption from
the surface with normal velocity componeny, corresponding to the order of thermal
velocity for wall temperature. Particlesydcted to the surface, have on average hydro-
dynamic velocity, and a known relation

(pv)+ = (pv)- (2.8.14)

defines impermeability of the surface. In kinetic layer the process of relaxation is being
realized by adjusting the dynamic parameters of particles after desorption to the hydro-
dynamic parameters of flow. For us of interest is the process on the bottom of Knudsen
layer and corresponding asymptotic GHE solutions. In this case we omit the second
logarithmic in square brackets in (2.8.13) and eliminate density in Eq. (2.8.12):

d 2
6nu(d—”> — —[3C1v +3p — 2¢3]
y

dv p
— 4+ (Cv —C3)—=—— =0, 2.8.15
5, *(Cw-C)p=0 (2819
whereC; = C3 — p.

From (2.8.15) follows

v 3Cw+3p—2Cs+ [(3C1v+3p — 2C)2 — 24p(Crv — Ch)

dy 12MTu
(2.8.16)
Expression under square root in (2.8.16) can be transformed:
(3C1v + 3p — 2C4)% — 24p(C1v — Cb)
= (3C1v — 3p — 2C4)° + 12C1 pu. (2.8.17)

For investigation of approximate solution one supposes that energy of directed hy-
drodynamic motion is much less than the energy of chaotic motion. As a result, we
have

J@Cw —3p— 2052 +12¢1pu

6C1pv
3C1v —3p—2C5

=3C1v—3p—2C,+ (2.8.18)
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or

1
v _ 16 C1v 1. (2.8.19)
dy 2t 3C1v —3p —2C;

Further we use the simplest estimation — following from (2.8.19) — for normal compo-
nent of velocity on the bottom of Knudsen layer,

Y
2t

V=

+ v, (2.8.20)

wherer is mean time between collisions.
From Eqg. (2.8.9) one obtains the equation defining the density change on the bottom
of Knudsen layer

2
d 1
Y, P=—ciz, (2.8.21)
2t dy T

solution of this equation:

2Cq
=———+D. 2.8.22
P Y/(ZT) + vy ( )
Constant of integration
2C
D=p, -2, (2.8.23)
w
then
y/(2t) 2C
0= py — —t T2 2.8.24
v Y/(ZT) + vy Uy ( )

Let us calculate the transverse component of velocity in Knudsen layer. After substi-
tution of (2.8.22), (2.8.24) in Eq. (2.8.10), one finds

1du

Ed—Z(Dz2+2C1z+p) —uC1+ C2=0, (2.8.25)
where
y
U (2.8.26)
2T

General solution of non-homogeneouseliéintial equation (2.8.25) has the form

2Cq Cy
—Eexpl [ —— 1 gl =2 2.8.27
u p{/ D2 +2C1z+p Z} C1 ( )
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whereE is a constant of integration. Evaluate integral

d
1=/2—Z. (2.8.28)
Dz +2C1z+p
Introduce
§=4(pD - C?). (2.8.29)

In the theory of integrals (2.8.28) the signdis important

1 v2A
5;p[pw—Ap<1+—vw p)}, (2.8.30)
2p 2

whereAp is density change in Knudsen layer. From (2.8.30) follows
8= ppo, >0, (2.8.31)

then integral can be evaluated in finite form

1 - arcthDZ +2C1 ! arctg{ 2 (Dz+C )}
= = ———(Dz 1
NG NS /PP /PP
1 2 A
— "~ arct M}, (2.8.32)
A/ PPoo A/ PPoo

where

C1= PwVw _Zpoovw _ %A,O, D = peo. (2833)

Index oo relates to asymptotic hydrodynamic values outside of Knudsen layer. Return-
ing to variabley, we find

1
I= arCtg'OOOY/T + Vu (Pw + Poo) (2.8.34)
A/ PPoo PPoo
and corresponding general solution of Eq. (2.8.25)
C
u=EeACy 22 (2.8.35)
C1

where

_ C2/C1

B 1+ (Ap/Poo)Uw(l/\/W) arctgv,, (1+ pw/poo)/M) .(2 8.36)
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Then in indicated suppositions GHE lead te tiollowing profile of transversal ve-
locity in Knudsen layer:

Cz{ 1
u=—11-
C1 14+ (Ap/poo)Vw(1//RTso)p
Ap 1 ({)’/T'i‘vw(l‘i‘pw/poo)]:“
x |14+ —v arct , 2.8.37
[ P /RT VRTx ( )
where
1
@ = arctgw. (2.8.38)
RTy
Introduce notatiorC, = —Cs, C2 > 0, and friction coefficient on the wall
du
fu= u<d—) , (2.8.39)
Y/ w
then
A
G_ Wl (2.8.40)
C2 znfu)[1+pU)vu)/p]
or
C A
Sl bwlh (2.8.41)
Cy, 2[Ify,
Using (2.8.41), one obtains from (2.8.37)
211 y/r+vw(1+pw/poo):|
u=f arct{
" poov/RTss { VRT
vy (1+ pw/poo):“
—arct ———->-
% VRTx
Ap vy Uw(1+pw/pw)]}_l
X114+ — arct . 2.8.42
{ Poo / RT v RTx ( )

Profile of transversal velocity — under formulated assumptions — is defined by trigono-
metric function arctg. To derive the expression (2.8.42), the assumption was intro-
duced that transversal molecular velocity on the wall is equal to zero. In physical chem-
istry cases are known (Glasstone, Laidler and Eyring, 1941), when absorbed particles
move with a velocity along the surface while being bound by mentioned surface. But
evaluation of this “chemical” velocity slip is the problem of quantum chemistry and is
not the subject of consideration here.
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By smally profile is linear

G= { |:l L 2P Uy arct V(14 Pw/ Poo) )]

Poo «/—oo «/m
v2 IOIU 2 _1
X ‘L’\/RTOO|:1+ — <1+ —) “ , (2.8.43)
RT Poo
where
C
h= rlu (2.8.44)
C2

Let us introduce now the kinetic velocity slig; of flow as difference between
transversal velocity on the external boundary of kinetic layer and transversal veloc-
ity on the wall. In classical hydrodynamieg cannot be introduced without taking
into account the Boltzmann equation. The origin of this fact is well knewtiassical
hydrodynamics is not “working” in kinetic layer.

Formula (2.8.43), which is a consequence of GHE, can be rewritten in terminology of
slip theory. With this aim introduce asymptotic velocity, as velocity on the external
boundary of Knudsen layer (— u if y — o0), and slip velocity

Us| = Upo — Uy- (2.8.45)

As a result, formula (2.8.42) leads to the next slip velocity

211 T Uw(1+pw/poo)>]
= - | — —arct —————
vl =Jo RTOO[2 g( JRTw

Ap vy Uw(l"l‘pw/poo)>:|_l
x |1+ — arct —— . 2.8.46
|: Poo v/ RTx g( v RTx ( )

Let us compare now the defined slip veloaity from (2.8.46) with the known expres-
sions of the Boltzmann kinetic theory, particularly with data being given by Cercignani
(1975).

du
=114 =114 6—
el 66[<dy> ® 2RToo ( )

= 1_1466— — fu=1 43707 fu. (2.8.47)
oo 2RTOO RTo

If density change across Knudsen layer is small, one obtains from (2.8.46)
2171 b V(1 + pw/poo)
Jo———— [— —arctg——————
" poov/RT VRT

Ap vy vy (1+ Pw/poo):|
x|1—— arct .
[ IOOO \/RToo g A/ RTOQ

(2.8.48)
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Therefore relations for velocity slip (2.8.46), (2.8.48) contain also density jump. Let us
neglect density jump in Knudsen layer. It means

Ap < poo, (2.8.49)

or approximately on the wall

0
<_"> —0. (2.8.50)
ay w
We have from (2.8.48)
b4 2vy 1
= 2[T| — — arct w- 2.8.51
o [2 gJRToo] R (2851

Obviously relations (2.8.47) and (2.8.51) have analogous structure but differ by numer-
ical factors. Multiplier

b4 2vy
A=2IT| — — arct 2.8.52
[2 g —RTJ (2.8.52)

in (2.8.51) can vary within wide limits, its value is defined by model of particles in-
teraction — which is used for paramet@r evaluation — and velocity of the particles
desorptiorv,, from the surface. For the hard sphemodel of particles interactions one
obtains 0< A < 2.51. Notice that indicated by Cercignani four ciphers after point in
numerical factors in (2.8.47) have sense only as an orientation by comparison of results
of different analytical models.

As a conclusion we state that GHE incorpertite kinetic effect of slip as an element
of adjusting of hydrodynamic and kinetic regimes of flow and allow — avoiding artificial
fashions —to describe flows by intermediate flow numbers. This peculiar feature of GHE
will be demonstrated next, particularly in calculations of sound propagation in rarefied
gas and shock wave structure for arbitrary Mach numbers.



CHAPTER 3

Strict Theory of Turbulence and Some Applications
of the Generalized Hydrodynamic Theory

The generalized Boltzmann equation necessarily leads to a new formulation of the hy-
drodynamical equations, yielding what well the generalized hydrodynamical equa-
tions. The classical Enskog, Euler, and Navier—Stokes equations of fluid dynamics are
special cases of these new equations. The derivation of the generalized hydrodynami-
cal equations is given in the previous chapter. But the area of applications of GHE and
corresponding principles used for their derivation is much vaster. We intend to discuss
these new possibilities of geralized hydrodynamic equatioimsthe theory of turbulent

flows, electrodynamics of continuum media and quantum mechanics.

3.1. About principles of classical theory of turbulent flows

The turbulent fluid motion has been the subject of intense research for over a hundred
years because it has numerous applications in aerodynamics, hydraulics, combustion
and explosion processes, and hence is &dalirelevance to processes occurring in tur-
bines, engines, compressors, and other modern-day machines. The scientific literature
on this subject is enormous, and a detailed analysis of all the existing models is be-
yond the scope of this book. Here the object is to discuss the currently available turbu-
lence conceptin the context of generalized equations of fluid dynamics. In what follows
we will discuss “classical” turbulence, udlyareated starting from the Navier—Stokes
equations, moment methods, and similarity theory. We will also see how this picture
corresponds to the generalized Boltzmann kinetics and will try to find out which of the
known approaches may be used and which should be abandoned.

It is commonly held that a fully developedrbulence may be characterized by the
irregular variation of velocity with timetaach point in the flow, and that hydrodynamic
quantities undergo fluctuatiofisirbulent ones or pulsatiopd heir scale varies over the
wide range from the external (using the terminology of Landau and Lifshitz, 1988) scale
comparable to the characteristic flow size, to a small scale on which the dynamic fluid
viscosity begins to dominate.

133
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Because of the major role of the Reynoldgearion in the theory of turbulence, the
study of fluid motion on various typical scales crucially depends on the construction of
the Reynolds nhumber

[
Re= vi.
Uk

Here,l is the fluctuation scaley — the characteristic velocity, ang — the kinematic
viscosity. If I ~ L, with L being the typical hydrodynamic size, then the Reynolds
numberReis large and the effect of molecular viscosity small — so that one may neglect
it altogether and apply the similarity theory (the Kolmogorov—Obukhovlaw) to get some
idea of the fluctuations.

From the large-scale fluctuations, the energy goes (practically undissipated) to the
small-scale ones, where viscous dissipation takes place (Richardson model of 1922).
And even though the dissipation of mechanical enerdfalling at the unit mass per
unit time) occurs on the least possible scdale(referred to below as the Kolmogorov
turbulence scale), it is believed that the quantitglso determines the properties of
turbulent motion on larger scales. Between the Kolmogorov (or, using the terminology
of Landau and Lifshitz (1988), internal) scdleand the external scalg ~ L there is
an inertial interval where the typical sizesatisfies the inequality

Ik <1<

For want of a better model, it is assumed that turbulent motion is described by the
same equations of fluid mechanics (Navier—Stokes equations) used for laminar flows,
with a consequence that turbulence emerges as a flow instability or, in this particular
case, as an instability in the Navier—Stokes flow model. This gives rise to many incon-
sistencies, however. It is known, for example, that “although no comprehensive theoret-
ical study has thus far been made for flowstkgh a circular pipe, there is a compelling
evidence that this motion is stable with respect to infinitesimal perturbations (in an ab-
solute as well as a convective sense) for any Reynolds numbers” (Landau and Lifshitz,
1988). This contradicts experimental data.

In 1924, W. Heisenberg published a study on the instability of laminar flows (Heisen-
berg, 1924). A year later, E. Noether “published another paper” — we are quoting
Heisenberg (1969) — “in which she proved with all mathematical rigour that the prob-
lem admits of no unstable solutions at all and that a flow must be everywhere stable
What about the rigorous mathematics then? | think that even now nobody knows what
is wrong with Noether’s work”. It would appear that rather than Noether’s mistake, the
drawbacks of the Navier—Stokes flow model are to blame.

The notions of averaged and fluctuating motions prompted Reynolds (1894) to ex-
plicitly isolate the fluctuation terms in the Navier—Stokes equations and to subsequently
average them over a certain time intervalt Beither this approach nor the later tech-
nique of averaging over the masses of liquid volumes (sometimes called Favre averaging
(Favre, 1992)) provides close solutions, and indeed neither of them is adequate when
it comes to physics because, as we will see below, the Navier—Stokes equations are not
written for true physical quantities.
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One further approach to the problem involves the evaluation of velocity correlation
functions with the aim of establishing the relation between the velocities at two neigh-
boring flow field points within the theory of local turbulence. For example, the simplest
correlation function is the second-rank tensor

Bys = <(v2r —v1)(v2s — vls))» (3.1.1)

wherevi andv; are the fluid velocities at two neighbing points, and the angle brack-

ets denote time averaging. A question remains, however, what exactly “neighboring
points” means and how the time averaging procedure is to be carried out. The theory
of correlation functions attracted a great deal of attention after Keller and Fridman first

introduced them into the hydrodynamics of turbulent motions back in 1924.

In 1944, Landau gave a comprehensive assessment of this line of research. To quote
him from Landau and Lifshitz (1988), “One would imagine that in principle it is possible
to derive a universal formula, applicable to any turbulent motion, for determiBjing
By, for all distances small compared té, . In reality, however, such a formula cannot
exist at all as the following argument shows. The instantaneous value of the quantity
(v2; — v1;) (v2r — v1x) could in principle be expressed in terms of the energy dissipation
¢ at the same instant of time However, the averaging of these expressions depends
significantly on howes varies in time throughout periods of large-scale (of orklgr
motions. But this variation is different for various specific cases of motion, so the result
of such averaging cannot be universal”.

One can but agree with this view. To put it another way, if the Kolmogorov scale
admits an explicit universal formulation for turbulent fluctuations (as we will show later
on), then large-scale fluctuations are determined by solving a specific boundary-value
problem.

A. Kolmogorov advanced the hypothesis that the statistical regime of the small-scale
components is universal and is determined by only two dimensional parameters, the
average rate of energy dissipatiomnd the kinematic viscosity;. From dimensional
considerations it follows that the Kolmogorov fluctuation sdaleis of the order of
v/*e~1/4, The following estimations can be introduced:

2
e~ kel <£) ~ (3.1.2)

wherev is mean molecular velocity, then
Ig ~ 10 (3.1.3)

and corresponds to the particle mean free path in a gas. But mean time between col-
lision 7 is proportional to viscosity, therefore we can wait that all fluctuations on the
Kolmogorov micro-scale of turbulence will be proportional to viscosity.
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3.2. Theory of turbulence and generalized Euler equations

We now apply the generalized hydrodynamiaglations to the theory of turbulence and
demonstrate that they enable one to wripleitly the fluctuations of all hydrodynamic
guantities on the Kolmogorov turbulence schte Importantly, these turbulent fluctu-
ations can be tabulated for any type of flow and in this sense can serve as “universal
formulas” to use the terminology of monograph (Landau and Lifshitz, 1988). We start
by writing down the generalized hydrodynamai equations and, for the sake of sim-
plicity, employ the generalized Euler equations for the special case of a one-component
gas flow in a gravitational field. To this end we multiply the generalized Boltzmann
equations by the particles’ elastic collision invaria@is mv, mv2/2) and integrate the
resulting equations term by term with respect to velocity.

The calculation of the moments using the Maxwellian distribution function yields
the system of generalized Euler equations which includes:

— the continuity equation

Gl b Rl |
L 51 (pvo

a wl o d < ap
— Vo—IT—| —(pVi —-pVoVo+1 - — — =0, (3.2.1
+o {po p[at(p o)+ar pYoVo+1 - = pg” ( )

— the equation of motion

9 10 L ovo) + 2 - pugvo + 22
atpo patpo ar/000 r9

ar
w(ap
-9 p—H 8t+_ (pvo)

+3 vovo+ pI — ¥ 8(vv—i- 7)+8 (VoVo)Vi
ar pVovo + p pat,OOOP ar10000

a0 o
—'(IPVO)—gVop—Vogp“ =0, (3.2.2)

[0
21 | —-
+ [ar (pVO)}+ar

— the equation of energy
0 pé 3 ulo pvo 3
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( vovo—i- 2PV0) - g‘PVo:“
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+a ! 2vv+7vv+:L 27+5p27
—_— —_ ’U —_ —_ ’U —_——
or | zPvoVovo T 5 pVoVo T+ 5 pvg 20
—Pg'VoVo—Pg‘I—EPUog—EQP —1°r9-Vo

% d 0 0 o _
- 17;|:9' (g(PVO) + ar - pVoVo + a pl — pg)“ =0, (3.2.3)

where we have used the hydrodynamic approximatiSh= 7.,/ p (for the hard-

sphere modell7 = 0.8) and wherd is the unit tensor.

We next introduce., veo, Poos @Nduco a@s the density, velocity, pressure, and vis-
cosity scales, respectively. We tatkee characteristic dimension to lie and the time
scale,L /vs. Then the dimensionless equation of continuity takes the form

. 7 Voo | 00 0 ..
—A{ e °°[—3+—A-(va)]}
ot P pPooL | 0t  OF
0 ~n [}x,uzoovoo a .. 0
— A 00— T2 22 — (60 — . 5%
+8f {,00 ﬁpr[at(p0)+3r PVoVo
Po < Op Lg ..
n R Y | 3.2.4
Loy 3 gopg” (3.2.4)

Dimensionless combinatins of the scale quéties introduced above form the simi-

larity criteria
MooVoo Moo poov2 1 1 v2
= * =Re "Eu", = =Fr.
Pool  Lvcopoo  Poo Lg

Thus, the continuity equation (3.2.4) contains the Reynolds, Euler, and Frud similar-
ity criteria and may be rewritten as

d (. 7 v ap d o
ﬁ{p—nﬁ“w‘”fﬁw~—-wwﬁ}

of P pooL | 3f = OF
0 ~n [}x,uzoovoo a .. 0
— A0 — MEZ=2 22 — (6% — . pUo¥
+8f {,00 5 OOL|:8I(IOO)+3F oVoVo
Poo < Bﬁ Lg,\,\
+ !l — - — =0. 3.2.5
. gopg” (3.25)

In a similar fashion we write the dimensionless equation of motion
(. AEUTTD .o 0 ap "

—1 V0 — IT— ——| —=(pV0) + — - pVoVo + Eu— — —
{ 0 p Re[at(pO) or proYo ar Fr'og

Lol s mAEC (35 0 o
Frol” ~ "5 Re \ar "o PO
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I O o AEUCITS . . o
— - 1 pVoV Eupl — IT———| —=(pVoVoEUp I
+af {poo+ p ﬁRe[at(poo pl)
40 5(VoVo)Vo + 21 9 (\7)Eu+Eu8 (7 pYo)
57 P(VoVo)Vo a7 (PVo 3F pVo
1 1
— —p0Vg— —pVo0 |} =0, 3.2.6
5 A% — oo 09“ ( )

and the dimensionless equation of energy

5.,
a7 =p05V0 + Euz pVo

2 2

>
>
>
<>

1
2
1 5. AEUTd (1, 5.
2
1
2

20000 + Eul Plolo + L 502iEut 5Eu2ﬁ—27
0 2 2070 25

+ 2 sTEu- ,ggi)“ —o. (3.2.7)

Egs. (3.2.5)—(3.2.7) are notable for their structure. All the generalized equations of
Euler fluid dynamics contain the Reynolds, Euler, and Frud numbers (similarity crite-
ria). Naturally, the inclusion of forces of electromagnetic origin would lead to additional
similarity criteria. For each hydrodynamical quay — density, energy, and momentum
as well as their fluxes — there is a corresponding temporally and spatially fluctuating
term which is proportional tRRe"* and, hence, to the viscosity.

For small-scale fluctuations (i.e., smaller characteristic dimensiothe Reynolds
number), viscosity increases in importance and starts to deteemthe dissipation of
the mechanical energy.

Introduce the Kolmogorov scale length as

U]:% 1/4
k=(+ (3.2.8)

and find using (3.1.3) that the length is of the mean free path order. The fluctuation
terms thus determine turbulent Kolmogorov-scale fluctuations (small-scale fluctuations
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or, using the computational hydrodynamics term, sub-grid turbulence) which are of a
universal nature and not problem specific.

To fully understand the situation, however, the following questions remain to be an-
swered:

(1) Are there no contradictions in the system of fluctuations introduced in this way? In
other words, is the set of fluctuations self-consistent?

(2) With a system of base (independent) fluctuations on hand, is it possible to derive
explicit expressions for other hydrodymécal quantities and their moments?

(3) What do the generalized hydrodynamiegluations for aveged quantities look
like and how does the procedure for obtaining the averaged equations agree with
the Reynolds procedure familiar from the theory of turbulence?

In answering the above questions, the galized Euler equations for one-component
gas will be employed for the sake of clarity. Implicit in the following analysis will be
the fact, already noted above, that we agalthg with small-scale fluctuations.

The equations to be investigated are:

— continuity equation

oo o)

9 3 ap
8_ {PVO—T(g(K)VO)‘Fg : (PVOV0)+§—PQ)} =0, (3.2.9)

— equation of motion

d

5 {pvo;s - T[—(pvo,s) + —(p&xﬁ + PV0x) — /08/3]}

ap a0
—dp- — )
{p [az + 3 a(pvoa)”gﬁ + — o7 {p af + PV0x VOB

a d
-7 _(pgaﬁ + ,OUOOtUOﬁ) + _(paotyUOﬁ + PUOaaﬂy
ot ary

+ pvoy Sup + PVOLVOBVOy) — Lu PVOS — gﬁpvoa} } =0, (3.2.10)

where we employ the Einstein summation rule for recurrent subserigisy =
1, 2, 3 referring to components of vectors in the Cartesian coordinate system,
— equation of energy

a0 0 0
oy {317 + pv3 — r|: t(3p + pvd) + — - (Vo(pv§ +5p)) — 29~,0Vo:|}

ar

+o {vo(pvg +5p) — T[E(VO(PUS +5p)) + i [Ipvg + pugVovo
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+ 7pvovo + 51 7] —2pVoVo-g—5pl -g— pvgl §] }

3 ap 0
-29- {pVo -1 [5(,0%) TR (pVoVo) — pg] } =0. (3.2.11)

To calculate hydrodynamic fluctuations, the Reynolds procedure will be employed.
Thus, for example, the product of the true dengignd the true velocityp can be used

to obtain the fluctuation quanti%. Indeed, we have

pVo = (p + pT) (V& +V4), (3.2.12)
where the superscriptz® denotes the average hydrodynig quantitieslgnoring the

fluctuation terms squared and keeping only first-order small quantities in relations of
type (3.2.12) we find

(ovo)T = pvo — pV8 = pVY + p7 V4. (3.2.13)
Thus one obtains

(pvo)! — p/ v

v) = (3.2.14)
,0“
From the continuity equation (3.2.9) we have
ap d

=212~ (ovp) !, 3.2.15
P T{aerar 0 0)} ( )

0 d ap

f—
Vo)) =1{ —(pV — - (pVoVv — - 3.2.16
(pVo) T{Bt(p 0) + o+ (pVovo) + - pg} ( )
and therefore from Eq. (3.2.14) it follows
p Vo d 1ap

=7]— - — —— —d- 3.2.17
Yo T{ ot +<VO ar)vo+par . ( )

Using Eq. (3.2.10), we find that the fluctuation of the combined hydrodynamical
quantity pdes + pvowvog is given by

(P8ap + vogvop)”

0 0
=7| —(pdup + PV0xv0) + —— (PSay VO + PVOOBy
ot ary

+ pvoy 8up + PV0LVOBVOY) — gaPVOE — gﬁpvm}- (3.2.18)
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With the help of Eq. (3.2.18) we obtain

(3p + pod)’
9 9
=T [5(317 + pvé) + ar (vo(pvg + 5p)) —-29- pV0:|. (3.2.19)

We now proceed to calcula(evg)f:
(pod)” = pv§— p"v§? = (" + ") (v +V§)” = p"v5?
= (0" + p”) (v + 295 - vg) — p“vg?
= pl 032 4208 - v) (3.2.20)

which, when combined with Egs. (3.2.15) and (3.2.17), yields

2\ f a2 9P 9

Vo 3 1dp
2094 . | — Vo — |Jvo+ —— — . 3.2.21
i O[at+<°ar)°+par g“ (8.221)

From (3.2.19) fluctuation of static pressure is found

[3p + pv3])) =3p” + (pv§)’ (3.2.22)

a a
3p/ = r{§(3p + pv3) + o (Vo(pvg +5p)) — 29 pvo

ap a0
a2
— - — . (pV
5 |:8t +o (p 0)}

oV 0 10
_Zpavg_[_tOJr(VO._)VOJF__P_g“, (3.2.23)

Neglecting squared fluctuations — this tantamount to omitémms proportional ta2
—we find:
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ap Y\ - 0 )
=71{3— Vo — —2oVo-|(Vo-— Jvo+3— - (pVv
T{ at-l-(p 0 ar>”° yave (o ar) o+ ar (pvo)

9
o L.
" p<ar V°>}
op 8 )
=743—+3—-(pVv 2p— -Vot,
T{ ar T3gr (Vo 2pa 0}

or

ap 0 2 9
122, 7 Z,=. . 3.2.24
p T{ar +ar (pVO)+3par VO} ( )

Then formulated procedure allows to obtain fluctuations of the zero-order velocity’s mo-
ment (3.2.15), fluctuations of moments of first-order (3.2.17), and the second-order
ones (3.2.20). Dependent fluctuations (for example, should be calculated using in-
dependent fluctuations of hydrodynamic valugsnior velocity’s moment in the system
(3.2.9)—(3.2.112) itvo(,ovg + 5p). Let us find the fluctuation of this moment.

[Vo(ovd + 5p)]f =Vo(pv§ + 5p) — V& (p*v8% + 5p*). (3.2.25)
The corresponding result is of principal significance and we deliver its derivation in
detail.
[Vo(ov§ +5p)] = (v +v§) (0" + o) (v + 29 - v§)
+ 5(V’6 + Vg)(p” + pf) — Vg(p”vgz + 5p“)
= (vép! + ] p?)ud? + 5v{ p® + 5p v + 28 - v v pc. (3.2.26)

Use now (3.2.15), (3.2.17) and (3.2.25):

0 0
[vo(,ovg + 5p)]f > r{vgvf’)Z(a—f + I (,ovo))

oV,
+ (50" + p“v5?) [a—to + <VO' —)VO+ —— - 9]

ap 0 2
5vi{ — + — - (pv —p— -V
+ °<8t+8r (PVO) + 3P 5, 0)

v d 19
+ 2vgpvg - [a—to + (vo~ —)vo + e g]} (3.2.27)
Consider first of all the temporal part of (3.2.27):

A 0 oV
S BV + 200VVG - —t}

dp
- VavaZ_ 5p¢ avaZ
{oot+(P+P o)at 3

d
=r—{vo(5p+ pv3) }- (3.2.28)
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The temporal part of fluctuation of the considered moment, calculated with help of
fluctuations of the minor moments, coincides with the time derivative of this momentin
right-hand side of Eq. (3.2.11).

Let us go now to the spatial part of fluctuation connected with the derivative

a a 19
M3_r{vov0 3 (pv0)+(5p + p° “2)|:<V0 5) +__p_g]

0 2 0
+5v0 - (pVvo) + 3pa

oavo 0 1lap
2v& pv — Vo — |v - = 3.2.29
i O[at+(°ar>°+par g]} (3:229)

where M 5 denotes fluctuation of the third-order moment fond of help of minor mo-
ments. The corresponding ter#s in (3.2.11) has the form

d [o - p?
Mps=1 { ar [1 pvg + pvévovo + 7pvovo + 51 p_:|
P

—2pVoVo-g—5pl -g— pvo g} (3.2.30)

Then the spatial fluctuation of the third-order velocity’s moments contains the mo-
ments of the fourth-order.

Are they comcldedM< and M s? It turns out that not. Investigate discrepancy, but
before transform the derivative.

el 2 20 el 2
ar (pvgvovo) = Py (Vovo) + <V0V0- 5) (pv5)

= pv3( vo- 9 Vo + pvaVo 9 Vo | + (vovo - 9 (pvd)
0 ar 0"\ ar ar 0
0 0 0
2 2 2
= PV (VO . §>VO + Uovog . (pVo) + (VOVO . a—r> (pvo)

3
— vgvo<v0. 5),). (3.2.31)

Let us consider the difference of two last terms in (3.2.31):

(vovo- aa—r>(pv5) - vgvo(vo- aa_r>p
(Vovovg 9 ),0 + (pvovo~ i)vé — vévo(vo- i),0
ar ar ar
= (pVoVo~ 3>v5 =2pVoVo - |:<Vo~ i)vo}. (3.2.32)
ar ar
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Now let us find the discrepancy of valuggs — M3, using (3.2.31), (3.2.32):
M3 — Mv<3
d [e o p?
ZT{E . [Ipvé+7pVoVo+5Ip—:|
ad lop 20p
-5 Vo — v R
p[<0 ar) ot ar} 0%y

0 0 ap
— S5vo| — \ — -V 2VoVo - —
0[ -(p o)—i-31l?a o} ovo ar}

= T{ﬁ . [1 pvg + 7pvovo + 51 —} - 5p<Vo )vo
0

ar
pop ,0p d 10 ad ap
— 5= = —yf— —5vg— - (pVg) — —Vop— - Vo — 2VoVg - —
o or Hpy 0% (pvo) 3 Vorg, Vo ovo- o

0 0 d d
=r{ 8—v0+717— (V0V0)+7<V0Vo B—)P+5 8r<p>

9 9 10 9 ap
—5p( vg- — Jvg—5vo— - (pVg) — — pVo— - Vg — 2VgVp - —
P(o ar)o 0% (pvo) 3 PVog, Vo ovo ar}

0 0 0
= T{pa—rvg + 2p<Vo- a—r)Vo—I— 2pVo(a—r -Vo)

a(p 10 d
5 - )-—= — -V
+par< ) 3p08r 0}

df_p 9 4 (3
_ s 2vy. — — —vg| — - . 3.2.33
o3[l Do elG )] o
Then the chain of equalities (3.2.33) leads to result
MU3—MU<3

d 0 4 0
—‘L'p{a |:5p+v0]+2<Vo E)Vo—é 0(5 Vo)} (3.2.34)

Discrepancy (3.2.34) can be written in anotfegm having transparent physical sense.
Introduce velocity distortion tensar with components

1/ dvg; dvo;j 1 0 ..
g == 3L vy G j=1.2.3) 3.2.35
ij 2( or; + or; ) 3% 3¢ o (@) ) ( )



Strict theory of turbulence 145

Then j-component of vector equal to scalar product of veetpby tensorS , has the
form

o 1l 9 o, 1 9 1 9
T A R

Then,

- 190 1 d 1 0
VoS = ——vg + 2<V05)V0 3 03— Vo. (3.2.36)

Using (3.2.36), one obtains the form for discrepancy

My — M5 =27 [‘;’aa< )+2vo S] (3.2.37)

Now the possibility appears to write down the generalized Euler equations (GEUE) in
the terminology of averaged values.

ap 0 a

— - (pvp)* =0, 3.2.38
o T gy (PV0) ( )
9 a 0 ay a a
5(PV0) + ar [P I+ (PVOVO) ] =p"0, (3.2.39)

0 0
5(31) + pvd)* + o [Vo(pvcz, +5p)] —29- (pvo)*

=2%.{ [2;( >+2v0 S“ (3.2.40)

From the system of generalized Euler equations (3.2.38)—(3.2.40) we conclude the
following:

(1) The formulation of the hydrodynamic edigms in terms of average quantities is the
objective of “classical” theory of turbulence. However, a rigorous approach based
on the generalized Euler equations leads to a residual (with respect to true quanti-
ties) on the right of the equation of energy (3.2.40).

(2) The residual

0 59 p
n°=2— ——=+4+2 .2.41
|55 b 25 | (3.2.41)

in Eq. (3.2.40) turns out to be proportional tp and hence to the viscosity (cf.
Eqg. (2.7.12)). If one puts

¢ =0, (3.2.42)
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then the set of Egs. (3.2.38)—(3.2.40) reduces formally to the Euler equations for
averaged quantities. It follows that the residi#l, which reflects the variation in
space of the thermal-energy and shear-energy dissipation, stimulates the develop-
ment of turbulence in the physical system under study.

(3) The so-called ‘soft’ boundary conditis commonly imposed at the output of the
computational flow region follow from condition (3.2.42):

d 50 p o
_. Z 28 4 ove-S Y =0. 3.2.43
T {“[2arp+ vo ]} ( )

(4) From position of kinetic theory the appearance of mentioned discrepancy is
connected with approximation of distribution function (DF) with help of local
Maxwellian function. This problem does not exist for generalized Enskog equations
written for genuine DF. But situation is more complicated. Even if relation (3.2.42)
is fulfilled, Egs. (3.2.38)—(3.2.40) do not reduce exactly to the classical Euler equa-
tions even under condition (3.2.42) becatise average of the product of hydro-
dynamic quantitiessi not equal to the product of their averages. Consequently, this
system of equations contains more unknowns (namély(pvo)“, p“, (pVovo)4,
and [Vo(pvg + 5p)1%) than equations, thus presenting the typical problem of the
classical theory of turbulence, which consists in closing the moment equations.

The theory presented here overcomes this problem by simply reverting to the formu-
lation of the hydrodynamic equations in ternfstee true quantitiesind it is only in the
case when turbulent fluctuations are completely absent or, equivalently, when the aver-
age product of hydrodynamic quiities is equal to thproduct of their averages, that we
arrive at the classical form of the Euler and, of course, Navier—Stokes equations. Thus,
the classical Euler and Navier—Stokes equations are not written for true quantities, and
it is physically meaningless to employ the formal Reynolds procedure to try to “extract”
small-scale fluctuations from these equations.

Let

0™ u;

ot

ky .
0%u

dtkogxt ... dxp"

) (3.2.44)

=E(l,xL...,xn,ul,...,uN,...,

be a system of differential equationsAunknown functionss, uo, ..., uy with par-
tial derivatives with respect to independent variablesy, xo, ..., x,,, for which the
following conditions fulfilled

ko+ki+ - +ky=k<ni, ko<ni, i,j=12,...,N. (3.2.45)

For t = 1 the “initial conditions” are formulad for all unknown functions and their
derivatives

*u;

o =P 1, %2, %) k=0,1,2,...,n; = 1). (3.2.46)
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All functions goi(k)(xl, X2,...,Xxp) are given in the same domairy of the spacéx1, xo,
e Xn).

In this case the following Kovalevskaya theorem can be formulated for Cauchy prob-
lem:

If all functions F; are analytical in a vicinity of pointo, x3, ..., x2, ..., ‘p?,kO,kl.‘.‘,kn’

s Xy
...) and all function&pi(")(xl,xz,...,xn) are analytical in vicinity of point(x1, x2,

..., X»), then Cauchy problem has analytical unique solution in class of analytical func-
tions in vicinity of mentioned pointx1, x2, . .., x,).

The system of generalized hydrodynamic equations (cf. the generalized Euler equa-
tions) can be written in the form (3.2.44gtisfy the conditions (3.2.45) and — in rea-
sonable assumptions concerning functidhs- satisfy the conditions of Kovalevskaya
theorem.

System of fluctuations of hydrodynamic values can be used for investigation of the
flow stability. Basic guidelines of stability can be obtained on the basement of theory of
differential equations with small parameter in front of derivative (Elsholz, 1955).

Let us consider the differential equation of the form

dA
T = (A, (3.2.47)

wheret is small parameter. f =0, from equation

f(A,H)=0 (3.2.48)
follows algebraic solution

Ai =i(1), (3.2.49)

wherei is number of corresponding solution.

Construct the curve; () in coordinate systermd, r and suppose that trajectory of
A(t) begins at a point placed under the cugyé) where (for the sake of definiteness)
f > 0. Then, because is a small parameter, the derivativel (s is very big and
integral curve going out from mentioned point practically parallefitaxis, directs to
algebraic solutiory; (z). After that this curve turns alongaxis because fof = 0 the
derivative dA dIr is equal to zero.

If outgoing point oftrajectory is placed above the curde = ¢; (¢) in domain where
f <0, the integral curve will come down to the cume = ¢; ().

Then, in the considered scenario of behavior of integral curves and function
f(A,t) =0, there obviously exists the stability of solution of differential equation
(3.2.47). In this case a criterion of stability of the form

0
a"—i <0, A;=¢i@), (3.2.50)

can be introduced.
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Table 3.1
Fluctuations of hydrodynamic quantities on the Kolmogasosle in the framework of the generalized Euler
equations

No. Hydrodynamic valuet FluctuationA/

ap

1 P T[E + ar (PVO)}
d d

2 %) T[E(pvo) + == - (pVoVo) +tor T pg]
Vo d 8[1

3 \Y — +(vo- = )vo+ —— —

0 r[at—i_<°8r>° par g}

d

4 Pap + U0 VOB r[ (P8ap + PvOxvOp) + —(pvoaéﬂy + Pvogday + Puoy dup

+ pV0g VOgYOy) — 8P V0w — gaPUOﬁ]

d
5 3p + pv2 [—(3p + pvd) + 5+ (vo(pu +5p) — 29- pvo
ap 2
6 p [EJF_ (pvo) + 3 par Vo}
2 9 2 p
7 Vo(pv§ +5p) r{ E[VO('DUO +5p)] + — [PUOVOVO +7 pvo + 7pvovo + 51 7]

—2pVovo-9—5pI -g— pvl g

o[ (5 +18) + 2o 5 Jvo— Sl )]

And vice versa, if functionf is negative under the curwé; = ¢;(r) and positive
above this curve, the solution (3.2.49) is not stable.

The formal possibility is existing of applications of these qualitative considerations
for investigation of the problems of stability in the frame of GHE. Notice really that
in one-dimensional non-stationary case the velocity fluctuation has the form (see Ta-
ble 3.1):

d 19p @
T—u:u—u“—r(——p—i—u—u). (3.2.51)
p 0x ox

The corresponding function f is written as

1ap% duc
fou—ut—o = 402, (3.2.52)
p¢ ox ox

taking into account that the genuine and averaged values differ abojut@gviously
the sign of functionf in vicinity of solution

1 ap? ou?
u=u+ r(—i + u“i) (3.2.53)
p¢ Ox 0x
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— and then stability or instability of solution of (3.2.47) — depends on behavior of aver-
aged hydrodynamic values and therefore olutsons of concrete hydrodynamic prob-
lems.

But in all cases we can confirm the Heiseberg affirmation — stated in 1924 on the
basement of the stability investigation of the Navier—Stokes equations (Heisenberg,
1924) — that small but finite liquid viscosity leads in the definite sense to the desta-
bilizing influence on the flow in comparison with the case of ideal liquids.

3.3. Theory of turbulence and the generalized Enskog equations

Generalized hydrodynamic Enskog equations (GHENE) (2.7.1)—(2.7.3) lead to the most
general formulations of the micro scale (sub-grid or Kolmogorov) fluctuations. Let us
consider the procedure of calculations opdadent fluctuations with help of indepen-
dent fluctuations coming from the minor tensor velocity moments (containing in con-
tinuity equation (2.7.1)) to the senior monte contained in the energy equations. The
general character of procedure correspaidsbtaining of related values for general-
ized Euler equations and, as in previous case, all found fluctuations are summarized in
Table 3.2 where all independent fluctuations are underlined.

From continuity equation follows

: 9 d _
,og =Ta{%+a—r-(pava)} (x=1,...,n), (3.3.1)

and fluctuation of density of mixture

00 a _
f_ ol _ .
) —§a)ra{ Pe 2 <pava>}. (332)

If mean times of free path for species are not too different (see (1)B.539= t, we
have

» d 0
of =‘L’{—p+—-pVo}. (3.3.3)
The first-order velocity tensor also can be found from continuity equation
o f 9 d o —
(PaVa)! =14 E(pavot) + ﬁ “(PaVaVe ) — paFa s (3.3.4)

and

0 _ 0 _ =
(pVO)f = ZTN{E(K)QVQ) + 3_I’ (Ve Ve) — PaFa}- (3.3.5)
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Table 3.2
Fluctuations of hydrodynamic quantities on the Kolmogasoale in the framework of the generalized Enskog
equations

No. Hydrodynamic valuet FluctuationA/
0P ) _
1 Pa Ta{a_:[‘i‘a_r'(l)ava)}
9P, ) _
2 14 Zafot a_ta‘i‘a_r'()oava)}
_ 9 _ a —=
3 PaVa Ta { E(Pava) + Tl (PaVaVe) — pOtFOt}
d _ a =
4 pVo Za Tot{ E(Pava) + 3_1’ - (paVaVa) — PaFa}
1 il _ il
5 Vo ;Za fa{g(pava)"r E - (P Va V)
— ) a _
— paFa _VO[% + a_r . (pava)]]
B 1 9 _ a
6 Vo _fa{ —(paVa) + — - (paVaVa)
Po at ) ar )
- pozfoz - va[% + E . (poz\_/a)“
0 a —_— @ -
7 PaVaVa Ta { E(ﬂavava) + E - Pa VaVa)Va — Fg” pa Ve
- PavaFt(xl) - q_apa [Vo X Blvy — q_apavalva X B]}
My my
2 0 4L v
8 P Vg Ta{&(ﬁava)‘i‘ ar - Pa VgV — 200 Fo 'Vot}
9 d _
9 EqNg Ta { E(ga”a) + ar (sa”ava)}
_ a _ il —=
10 EaNgVa Ta { E(eaﬂava) + ar (eanaVaVa) — Ealg Fa}
@ g @[3, 9 =
11 paFo” Vo oFy '{E(Pava)‘i‘ﬁ " PaVaVa —PaFa}
v L A
12 Pa Vg Va fa{g(ﬂavava)"r ﬁ * PaVgVaVa
~ 20aF( - VaVa — paviFa |
0H,
13 Hy To 8—[“
dH,
14 H ST a—t“

From Kolmogorov fluctuations Nos. 1 and 3 (see Table 3.2) find the fluctuations of
hydrodynamic velocity and averaged velocity of species.
Because

-1 . .
v) = ;[(pVQ)f — o' Vo), (3.3.6)
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one obtains
vg = % Xa:fa{%(pa\_/a) + % - (PaVaVa) = paFa
- vo[aaij v <pava>]}. (33.7)
Analogously
v = pia[@ava)f A (3.3.6)

then from (3.3.1), (3.3.4) follows

_ 1 d _ d _ —
Vb’; - p_ozra{ ot (paVa) + or (paVaVe ) — ;OotFot
_ [ 9p a _
- Voz|:a_:t + 5 : (;OaVa):| }, (3.3.8)
or
- av, 190 — Vo 0
of _ o o
v/ = — - . V.,V —F _—_— V, . 339
¢ Ta{ ot g ar VeV TR (e a)} (339

Fluctuations of the second-order tensor velocity momegpig, Vv, are contained in
momentum equation. As this takes place, thetflations of tensor moments of the zero-
order and the first-order appearing in momentum equation coincide (in other words do
not contradict) with corresponding fluctuations found from continuity equation.

Then the next independent fluctuation has the form

. ad . 0 S _ _
(P Ve Ve )f = Ty { &(potvotva) + 5 * po (Vo Ve )Ve — Fgll)pozvot - pavafol)

_ 4o Ve X BlVa — 2% 5 ValVa x B]}. (3.3.10)
Mgy My

The left side of energy equation contains fluctuatippv2)”, which should be a
consequence of (3.3.10). Such, indeed, is the case:

7: (potvotvoz)f = (pag)f

R R — i}
= ra{a(pavg) + o Pav2Vy — 2FD . pava}. (3.3.11)
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The last terms of right side of (3.3.10) have no contributiom;i,g@)f, because for
example,

3

T: Vg[Vy x B] = Zvai[va x BJ;
i=1

= Vg1 (Va2 B3 — v43B2) — v42(vy1B3 — v43B1)

+ va3(ve1B2 — va2B1) = 0. (3.3.12)
Then
—2 f 8 8 -
(pava) = a7 (/Oa 0,) + a_ PaVy VOt 204FaVy (- (3.3.13)

Fluctuation of internal energy (per unit of volume)wfpecies has the form

(eana)’ = {—(eana)+ 0 (8anava)} (3.3.14)

On the other hand,

(Sana\_/a)f - Sana\_/bf

(eatta)’ = (3.3.15)
o
then
K )
Vo (Eghe) (Sanava) + = ar - aNaVoVy — EangFo
Eqll ad
- M[ (paVa) + - (P Ve Va)
Lo
— _ 0 _
- potFot - V(X% - Vaa : (pava):“
& _ 0
= Ta{ (Sana) + o ava_ (,Oonot)}
Puo ar
_ a _
= Vu Ty { g(eana) + 8015 : (nozvoz)}
— Vata | X (Eata) + —= - (canaTa) (3.3.16)
= Vo Ta ar EqNy ar EallgVa . .O.

This result agrees with relation (3.3.14). In (3.3.15), (3.3.16) the typical transfor-
mations directed on investigation of non-contradictions of found fluctuations of tensor
moments are realized.
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Finally, independent fluctuation of the third-order tensor moment contains the tensor
moment of the fourth-order:

(potva vs) /

a -
=T, {pavavg + 5 V2Vy Vg — 2,00,F((11) VgV — panga}. (3.3.17)
In Table 3.2 is introduced the fluctuation of the Boltzmairfunction.

Now we state that the most general boundary conditions for GHE should we written
as follows (compare with (2.8.4)):

Afind —q, (3.3.18)

These conditions imply that all independent fluctuatiad<"d indicated in Table 3.2,
on the wall are equal to zero.

In the past many attempts were made at phenomenological refining of the Boltzmann
equation (see, for example, Belotserkovski and Oparin, 2000, p. 69) for the purpose of
introducing fluctuation terms into kinetic and hydrodynamic equations; however, these
attempts were not rigorous to any extent.

The advent of generalized Boltzmann physical kinetics rendered invalid the state-
ment of Belotserkovskii and Oparin (2000) to the effect that “the theory of turbulence
remains the science of semi-empirical models on the kinetic level of description, as
well”.

In conclusion several remarks are necessary:

(1) By calculation of turbulent fluctuations contained in Table 3.2, the squared fluctu-
ations were omitted as negligibly small, in other words were neglected by terms
proportional tor2. It means that calculation of terns curly brackets of Table 3.2
can be realized for averaged values.

(2) The application of the method of moments to the GBE leads to hydrodynamic equa-
tions, which include pulsation terms corresponding to the small-scale or sub-grid
turbulence when, for small values of the Knudsen number, the mean time between
collisions becomes proportional to vigity. These fluctuations of hydrodynamic
guantities are universal and tabulate@eBy hydrodynamic value considered as a
tensor velocity moment of the-dimension, corresponds fluctuation containing se-
nior tensor moment of thé: + 1)-dimension.

In “classical” theory of turbulence this situation corresponds to the problem of clo-
sure of moment equations.eRall that this problem does not exist in the generalized
Boltzmann physical kinetics; one needsyotd return to equations written for genuine
variables.

3.4. Generalized hydrodynamic equations and quantum mechanics

Fundamental equation of quiam mechanics — Schrddinger equation — can be written
as a system of hydrodynamic edjaas without additional assaptions. It is interesting
to discuss this fact from position of the GBKT.
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Write down the Schrddinger equation

Iy =
ihe - =Hy, (3.4.1)

where non-relativistic Hamiltoniai#l for a quantum mechanical system placed in
electro-magnetic field is written as

(p —eA)?

o , (3.4.2)

H=

whereA is vector potentialﬁ is corresponding operator, which reflects the magnet field
influence on the quantum system. We use the standard notgtienwave function,
U- operator of potential energﬁ,: (h/1)V = (R/i)(3/0r) = (h/i) grad — momentum
vector operatoriz, e — mass and charge of particle= 27/ — Planck constant.

In these notations,

A=L+0-2(Ap)+, A2 (3.4.3)
Use complex form of wave functiog
Y.y, 2. ) =a(x,y z.1) b0 (3.4.4)

and introduce Laplacian defined as usual

N LA A B
A= _2. 9 3.4.5
dx2 + dy? + 9z2  ar or ( )

After differentiating (3.4.4) one obtains

1oy 1da 0B

= i (3.4.6)
grady = Egradonrigradﬂ, (3.4.7)
v o
%=ﬂ—(gradﬂ)2+i<Aﬁ+Egrada-gradﬁ). (3.4.8)
o o

Using relations (3.4.4), (3.8)—(3.4.8) and separating real and imaginary parts of com-
plex numbersin Eg. (3.4.1), we find

Ao —a(grad )% — 2m o 2m o8, %aA-gradﬁzo, (3.4.9)
h h ot h
2m 9 2
aAB +2grada - gradﬁ+—m—a——eA grada =0, (3.4.10)

h ot
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where

e2A?

U=U )
* om

(3.4.11)
By direct differentiating the following identity can be proved:
% -(e?grad ) =div(e?grad ) = «?AB +2agrada - gradp.  (3.4.12)

Then Eq. (3.4.10) is written as

2 2h
do” | div(a— grad ﬂ) = 2A.grada?. (3.4.13)
at m m
Introduce notations:

p=d? (3.4.14)

h
V= grad(ﬂ—) (3.4.15)

m

Following Madelung’s idea we identify, having the sense of probability density, with
density of a hydrodynamic flow, andwith velocity of this flow.

Notice immediately, that existence of relation (3.4.15) means that the considered
flow belongs to the class of potential flows with potential

_pn
==

¢ (3.4.16)

Eq. (3.4.13) can be treated as hydrodynamic continuity equation with source term

R=SA.gradp, (3.4.17)

T m
connected with fictitious rising andmishing of hypothetical particles:

ap

» +divpv=R. (3.4.18)

Continuity Eq. (3.4.18) has a typicalro for hydrodynamics of reacting gases (see,
for example, Alekseev, 1982).

Transform now Eq. (3.4.9) to hydrodynamic form. With this aim divide left and
right sides of (3.4.9) by 2afy42 and apply gradient operator to the terms of obtaining
equation:

12 Ao h? , 1 ~ hd
—gradF—ﬁgrad(gradﬁ) —ZgradU—;ggradﬁ

h
+ < grad(A - grad ) =0. (3.4.19)
m
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Using definition of velocity (3.4.15), it is found

v 1 , 1 ~ h? Aa

§+§gradv ——;grad<U—eAV—%7> (3420)
Notice, that

Aa  Ao? (grada)?

= == 3.4.21

o 202 a? ( )
and — for potential flow —

1 2

> gradv® = (vV)v, (3.4.22)
then Eg. (3.4.20) becomes

0 1

N WV =—ZVU*, (3.4.23)

ot m
where

~ h? rad p)?
Ur=U—eA-v— — Ap—u . (3.4.24)
Amp 2p

The additive part of potential on the right side of Eq. (3.4.23) can be written in more
compact form taking into account that

h? h? (grad p)?
AJp=—|Ap———]. 3.4.25
2m./p Ve 4mp [ P 2p } ( )
Then effective potential enerdy* is the sum of potential energ?/
U=0—eA-v, (3.4.26)
which is not equal to zero in classical limit, and quantum pag,
h? h? (grad p)?
Up=———=AJp=——|Ap— ———|, 3.4.27
qu 2m./p NG 4mp |: o 20 ] ( )

which contains squared Planck constant as coefficient. Usually transition to the classical
description can be realized usihg- 0. Obviously, in classical limit/g turns to zero.
Then

(3.4.28)
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For this potential flow, hydrodynamic Cauchy integral exists:

dp v:  U*

— + —+ — =const 3.4.29

at + 2 + m ( )
Boundary and initial conditions for the hyablynamic equations (3.18), (3.4.23)
should be formulated separately taking into account the specific features of concrete
quantum mechanics problem. One of these problems is considered as an example be-
low.

Consider quantum mechanics avgle of stabilized flow. If potential does not

depend on time, wave function has the form

. Et
Y =alx,y,z) eXp{l[f(x,y,z)— 7“ (3.4.30)

wherekE is total energy. Then from Egs. (3.4.16), (3.4.29) follows Bernoulli equation

mv2

- +U*=E. (3.4.31)

Incompressible flow corresponds — in quantum mechanics interpretation — to the mo-
tion of free particle.

Therefore, the Schrodinger equation dantreated in terms of potential flow of a
compressible ideal liquid with rising and vanishing of fictitious particles, therewith the
rate of “particles” formation is proportional to scalar product of vector potential by
gradient of density. But vector potenti&lis proportional to electro-kinetic momentum
pek Which is defined as

1
Pek = —qA, (3.4.32)

wheregq is particle charge. Appearance of the additional electro-kinetic momentum
leads to the change of prdtitity density; quatum hydrodynamics fkects this fact
by the rate of fictitious particles formation.

If magnetic field is absent, the usual continuity equation can be written

0 .
a_f +divov=0, (3.4.33)

and potential energy of the flow has the reduced form

U*=U

2 2
i [Ap—(gradp) } (3.4.34)

B Amp 2p

Cauchy and Bernoulli integrals should be used for a choice of energy levels.
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The outlined theory can be applied for investigation of many quantum mechanics
problems from position of hydrodynamics, aficst of all in the context of numeri-
cal hydrodynamics. Difficulties, arising by namical investigations of quantum me-
chanics problems, are well known. From this point of view it is interesting to apply
well-developed methods of numerical hydrodynamics (see, for example, Richtmyer and
Morton, 1967; Doering and Gibbon, 1995; Fletcher, 1987) for solution of quantum me-
chanics tasks.

Let us consider for example (Alekseev, 1982; Alexeev and Abakumov, 1982) the cal-
culation of differential cross-sections by elastic scattering of electron bunch in spheri-
cally symmetric potential field of an atom & m = ¢ = 1).

27 &
Uy=—=") yie ", (3.4.35)
r i=1

wherern is a number of terms in potential functiop, A; are constants calculated in
Cox and Bonham (1967).

Numerical calculation of system of hydrodynamic equations (3.4.18), (3.4.23),
(3.4.24) was realized in spherical coordinate system with taking into account the space
symmetry of differential cross-section and initial and boundary conditions

p(r,9,0)=1, (3.4.36)
vr (1, 9, 0) = y/2Ey sinv, (3.4.37)
vy (r, 9, 0) = /2E cOsY, (3.4.38)
U*(r,9,0)=0, (3.4.39)
p(0,9,1) =0, (3.4.40)
vr(ro, 0, 1) = v/2Ex, (3.4.41)
v (ro, 9, 1) =0, (3.4.42)
U*(ro, 0,1) = 4p1r§ [%(g—g)z— #%(sinﬂg—gﬂ, (3.4.43)

where Ey, is kinetic energy of scattered electron bunghjs parameter of cutting of
sphere of the atom action. Relation (3.4.43) is obtained with the help of asymptotic of
scattered spherical wave.

Fig. 3.1 presents results of calculations of differential cross-segiion of electrons
with energy 10 keV scattered by a krypton atom (solid curve). The results are in good
coincidence with analogous results obtained by the method of partial waves (Abakumov
and Vinogradov, 1981) (a dashed curve).

For comparison, the results the Spencer’s theory with Moliere’s screening are pre-
sented (dot-dashed curve in Figure 3.1) (Moliere, 1947; Spencer, 1955). This method
of quantum hydrodynamics was applied latercalculations with taking into account
external force fields and non-spherical atom potentials.
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Fig. 3.1. Results of calculations of differential cross-sectigtt) of electrons with energy 10 keV scattering
by a krypton atom (a solid curve); The results obtédifg the method of partial waves are shown by dashed
curve, Molier's screening — by dot-dashed curve.

Flux of probability density

Cin eyt oY
J_E(w Y W) (3.4.44)

also can be calculated in hydrodynamic terms using (3.4.4), (3.4.7), (3.4.14), (3.4.15):
j=pv. (3.4.45)

If the quantum mechanics can be treated in terms of hydrodynamics, then the back-
ward affirmation is also true. Hydrodynamics equations can be reduced (as minimum
for ideal liquids) to Schrédinger equation, equations of quantum mechanics.

From this point of view no surprise comes in appearance of discrete structures in
flow investigations like strange attractors (Doering and Gibbon, 1995). Quantum me-
chanics technique of quantization can be propagated in physics of continuum on the
whole, and in particular in hydrodynamics. Chapter 8 contains examples of correspond-
ing approach.



160 Generalized Boltzmann Physical Kinetics

It is important to notice that Schrédinger equation is treated as Euler equation for
ideal gas, more exactly as Euler equation for probabilistic liquid which is considered
from the position of mechanics of continuut means that ogping Schrédinger
equation is a non-dissipative equation reflecting reversible processes in closed system.
Schrddinger equation conserves its form by substitutiors—z, ¥ — ¥*.

But for open systems, for example for interaction of atom with radiation, the situa-
tion is radically different. For construction of quantum mechanics of open systems the
principles of the generalized hydrodynamics can be used.

Let us write down the generalized continuum equation — in the absence of magnetic
field — in the form:

0 % + 9 (pVv) | ¢ + 9 \' 8V+ 0 W
— —‘E _ —_— —_— —T —_— —_—
ar|P T o Tar Y ar 1PV T 5 T ar

2 2
O e )
m or dmp \or or 2p\or

whererqy is a relaxation parameter reflectirtgetrate of interaction between quantum
system and surrounding media.#fy — oo — and quantum system becomes isolat-
ing — Eq. (3.4.44) splits into two hydrodymac equations corresponding to classical
Schrddinger equation. Hyy — 0, the remaining part corresponds only to quantum con-
tinuity equation related to the closed quantum system. This situation reflects the state of
total thermodynamic equilibrium.

In general case of open quantum system, the energy equation should be used with
consideration. Probably it forced us to imiuce hyper-complex numbers description
for wave function instead of complek-function, real and imaginary parts of which
lead only to two hydrodynamic equations: continuity and Euler momentum equations.

As we see the generalized hydrodynamic equations could be the theoretical basement
of quantum mechanics of open systems.



CHAPTER 4

Physics of a Weakly lonized Gas

Physics of weakly ionized gas has a verytvaiea of technical applications. Investi-
gations of transport processes in gas discharge, quantum generators, magnetohydrody-
namic generators and so on are based on physics of weakly ionized gases and, in par-
ticular, on the Boltzmann kinetic theory (BKT). Methods of physics of weakly ionized
gas are significant not only for technical applications but also for fundamental physics,
for example for physics of ionosphere and astrophysics.

The traditional area of application of the Boltzmann kinetic theory is the physics
of a weakly ionized gas. It is interesting to see what the GBE yields in this case and
how its results differ from those of the classical theory. To answer this fundamental
guestion, let us consider the classical Lorentz formulation of the problem. We consider
a spatially homogeneous, weakly ionized gas, for which it is assumed that collisions
between charged particles may be ignored:

Ve L 8Veq,

wherev, is the collision rate between charged particleg;is the collision rate between
charged and neutral particles, ahds the relative amount of energy which a charged
particle loses in one collision with a neutral particle. We assume that the magnetic field
is either absent or has a static componBptand that the electric field is along the
x-axis; all inelastic interactions are neglected. Topology of the external electromagnetic
field and models of particle interactions will be discussed in the following for every
considered case separately.

4.1. Relaxation of charged particlesin “Maxwellian” gasand the hydrodynamic
aspects of the theory

The classical BE in this case takes the form

Dfe  dfe dfe
=21 F,.
Dr  ar e Vv,

= Jea, (4.1.1)

161
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whereF, = g.E/m, is a force acting on a unit mass of the charged patrticle gand
the particle charge. The GBE is written in the following way:

Df, D Df,
Dt — E(rﬁa E) = Jea. (412)

In Eq. (4.1.2) ., is the mean time between the collisions of neutral and charged parti-
cles. As the GBE theory suggests, the collision integral can be taken in the Boltzmann
form. Let us compare the results obtained in frames of BKT and generalized BKT.
Multiplying Egs. (4.1.1) and (4.1.2) by the collision invariants, m,V,, m,v2/2
and then integrating them over the velocities, we arrive at the classical hydrodynamic
equations (HEs) and the generalized hydrodynamic equations (GHES), which assume a
closed form providing we know how to evaluate the moments of the collision integrals
involved. Note that in this case the following relation holds:

/ Jeatme AV, = 0 (4.1.3)

owing to the law of conservation of mass in elastic nonrelativistic collisions. But the
integrals

mevf
JoameVedv, and Joa < dv,,

can be taken explicitly only for special models of particle interaction. Let us adopt the
Maxwell model, in which the forcé,, of the intermolecular interaction depends on the
inverse fifth power of the interparticle spacing:

Fou =25 (4.1.4)

For this model, the integrals mentioned above are well known and the quagtity
(hereinafter the subscript: is dropped) was calculated to be

172 7-1
r=|:2n0.422<w> n] . (4.1.5)
memy
Introducing he quantities
8J7 (5 af x \Y?
A=2YX"r(Z)0422 4.1.6
703 )oazzim +mo (A (416)
and
my ne

M= M= 4.1.7
a ma+me7 e ma+me’ ( )
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the ratev of collisions between charged and neutral particles can be written in the form
v=ng(m, +m.)A, (4.1.8)
wherer =v~1, andn, is the density number of neutral particles.

The continuity equations obtained from Eq. (4.1.2) yield the conditioa const
and the GBE in this case becomes

9 9 92 92 92
QJFFE fe_f{atéeJrZFe fe 4 fe

: : ‘FFet =Jo. (4.1.9
at AV, VDI DVeDV, ”} ca (41.9)

As before, a colon denotes the double scalar product of tensors.
We now introduce the drift velocity,, defined by the expression

1
Vex = _/fevex av,. (4110)
Ne

Then the equation of motion entering the system of GHEs takes the form

Plex _ diex

a2 dr

— Amgngiex + qeEm; 1 =0. (4.1.11)

In writing Eq. (4.1.11) we have used the result (Morse, 1963)

/mgvex Jou WV, = —AmngVeghgne.
The solution of Eq. (4.1.11) takes the form

1—)EaAE:<l—)SX_ qeE )e—(t/(Zr))[m—1]+ q.E . (4112

Mmemang A MeMgng A

The superscript 0 here refers to the initial instant of time.
The problem of the time relaxation of Maxwell particles in an electric field is known
to be amenable to a BE solution (Alekseev, 1982) giving for the drift velocity the result

7BE (ao - L/{) ranamg y_ 9eE (4.1.13)

ex 4 memgny MeMghg A

For example, let us assume that <« m,. Then, from Egs. (4.1.12) and (4.1.13), it
follows that

5GBE _ (ﬁgx — Fot) A (4.1.14)

ex

ex

05F = (02, — Fext) €7 + Foyt. (4.1.15)
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Thus, all other things being equal, the relaxation of the drift velogityin the frame-

work of BKT proceeds faster than in the geraed BKT, whereas the steady-state drift
velocities are found to be the same. We now turn our attention to the equation of energy
and introduce the energy temperatufgend7, in accordance with the definitions:

T, = ;" /fevfdve, (4.1.16)
e

T, = é”_ / Fo(Ve — V)2 dv,. (4.1.17)
e

Clearly, which of these temperatures is used is a matter of convenience, and in our case
one obtains

~ ~ 1 5

T,=T,+ §mevex. (4.1.18)
We next evaluate the moments on the left-hand side of the kinetic equations. For exam-
ple, the following relations hold true:

0 [ mev? 3 a7,

— L dv, = —ne—=, 4.1.19

ot 2 fedVe 2" o1 ( )
32 f, mev? v

/Fe~ av:;‘t 2 dve=—Fexmenea—‘;x, (4.1.20)
2 2
2 32f,

/’"62”‘ - gv  FoFe v, = F2men,. (4.1.21)

e e

The corresponding integral on the right-hand side was calculated in Morse (1963) and
is found to be

V2 3T, - T,
/ Jw% dv, = —MAmemunena. (4.1.22)

me +mg

We have then the following nonhomogeneous linear second-order differential equation

o7, 1dT, Zi—ﬁ A Imed_, 2me .
——— — 2 —MgMNg = =— — V5, — =— Fy U,
dr2 T odr me+mgt ¢ 3 d & 3¢ F
1 d® ., 4 dv 2
— éme@vfx + §Fexmed—jx — émeFezx. (4123)

Omitting the straightforward but tedious algebra we arrive at the following results. For
example, by setting:, <« m,, the GBE yields
TweBAE — Ta +Cy e—ngt/(mUr) _ 2.157”1()_[176)((1—)0 FexT) e—04618t/t

ex

1 2
— gme (0 — Fout)’e 123007 AT ma, (4.1.24)
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where the following notation was used:
Co=T2 — Ty +2.157met Fu (80, — Fext)

1 _ > 2
+ 3me (vgx — Foxt)” — éFezxrzma

Similar BE results are as follows:
~ ~ 4
TBE =T, + Cpe2met/tmat) _ 3T Fex (00, — Foxt)e™/"

1 1
— gme (0 — Fot)’e /" 4 FaTma. (4.1.25)

Here, the notation used is:

~n o~ 4 _ 1 2 1
Co= Teo— T, + émerFex(va — Fext) + 3me( 20 — Fext)™ = §F62xrzma

In the steady-state regime, the abgetutions are related by the expression

SPE_2(T. - TS5 (4.1.26)

As before, the superscripts on the energygenature differences in Eq. (4.1.26) refer
to the type of the solution. We are now in a position to write down the solutions for the
energy temperatures; in the GBE scheme we have

= _~  [z0_2 F,
Te:Ta"’[Teg__FexTLv4Ma+l<ﬁgx_i/[—xr)

3 M,(2M, — 1) a

2 2
2(1+M Y(me 4+ mq ):|e (1/(21))(V8Ma M +1-1)
3 M;
2 me -0 Fexf _ _
ZFor—¢  JAM. +1 _ &) g /20 (VAM.+1-1)
tytet o, —n Y et (v” M, )
‘L’Z F2
3 Mz(me—i-ma)(l-i-M) (4.1.27)

with 70 =70 —7,,.
In the framework of the classical Boltzmann equation, we find (Alekseev, 1982)

=7, +|70-2F, me (g0 Fet
= _— = T v —
e “@ 3 M.eM, -\ M,

2 2

3 M2 (me+ma)i| —ZMHML)I/I



166 Generalized Boltzmann Physical Kinetics

2 M _0 Fext\ _m, t/t
—F, - e M
T3 M@ - D) (v” M, )

2 F2
+ ?W(me +mg). (4128)

Notice that the vanishing term 2M 1 in the denominatorsin Egs. (4.1.27) and (4.1.28)
does not actually lead to singularities & = 0.5, because the corresponding terms
cancel due to the exponential factors being equal. From Egs. (4.1.27), (4.1.28) it follows
that

L%letf_ 1+ M, ) o St (4129)

Thus, unlike drift velocity calculations, not only the GBE changes the trend of the relax-
ation curves but it also leads to different stgsstate values of the energy temperatures.
For a weakly ionized Lorentz gas, the effe€the self-consistent forces of electromag-
netic origin can be neglected.

CBE for multicomponent reacting mixtel of gases can be written in the form
(1.3.71)

Df, D Dfy st
= =J =1...,n), 4.1.30
Dt Dt (T“ Dt ) o (@ m ( )
wherez, is mean time between collisions @th particles(a =1, .. ., ) with particles
of then-component gas mixture.

Then, multiplying the GBE (4.1.30) by the collision invariants

ot2
a+8a

my, MmyVy,

(with &4 being the internal energy of the particles of the component) and integrating
with respect to the velocities we arrive at Enskog’s system of generalized hydrodynamic
equations (GHESs), in which only the effect of external forces is included:

— the continuity equation for the component

o ) || e = ] )
at Pa Y PaVa ar PaVa — T a PaVa

3
+ — - PaVaVa — paF Y — 22y Fy x B“ Ry, (4.1.31)
ar My

— the equation of motion

d _ a _ a - 1y de -
—,ov—r|:—(,ov)+—-,0vv—,oF()——,ov xB“
at{aa o al’ avo ar avaVoa ol o ma avVa
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ap 0 _ _ d _
_{Ft(yl) |:IOOI - ‘501(8_:[ + a_r : (PaVa))“ - nq,l_o;{pavot - Ta[g(l)ava)

0 o _ d _
+ ar - PV Vg —,angll) — Z—Zpava X B:“ x B+ ar {pavava

0 0 —_ _ _
—Ta [E(ﬁavava )+ ar Pa(VaVa)Va — thl)pozvot - pOtV&’thl)

- q_apoz[vot x Blvy — q_apotvoz[voz X B]:“ = ja,mot» (4132)

o My

— the equation of energy

3 [ pav2 3 [ pgv2 3 (1 _
5{ aza‘i‘gotna_fa[g( a2a+8anot +§ E/Oavgva“‘ganava

_ 3 (1 _
-rna || 5

(1 —— _ 0 (1 ——— -
— Ty 5 Epavava+8anava +§ Epavavava‘i‘sanavava

1 — _
- pafol) *VgVg — Epanga - SanaFa:| }
. @ @D (O oyl o @
— Vo PaFo, — Tu Fa : 5(potva) + a_r * PaVaVa — PaFo,

— 2 e B)“ = Juen, (4.1.33)

my

wherevg is the hydrodynamical velocity is the magnetic inductior’rF,g,l) are external
nonmagnetic forces per unit mass of the partiglandg, is the charge. The right-hand
sides of Eqgs. (4.1.32), (4.1.33) involve the integral relaxation telgnsot and Ju.en,
which, due to momentum and energy conservation laws, satisfy the relations

n n
D Jumot=0, Y Juen=0. (4.1.34)
a=1

However, for the systems being far fromulibrium one has toritroduce approxima-
tions forja,mot, J_a,en. This can be done in a number of ways, including the Bhatnagar—
Gross—Krook (BGK) method or its extensions (Bhatnagar, Gross and Krook, 1954;
Shakhov, 1974).

The generalized Boltzmann equation and the system of GHEs can be used to study
plasma in an electric field, in particular to understand the electron energy runaway ef-
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fect (Golant, Zhilinski and Sakharov, 197%)e now proceed to apply the generalized
Boltzmann kinetic theory to the classical problems of plasma physics.

4.2. Distribution function of the charged particlesin the“Lorentz” gas

Calculating the distribution function for charged particles added as an impurity to a
neutral gas in an external electric field is a classical problem in gas discharge physics,
whose long history dates back to Pidduck’s 1913 attempt to calculate the ion drift veloc-
ity in gases (Pidduck, 1913). We should also mention Compton’s work concerned with
computing the charge particle distribution function and its moments (Compton, 1916a;
1916h). Later on, Druyvesteyn (1930a, 1930b) and Davydov (1936) obtained analytical
expressions for the distribution function and transport coefficients for the special case of
elastic collisions. More recent work (note, in particular, the monograph of lvanov, Lebe-
dev and Polak (1981)) has been aimed principally at investigating the effect of inelastic
collisions on the DF and transport processes within the BKT framework. It is impor-
tant to note that the calculation of the DF depends heavily on what model of particle
interaction is adopted — and hence ultimatetytbe collision cross sections involved.
For example, the Davydov—Druyvesteyn distribution obtained under the assumption of
a constant mean free patlfior elastically colliding, charged gas particles significantly
underpredict the number of “hot” particles the tail of the DF and lead ultimately to
unacceptable results when the theory is Batal to calculating the kinetics of inelastic
processes (lvanov, Lebedev and Polak, 1981).

We apply the generalized Boltzmann equation

dfe ?f.

. tFeFe = Jea, 4.2.1
v, IV, 0V, elCe ea ( )

e

to consider charged particles in a steady state in a Lorentz gas subject to a stationary
external electric field, where

FoE
Me
The Boltzmann kinetic equation is usually solved by expanding the DF in a power
series of zero-order solid spherical harmonics, i.e., of Legendre polynomials. The corre-
sponding system of linked equations was obtained elsewhere (Ginzburg and Gurevich,
1960a, 1960b). The solution to the GBE (4.2.1) is conveniently sought as an expansion
in terms of solid spherical harmonics:

f(ve) = fo(ve) + Fe - Ve f1(ve) + FeFe 3V8Vef2(ve) + .- (4-2-2)

Herevlv, is the zero-trace tensor. For our further calculations in this section we assume
that the forcd-, is along the positive direction of a certain chosen coordinate axis. We
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now substitute expansion (4.2.2) into Eq. (4.2.1) and transform the corresponding terms;
we have, for example, the following relations:

0
F. - a—Ve(fZFeFe PVeVe)
Fe-Ve)®d 1 9
_Fevelof Lo, o f2+ S F L2V - Fo), (4.2.3)
Ve ove 3
82

v { f2(FeFe : VOV, )F.F.}

_sp2(Fe Vo2 Of2 hFt (Fe-vo)* 32 (Fe-ve)* 3f2
Ve OV v2 92 v3

e

0V,

-3 Z F2 Ffa 2 (f202). (4.2.4)

The left-hand sidet of the generalized Boltzmann equation then takes the form

Fe-Ve)?d Fe-Ve)3d
=(F,- Ve) fo f +( e Ve) ﬁ“r( e Ve) ﬁ
a e ave Ve ave

1
~ SFP e ve>ﬁ+ S a(Fe v

_,{M ? <i3f0)+F_38f0+3F2(F Vo) Ofs
Ve  Ove \ Ve DV, Ve e Ve  OU,
(Fe-ve)® aft | (Fe-vo)P02fi 5 (Fe-Vo)? 3f2
B 3 90, 2 2 +4Fe a.
U3 0V, vZ V2 Ve IV,
+ ilf 2y eV Vo) 922 1p2 F2(F, - )232f2
3/2% v2 vz 3¢ Ve dv2
Fe-votaf 1o, df
—3 5. 3k : 425
v3 v 3 eley Ve ( )

Denoting the angle between the vectbgsandv, by ¢ (0 <9 < ), multiplying the
GBE by d cog?, and integrating over the entire range of angles, we arrive at

3w, 3

—
Ve v, OV2 5 “9v,

f1+1 af r{Zafo 2fy 12 af2

4 8° 1
T ALFL + PR 22 } =zl (4.2.6)
e
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Multiplying the GBE by co% d cos and using a similar procedure,

afo 2 20f2 2 afl 2 f1
F2,2%2 _ 2R o
8ve+15 Ve g +3 Fvefo v 02
31
——5 (4.2.7)

As has been indicated, the collision termhg and J1 in the generalized Boltzmann
kinetic theory (GBKT) can be taken in the form in which they are usually written in
the Boltzmann equation. In the case we consider below, assuming that the change in
the electron energy due to an elastic collision (approximately equal tom,)Y2¢) is

much less that the electron energy prior to the collision, in the Fokker—Planck approxi-
mation (see, for example, Chetverushkin, 1999) we have

e Ty 9 19
gy = Mela [v3y<2+_ fo)}, (4.2.8)

mq vZ v, T  Meve 0V,

2 92
J1= §Fe7‘f1, (4.2.9)

whereT, is the energy temperature of the neutral @a& kgT,, v is the collision rate
which generally depends on the velocity, and 1 is the mean free path for collisions of
neutral and charged particles. It is relations (4.2.6)—(4.2.9) which provide the required
basis for determining the DF and its moments. Traditionally, two limiting situations are
considered in detail:

(1) aconstant frequency rate=constv=r1"1=wv,£~1 and
(2) a constant mean free path between the collisions of charged and neutral particles,
£ = const

We take up the former case first. Miplying Eq. (4.26) through by 35 and using
Eq. (4.2.8), we find, after some algebra, that

de { ffl—rvzdfo} 3Tm‘ {e<f°+ ! dfo)} (4.2.10)

¢ dv ¢ dv, tm, O, T, mev, du,

or upon integration over,:

37’; dfo 3 Mme v,
_ o, Tee 4.2.11
Jrve |:T Fezmafi| dve  F2mg T fo. ( )

because the constant of integration isazdue to the fact that both the left-hand and
the right-hand sides of Eq. (4.2.11) vanish fpr= 0. Eq. (4.2.11) was obtained under
the condition (which will also be used in the following analysis) that small terms pro-
portional to f» may be dropped. Substituting Eq. (4.2) into Eq. (4.2.9) and making
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use of the result produced to eliminate from Eq. (4.2.7), we arrive at the following
equation info:

37, \d¥f 3, 67, \d%fo
2 a e 2 a
vel T+ — =+ v |2t + Vs +
e( Fezmur) dv3 L( F2m,t ¢ Ffmﬂ) dv?
10 , 5T, , 12m¢ , 6T, \dfo
+(_21_37F2ve_r3F4m e T F2mat ¢ T F2mgr ) dy
e e''ta e''ta e'ta e
5m,
FAt3my,

v fo=0. (4.2.12)

To solve Eq. (4.2.12), three boundary conditions are needed. These are in fact quite
obvious. Indeed, for, = 0, we can specify a certain value ¢f, determined only by
the normalization of the function. From Eq. (4.2.12) it is also seenfhat0 for v, = 0.

Finally, dividing the above equation by we find thatfo — O for v, — oo.

Thus, Eqg. (4.2.12) is easily solved by, for example, the sweep method. To do this,
it is convenient to first bring the equation to the dimensionless form by introducing the
following dimensionless quantities labelled with arcs over the symbols:

2.2
é_meFer - fo

~Fr T, 07 (e =0)"

(4.2.13)

3m, B £ 6 3 d £
62[1+ mf] f°+6e[2+ Me meﬁf} f;o
meé  my dv?

6 10 5 A\ dfe y
_ [2+ bme ;,2(_ 4 2Me 1zﬂ)]ﬁ _s"eB 0. (4.2.14)
£ mg

¢ 3 mgé mg dﬁe
Let us define the energy temperature of charged particles as follows:

1
3n,

1

/ fomev? du, = / fomev? du,. (4.2.15)

T, =
¢ 3n.

This means, for example, that, in terms of definitions (4.2.13), the Maxwellian function
fum has the form

For = & Tad /@I, (4.2.16)

Let us examine the asymptotics of the functigh at large velocitiesv,. From
Eq. (4.2.14) it follows that fop, — oo the equation

d fo 5

dv2  3F2r2 fo=0. (4.2.17)
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holds, which has the solution

fo~ e /573 (Fer). (4.2.18)

Note that, in the limiting case we are considering, the classical solution of the Boltz-
mann equation (Smirnov, 1985) leads to a MaXi&n distributian function with a tem-
peraturei, different from the neutral gas temperat@a Thus, the solution of the
GBE results in a large number of “hot” charged particles in the tail of the distribution
function. Of course, the moments of the distribution function — the temperﬁtumd

the drift velocity,, — can be found by properly integrating the DF after the solution of
Eq. (4.2.14) has been found. There is no neediathis, however.ideed, multiplying

Eq. (4.2.14) by, and integrating term-by-term we obtain

37,
(ma2F2+2>/ fovZdv, = aﬂFz/”‘mwuw (4.2.19)

e

Assuming that

o0
/f@@%/ﬁﬂ%=4n/ fov? dv, = ne, (4.2.20)
0

as was done in Eq. (4.2.15), it is found that

~ 2
:7;+§maﬂff (4.2.21)

o~

In a similar way, without explicitly solving Egs. (4.2.11) and (4.2.12), we can deter-
mine the drift velocity. To accomplish this, we multiply Eq. (4.2.11) term-wisexpy
and integrate the resulting expression to yield

o0
/ flvjdve
0
3T, > 30fo 38 me [* . 4
_ 90 G, 4 = d,, 4.2.22
|:T+Fe?maf]/() veave ve+Fe2maT~/0 Jove dve ( )
leading to
AT, - T,
mx=—Li—iﬂ—rn, (4.2.23)
mytF,

because, by definition, the following relations hold true:

4 F,

1
Uex = /fvex dv, = (4.2.24)
ne
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Using expressions (4.2,21) and (4.2.23), we achieve the result sought:
Uex =T F,. (4.2.25)

Comparing relations (4.2.21) and (4.2.25) with known classical results (Smirnov,
1985, p. 108) suggests that in the limiting case- constthe drift velocity remains
unchanged and thdl, increases (the classical analogue of Eq. (4.2.21) contains the
numerical coefficient A2 instead of 2/3). In concluding the discussion of this limiting
case, we present the corresponding form of Eq. (4.2ul4¥ m, for & 2 1:

L3 fo me d fo 10v dfo
2 2 3 2 —{2 2
Y g3 < + veaz T\t 3 ),

5’"6 sto_ (4.2.26)

As a check on the correctness of the above results, note tha&fo then Eq. (4.2.11)
leads, as it should, to the Maellian distribution functionfos:

dfo _ _meje . (4.2.27)
dv,
fo=C e—mgvi,/(ZT). (4228)

We proceed now to the second limiting cages const In this case, the analogue of
Eq. (4.2.11) is as follows

——-<fo. 4,2.29
Fzmaﬂ + 0 ( )

STvL dfo 3 me vf
dv, Fe2 my £

five = |:

By the same procedure used in the limiting case const we arrive at the following
equation info:

2[ 3Tvc}dfo [2 127, 3mvi| £
T

v

€ F2mgt | dv maﬂFezve matF2 | dv2
502 5 57, dfo
18 —2r— —% — — -
|: maﬁF2 v 3tF2 3F% YT IF Hmg 2" ]dv
2 me me
212 -5 = 4.2.30
v‘[ F2mgl  tFAmgal2 ‘}fo ( )

Again, it is easily seen by multiplying Eq. (4.2.30) term—wiseIinlthat the vanishing
external forceF, leads to Eq. (4.2.27) and then, upon integration, to the Maxwellian
distribution function (4.2.28). The boundargritions for Eq. (4.2.30) are as follows:
fo is specified for, = 0 in accordance with the chosen normalization;dpe= 0, as

Eq. (4.2.30) suggestgy = 0; and, finally, fo — 0, whenv, — oo.
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The last result becomes evident after dividing Eq. (4.2.30) througl§ biy order to
numerically integrate Eq. (4.2.30), it is convenient to bring it to the dimensionless form
by using the dimensionless quantities

F2<2 9
Vo= o, o Fmoiel  foel (4.2.31)
/T T, 02

to give the ordinary differential equation

.
[ 3ﬂk]df° [(2+12ﬂ2)+3m“3} d o

& | du3 my & Mg ve dv2
5 5 me > 1dfo
28— 292 (2 - 187¢ )3 5l e
|: 3ve (3 ma> my & ]dve
+ 2 e [12 5l ]f (4.2.32)
ma

with the boundary conditions
fo®=1 f{0=0 fo(co)=0. (4.2.33)

Here the term-by-term integration no longer leads to elegant results like Eqgs. (4.2.21)
and (4.2.25). We can, however, give a useful formula for computing the drift velocity
Ux, Which is obtained from Eq. (4.2.32) by multiplying it by and then integrating, to
yield

_ _4 18Tr
ex = 3ne

6
+ C512£F2 +2¢ / fove dve

_9 m m} (4.2.34)

with C = fo (ve = 0).

Although Eg. (4.2.34) can of course be used only after numerically integrating
Eq. (4.2.33), it is of interest to note that, unlike Eq. (4.2.25), the drift velocity is a non-
linear function ofF, in this limiting case. Let us consider here some numerical results
for the distribution function of charged particles in an external electric field, produced
when employing the generalized Boltzmann equation. Numerical integration of cor-
responding differential equations was realized by the three-diagonal method of Gauss
elimination techniques for the differgal second-order equation (see Appendix 4).

In Figure 4.1, the dimensionless distribution functiﬁnis plotted versus the di-
mensionless velocity, for ¢ = 10~3 andt = const The curve 1 corresponds to the
Maxwellian distribution function, and the curve 2 to the distribution function obtained
using the GBE. Ag is decreasing, the two distributions approach each other. Note that
the functionfZBE lies above the Maxwellian function.
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0 75
v,

Fig. 4.1. Dependence (fb on v, for r = const 1, Maxwellian distribution function; ZfOGBE.

0 150

Fig. 4.2. Dependence ofy on v, for ¢ = const & = 1072, A = 1: 1, Maxwellian distribution function;
2, fSBE; 3, Druyvesteyn distribution function.

150

Fig. 4.3. Dependence gf on v, for ¢ = const & = 1072, A = 10~1: 1, Maxwellian distribution function;
2, /$BE; 3, Druyvesteyn distribution function.

Figures 4.2 avnd 4.3 presefy, calcuvlated in the case éf= constunder the condi-
tionsé =102, A =1, andé = 1072, A = 1071, respectively. The curves 1, 2, and 3
in Figures 4.2 and 4.3 correspond to the Makliaa distribution funtion, the general-
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ized Boltzmann equation, and the Druyvesteyn distribution function, respectively. It is
interesting to note that the distribution functigf BE may lie between the Maxwell and
Druyvesteyn functions, as well as above the two. In practical computations, to reempha-
size, the distribution functions can be normalized to the number density of the charged
particles involved.

4.3. Charged particlesin alternating electricfield
As another example of the application of the GBE, let us consider the time evolution of

the DF of charged particles moving in an alternating electric field. In this problem, only
elastic collisions will be considered; the GBE takes the form

of. of. dt 9 fe 2 fe
e L F,. 1- oF, -
<8t e 8ve>< a:) T{ 02 T viar

oF. of. 32 f,
: — 2% F,Ft = 0. 4.3.1
ar v, v v, ¢ e ( )

If we make use of the expansion
foOVer 1) = foVer 1) + Fo - Ve f1(Ve. 1) + FoFe : VOV, f2(ve. 1), (4.3.2)

then utilizing a procedure analogous to thasaéed above we arrive at the following
equations in the functiong and fi:

2 2
(o) ] [ B

dt 37 %50, a2 37 o2
2 5,1 8fo aF2 23f1 1aF2 af1
3¢, v, <t "2 9t B,
2 2f1
“F?y Jea, 4.3.3
3¢ ‘avear] “ ( )
at dfo af1
1- — )| F, ==
( az)[eaveJr evear]
32fo 9F, dfo dF, df1 a F, 92 f1
—1|2F, 242
T[ oot T 1 dv, o ar T gz At Eeveg s
oft | 3 3 9%f1 3
125 “F3y —Zh, 4.3.4
50, T5 gz 27t (4.34)

where, for example,

2 v2
J1=-F, f1-%.
1=3 ef1£
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Now consider a case in which the mean time between collisions (andvtken, /¢
which is used for/,, andJ1 approximations), is independent of the velocity. It proves
possible to determine the distribution function momenfs and ﬁ without directly
solving Egs. (4.3.3) and (4.3.4). Multiply Eq. (4.3.4) term-wisevByand integrate the
resulting expression over all absolutdaaties. Using the additional conditions

3n n
r 4 | e - s 2 | e
1v) Lé v’x? Ov) Lé b
/ ¢ A F, ¢ /0 ¢ 4r

/ va dv, = Eneme s

we derive the following equation:

d?v, do 1 dF
Vex _ Vex _ _Uex YF,— e

=0. 4.3.
a2 dr U 0 (4.3.5)

Suppose that the time dependence of the external force can be represefted as
(eEg/m.) coswt, Where the frequenay is related to the external electric field strength.
The solution of the nonhomogeneous differential equation (4.3.5) is

-GBE _ —at/t
v, =C1€

. bt
(wT)* 4+ 3(wr)2+1

[coswt + wt(2+ 0?t?)sinwt],  (4.3.6)

whereb = e¢Eg/m,., andC1 is the constant of integration which is determined by the
initial conditions of the problem. The clasal result which can be obtained from the
BE for the quasi-stationary case is given by

bt
~BE _ -
Ugy = @2 1[COSa)t + wt sinwt]. (4.3.7)

The introduction of the mobilityk usually defined through the expression
_ me
Vex = K—F,
e

would serve no purpose due to singularities that can appeat fer0.
We now turn our attention to Eq. (4.3.3). We multiply this equation term-wise’by
and integrate the resulting expression ovepall

?T, 1d7, 2m,

dr2 v dr mgt?

(4.3.8)
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whereF, = b sinwr and consequently,

l_)ex — Cl e—lll/l’
bt
+ 4 2
(wt)*+ 3(wr)*+1

{sinwr — (2+ (w7)?)wt coswt }. (4.3.9)

The differential equation (4.3.8) integrates in the finite form to the following expression:

ia =(C e—dt/r
TZZ . 2 2
(T a T D21 et~y ooz (e[’ T (25

—2d+a+1)+0*?(V5-1—d —a)) + d - a)(20%* + w*c?
+0’12VB(d +a+1) +2V5d +a+1))]

+ coswr[(d — a)wt (2v/5+ w?t?(v5—1—d —a) — 2(d +a + 1))
— 01 (20%712 + 0t + 0?1?V5(d +a +1) + 2V/5(d +a + 1))]}

+ e—at/r

Sir wt
Z7? 4d(d +1
T {2(d2+4w212)[(d+1)2+4wzrz][ @+1)
—2d(d + Dw?1? — dw?t? — 2d(d + Dowt? — 28't? — 166°7°]
2.2 2 2.2 dd 1
+ cof wt wreteTIdd+]
[(d + 1)? + 4w?7?][d? + 4w?T?]
@0?t2(d?+d+14) +4d + 4

— wT COSwt Sinwt

(d? + 4w?12)((d + 1)? + 40?1?)
+ w?1%[9d% + 9d + 4+ w?r?(124° + 10d + 18)
+ 40t (d? +d +2)][d(d + D((d + 1) + 47%0?)

% (d2+412a)2)]_1}, (4.3.10)
where the notation used is:

5_1 1
L o d==| J148%e _q| =2 1,
2 2 My My

2 meb?
3wttt 4+ 30w2r2 -1

In the quasi-stationary limiting case, under the conditiarts> 1, one finds

w2T2 0)21’2

Tou= —rZZTsinzwt—i—rZZ R (4.3.11)



Physics of a weakly ionized gas 179
or, taking into account that the time average
—— 1
Sir? wt = 5 < a1,

we arrive at

2
T, = ﬁ(eE") . (4.3.12)

6 \m.w

Thus, in the limiting casé= const the following equality holds true:

TBE — TCBE, (4.3.13)
In the opposite limit ofvt « d <« 1, one has

- 52 .

Tea =125 Sirf wt

or, computing the average over the time, we obtain

R 2 /eEo\?
Tpa = 245 <e O) : (4.3.14)

3 Me

i.e., a result which corresponds to the solution of the classical Boltzmann equation
(Smirnov, 1985).

4.4. Conductivity of a weakly ionized gasin crossed electric and magnetic fields
In this section, the conductivity of a weakly ionized gas subject to crossed magnetic and

(alternating) electric field will be examined using the GBE with the BGK approximation
for the elastic collision integral. The BGK-approximated kinetic equation takes the form

af, af. 92 f, 3%f, oF., af.
SCL S 2F, - :
ar e Ve r[ a2 T AV, dt o Ve
2 f. ofe . @ fo— 12
:F.F, F,: Fol=—"———, 441
+aveavg ¢ ‘+ave v, ¢ T ( )

whereF, = Ffel) + Fp is the Lorentz force which, in our case, includes the effect of the
alternating electric field

eEY .
Fgl) — = em)t’
me
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directed along the-axis, and of the static magnetic field, whose induction is along the
z-axis. The equation of motion (4.1.32) reduces to the form

%{ve—r[a\_’e —géwf—i\‘/xs]}—e—'zoéw’

at mg me me
v, eEV . Ve
—i{\h—r[ ‘—e—éw’—in“xB:——‘. (4.4.2)
ne ot me ne T

The components of the drift velocify, along the axes andy are determined by the
following set of equationgv,, = 0):

ot me Me me
e _ 0Vey Vox €21 5
_m—e{BUgy—TB ar }:_T_m_gB Vex (443)
0 0Vey o EO .
o — | 22 LB |V - S 5B+ rBE _E5 derp
ot ot Me me ot me
Ve T
=2 p%,, (4.4.4)
T m

The solution to Eq. (4.4.2) is naturally sought in the fobra: 0!, thus leading to
the following system of algebraic equations

: 1 E° : . _eE°
0. |:Ia) + r(a)z + w%) + ;] = em_ + ﬁgng[l — 2iwt] —iwt em , (4.4.5)
e e
. 1 , E°
aSy [Ia) + r(a)z + a)%) + ;] = 0 wp[2iwt — 1] — a)Brem , (4.4.6)
e

wherewp = eB/me,.

From these equations it is not difficult to find the componéﬁ;&mdfzgy of the drift
velocity, and hence to determine the components of the electrical conductivity tensor.
In our case, the complex conductivity assumes the form

1+ 20272 + i(a)%rz — %)t
O'O - 9
1+ w2124 074+ 3012 + w14 — 2027205 12 + 2iwT (1+ 0?12 — 03 72)

(4.4.7)

Oy =

where we have used the notation:

en o9, nee?t

Ox = ’ UO_
* EO M,




Physics of a weakly ionized gas 181

Separating the real part ef now yields

Reoy = oo{1+ 30?t% + 0*1* + w3 1?3+ 60?1? + w5 ?]}
x {[1+0?t? + 0*t? + 0f T3 (3+ wf 7% — 2w27:2)]2
+40?T 1+ 0?e? — wh 2P} (4.4.8)
The Boltzmann theory, as is known, leads to the following results
1+ 0?12+ a)%rz
1+ 20212 + 014 + 05 72[2 - 20272 + 05 72]
l+iwt
[of .
o7 + (0% — )12+ 20T

Reo, =09 (4.4.9)

(4.4.10)

Oy =

For the traditionally considered limiting cases, Egs. (4.4.7)—(4.4.10) give the following
results (Alekseev, 1995a):

(a) w =0, a constant electric field:

1
RecCBE =0 , 4.4.11
* 01+3w%7:2+w§r4 ( )
1
RecBE=6o———; 4.4.12
. Ol—i— w%rz ( )
(b) wp =0, no magnetic field:
ReUfBE — oo 1+ 3w?t? + wc?
[1+4 w272 4+ 0?42 + dw272[1 + w?72]?
_ 1 (4.4.13)
T 14 3w212 4+ @A’ o
1
BE _ .
Reo, ™ = O'Om, (4.4.14)
(€) w =ws,
1+ 6w?7? + 8w?c?
Reg SBE — , 4.4.15
T 0T 100202 + 1604 ( )
14 20?7?
BE _ .
(d) w =wp, ot > 1, the cyclotron resonance condition:
1
Reo CBE = Red BE = Zoy,. (4.4.17)

2
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Finally, from the system of Eqgs. (4.4.5), (4.4.6) the drift velocity alongtkexis is
found as

0 = ﬂa) 1'2[(a)4 — a)4)r4 — 3(a)2 +w2)12 -2
ey — me, B B B
+iot(3w?t? + wit?) D71, (4.4.18)

where
D=1+ (a)6 + a)g)te + 4312 + b0’ t2ws 1% — 0t 1% + do Tt
— o’ 4 it [3a)4r4 — 5w?1? 4 3+ 3waT?
2 4 4].

— szrzw%r — WRT

Notice that the BE implies that

0
_0 eE 2 1
o = WBT —. 4.4.19
ey me P 1+ (0% — )12+ 20T ( )
In particular, it follows that
(@) w=0,
EO 4 4 3602 2 2
LR S i e/ e (4.4.20)
me wpt® +dofTtd + 4T’ + 1
0
-0 BE eE 2 1
PE=— —_ 4.4.21
Ue} m, WRT w%T2+1 ( )
(b) ©=ws,
Req0 GBE eE° 2 2 + 14612 4 280*1* 4 56070
v =——owr ,
e me [1+ 40?72 + 80?142 + w?T?[3 — 2w?T?]?
(4.4.22)
0
Rei0BE_ L 2 1 (4.4.23)

ey . wT 15 4022’

The calculations show that while the BE and GBE results may happen to be identi-
cal, they may also be significantly different, both qualitatively and quantitatively. The
question of exactly how significantly can only be answered through the solution of con-
crete problems. In particular, the generalized Boltzmann equation has been applied suc-
cessfully to transport processes in a partially ionized gas of inelastic colliding particles
(Alekseev, Lebedev and Michailov, 1997).
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Table 4.1
Calculation of RerCBE/ ResBE
forw=0
WRT Reaf:‘BE/ ReaxBE
0 1
1 04
2 0172
3 0.0917
4 0.0557
5 0.0371
6 0.0263
7 0.0196
8 0.0152
9 0.0120
10 0.0098

Table 4.1 contains the calculation of ratio of conductivitiesREF/ Res BE for the
case “a” =0, a constant electric field):

REGSBE 1+a)%12

= . 4.4.24
ReoPE 14 3wi12+ wjt? ( )

From Eqs. (4.4.13), (4.4.14) it follows that for the case “b” (no magnetic field), the
ratio of conductivities can be written as

ReoSPE 1+ w?c?
ReoBE 14 3w212 + w4’

(4.4.25)

and dependence RE€BE/ Reo BE as a function ofor has the same character reflected
in Table 4.1.

Table 4.2 corresponds to the case “b”, the coincidence of frequencies;.

In Tables 4.3, 4.4 the calculation of ratio of drift velocities #¢°5/ Rev? BE

across magnetic field is presentedi®¢°5E/ Re? BE in constant electric fieldo = 0)

ey

and in electromagnetic field by the conditien= wg. In these cases, correspondingly,

-0 GBE
Vey w216+4w§r4+5w%12+2

- = , 4.4.26
Q,BE 0816 +dwttd+4wdT2 +1 ( )

Ret),®% (24 14Pe? + 28/t* + 560°7%) (1 + 4w?r?)

- . 4.4.27
Rei?,BE (14 40272 + 8w*t%)2 + w212(3 — 20212)2 ( )

The drift velocityz‘;gy defines diffusion of charged particles in the perpendicular di-
rection to vectors of intensity of electric field and magnetic induction and then the Hall
effect. Usually experimental data in the theory of Hall effect are presented with the help
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Table 4.2

Calculation of Re:®BE/ ReEE for the caser = wp

ot ReJEBE/ ReoBE ot ReJEBE/ ReoBE
0 1 8 Q996
0.1 0.964 9 0.997
0.2 0.937 10 0.9975
0.3 0.837 11 0.998
04 0.807 12 0.9983
0.5 0.8 13 0.9985
0.6 0.805 14 0.9987
0.7 0.817 15 0.9989
0.8 0.832 16 0.999
0.9 0.847 17 0.9991
1 0.862 18 0.9992
2 0.948 19 0.9993
3 0974 20 0.9994
4 0.985 30 0.9997
5 0.990 40 0.9998
6 0.993 50 0.9999
7 0.995

Table 4.3

Calculation ofi0, ©BE/30, BE in constant electric fieldo = 0)

wpt 70, GBE /70, BE wpt 50, GBE 70 BE

0.1 1971 2 1.034
0.2 1891 3 1.009
0.3 1782 4 1.003
0.4 1664 5 1.001
0.5 1552 6 1.0007
0.6 1453 7 1.0004
0.7 1369 8 1.0002
0.8 1300 9 1.0001
0.9 1245 10 1.0001
1 12

of Hall constant. Let us introduce the Habiestant using Eq. (4.4.21). After multiply-
ing both parts of Eq. (4.4.21) by.e and using current density, = neevgy (wheree is
particle charge), we have

, 1
Jey—=Eop <1+ 2—2) = E°, (4.4.28)
ecn wpT

Taking into account thabg = ¢ B/m,, from Eq. (4.4.28) can be found

1
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Table 4.4
Calculation of R&?, BE/ Rei? BE for the caser = wp

ot Reid®BE/ReidBE  or  Rei? ©BE/Reil BE
0.1 1.901 4 3437
0.2 1763 5 3.458
03 1747 6 3471
0.4 1868 7 3478
05 2 8 3483
0.6 2321 9 3.487
0.7 2.542 10 3.489
0.8 2716 20 3.497
0.9 2.846 30 3.499
1 2941 40 3.4993
2 3291 50 3.4996
3 3393

But the Hall constant is the coefficient of proportionality between the potential differ-
ence and production of current density and magnetic induction, therefore

gee= L (1+ i) (4.4.30)

ne w212
The sign ofR is defined by the sign of the chargeObviously, in this case

ROBE _ 1 w%rG +4w%1'6 +4w%r2 +1

. 4.4.31
ne w2t2(wht+3wit2+2) ( )
From relations (4.4.20), (4.4.21), (4.4.26), (4.4.30), (4.4.31) follow
-0 GBE BE
Ugy R
) (4.4.32)

~0 BE ~ RpGBE"
Uy R

Therefore, for the case “a”, Table 4.3 definalso the ratio of the Hall coefficien$E
and RCBE, obtained in frames of BKT and GBKT.

By the formulated assumptions, the following conclusions can be drawn from Ta-
bles 4.1-4.4:

(1) In constant electric field, the decrease of conductivity with increaagsofis be-
ing realized in the frame of GBKT much faster than it follows from BKT (more
significant effect of confining the ionized gas in magnetic field).

(2) Inthe absence of magnetic field, the increasewin alternating electric field in the
frame of GBKT leads to more significant decrease of conductivity than it follows
from BKT.

(3) In the case of equality of frequencies= wg, the ratio of conductivities varies
non-monotonically with increase afr.
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(4) Transverse drift velocities in electromagnetic fields are larger than it follows from
BKT.

The calculations show that while the BE and GBE results may happen to be identical,
they may also be significantly different, both qualitatively and quantitatively. The ques-
tion of exactly how significantly can only be answered through the solution of concrete
problems.



CHAPTER 5

Kinetic Coefficients in the Theory of the Generalized
Kinetic Equations

5.1. Linearization of the generalized Boltzmann equation

Let us use the dimensionless form of the generalized Boltzmann equation (GBE) con-
venient for investigation of transport processes in hydrodynamic limit. Define for GBE

Dfy D [ Dfy !
e (e ) = [Uidy = b ooy, 1)
j=1
where
D 0 0 0
— =— 4V, —+Fy - —, 5.1.2
Dt Jat v ar + 0Vy ( )

are the corresponding scales. Namely, for radius-vectbe characteristic hydrody-
namic lengthL is used as scaleM, = L); for velocity v, the scale isM,,, = voy,«

(My, = ,/E), which is consistent with root-mean-square velocity for particles belong-
ing to species (“a-particles”). In accordance with definition,

- 1
2
V2 =— [ fyv5dv,.
Ny

For distribution functiony,, the scale introduced is compatible with its normalization

na0
My, =——, (5.1.3)
vOLa

wherenyg is characteristic value of nuanical concentration fok-particles. The scale
G,; for module of relative velocity,; is defined as

1
Mg, = —— / Vo = Vil foa fj Qv dv; = Gy, (5.1.4)
nghj

187
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and the scal@1;, for impact parameter of encountering particleg andj,

My = 00 41+ % aajz"“;"f_ (5.1.5)
J

The rest of scalesMr, = Foo, M-, = lo/v0r.«, Wherel, is the mean free path for
a-particles,M, = . Rewrite now Eq (5.1.1) in dimensionless form, marking off the

dimensionless values by sign

VoA, afot n Vox, o Aa ) afot Tf afot

L 3 L af voxa “ 90,

v d v 0 0 Foy =~ 0
. OA, 24 O\, Uy — + Oc F()t i
L af L ar  vop .« oV

% |:fala (UOA,a afot n vOA,ot\A/ afa + Fou ’If afa):“

vora \ L 9F L %9 voe ¢ 0V
n
aay A ANA Pl A an m
=nzn,~oa§jcw~/( W fj = Jafi)8ajbdbdpdi; |14 m—" (5.1.6)
j=1 !

After dividing Eq. (5.1.6) term-by-term intoy,, /L, we find

3fy . O0fy Foul~ 0f. 9 . 9 FoeL~ @
ifl+va.£+ 20‘ Fo - {a {(—A+V.—A+;LF.T)
ot Vo oVy ot or Vi 0Vy

9 . 3fy FoL~ 9
><|:1:0, ( ffl+va.if‘+—g“ Fo - fa)“
L\ 0t or Vo« 0Vy

Zn,o,/1+ 02Gaj /(f;ﬁ—faﬁ)éajédédadvj. (5.1.7)

UO}» Lt

For the hard spheres model in multi-comporixture of gases the following relation

is valid:
-1 ! 2 My
t=n) "njol 1+-2. (5.1.8)
j=1 !

Let us introduce Knudsen numbers

L
Kn_.lz — :nLnjo'z. 1+ E’ (519)

aj

L ! m !
Kng'= o= mLYy njol |1+ m—‘;’ =Y Kn 1 (5.1.10)
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and rewrite Eq. (5.1.7) in the form

Df, D Df,
f [faKn f]

Df Dt “ Df
—1Gaj AA/AAAAAAA

—Z : fo fi]2ajbdbd dv,, (5.1.11)
oj VO« J

where

D 3 . 3 ~ 9 Fou

—==+V —+yFe —, =——. 5.1.12

R R IR T A v /L ( )

For a mixture of neutral gases, the molecules of which are not strongly differentin mass,
the scale of relative velocitg,; can be adopted ag;, . In hydrodynamic limit, when
Knudsen number&n,; («, j =1,...,n) are small (or, which is the same, the mean
free path between collisions much smatigan characteristic hydrodynamic lendth,

the perturbation method of the GBE solution can be developed using expansion of dis-
tribution functionf, in a power series in Knudsen numbers. Namely, introduce now the
small parameter

e=maxKn,} <1 (a,j=1,...,7), (5.1.13)

in this caseKn; 1 > ne1, then

™

Kny < =, (5.1.14)

=

wheren is a number of species in the gas mixture. The mentioned expansigh Fars
the form

fu= Z QP (5.1.15)

Now it is obvious that for obtaining a successive approach the model equation with the
large parametes—1 in the right integral part of equation can be used

_ el . . ,
T T _8Z(fafj fafi)gajbdbdedv;. (5.1.16)

Dfy D( Dfa>_1 !
j=1
If inequality (5.1.13) is not valid for all components of mixture, further modification of
the Chapman-Enskog method for solution of Eq. (5.1.16) needs a correction which can
lead to multi-velocities hydrodynamics.
Equating the coefficients af 1 on both sides of Eq. (5.1.16) leads to the integral
relation
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n
3 / (£ 110 = 70 £19)gujbdbdpdv; =0, (5.1.17)
j=1

Wherefogo) is a distribution function (DF) corsponding to the state of local equilib-

rium. Then to the Maxwellian DF

0 My 3/ V2/(2%kgT
f;>:na(2nkBT) eV T (5.1.18)

in Eq. (5.1.18)V,, is thermal velocity ofu-component particlesI’ — temperature of
gas mixture. The following approach corresponds to equating the coefficiesftin
Eq. (5.1.16). In this case two alternative methods exist:

1. The second term on the left-hand side of Eq. (5.1.11), containing the second sub-
stantive derivation, is proportional to Knudsen number (therefore tand formally
speaking this term is out of the Navier—Stokes approximation. In this case, the linear
equation which forms the basis for obtaining kinetic coefficients becomes the standard
form

0

e Y [0 s 5 = 10 5P - 10 5% do, (6.0.29)
J

where @ = go;bdbdpdv;.

Application to Eq. (5.1.19) of the Chapman—Enskog procedure allows to obtain clas-
sical expressions for kinetic coefficients (Chapman and Cowling, 1952; Hirschfelder,
Curtiss and Bird, 1954). Differences from known results of the Chapman—Enskog
method appear on the level of obtainiﬁbz), i.e., in the generalized Barnett approach.

2. In the formulated first method in essence the turbulent fluctuations of kinetic co-
efficients on the Kolmogorov micro-scale (or statistical fluctuations of transport coeffi-
cients) are ignored. Taking inxcount this effect leads to equation

0 0
_D( oD DR
Dt \ Dt )., Dt

=) / [0 B O p 0 p D O D]y, (5.1.20)
j

It is important to notice that the additional term on the left-hand side of the linearized
equation does not exceed the limit of approximation and can be calculated using only
Maxwellian DF. In particularzo(,o) is mean time between collisions efparticles, cal-
culated for the state of local thermodynamigidibrium. Moreover, introduction of this
term leaves the description on the level of linear Fredholm equations.

For the proof of this affirmation we need to show that arising additional integral

equation satisfies the corresponding solubility conditions. With this aim we consider
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for simplicity one-component gas and obtain the explicit form)gf,ﬁo)/Dt with taking
7-terms into account.
The next relation is valid in independent variabted/, + (Chapman and Cowling,

1952):

DFO  prO or©@ Dv, 9r©®
S _Dbf _|_V.f _|_<|: 0).f_

Dt ~ Dt ar Dt oV
af@ 9
———V:— 1.21
oV arvo’ ® )

where operator is introduced

9 9
=2 by 2 5.1.22
or TVO g ( )

Generalized hydrodynamic Eulequations are written as:

2—': = —aa—r - (nvo) +/ Dﬂt(r“’)%io)) dv, (5.1.23)

%:—(vo.%)vo+F—%§—f+%/v§t< (O)Dg(o)dv (5.1.24)

%(gnkBT) =—Vo- %(gnhﬂ) - gnkBTai Vo — Pai Vo
+/m;’ ;( © Dgi))dv, (5.1.25)

Substantial derivativdf @ /Dt in integral terms (5.1.23)—(5.1.25) should be cal-
culated in Euler approach, because terms proportionaf®8 are not taken into ac-
count. In (5.1.20) this fact is reflected by introduction of symbolic conditien0 for
[Df©/Dr],—o. Rewrite hydrodynamic equations using operddgiDs from (5.1.22):

D 9 D Df©
_”z_n_.voJr/_ UL PV (5.1.26)
Dt ar Dt Dt
Dv. 19 1 D Df©
Dvo__ 1dp 1 /v— PN g, (5.1.27)
Dt por n Dt Dt
DT 2 9 T [ D Df©
_:__T_.VO__/_ LD
Dt 3 or n Dt Dt

2

(V]
/m;/ §t< <°>D£t )dv. (5.1.28)

+ 3an
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Transform relation (5.1.21)
Df© Dln f© aln O Dvo\ dInf©@
fO _ oD@\ oinf@ (L Dvo) ainf
Dt Dt ar Dt aV

alnfO® 3
— V:
oV ar VO}

(5.1.29)

and use set of Egs. (5.1.26)—(5.1.28) resulting in the relation

Din © =_’"V2ﬂ.vo+<i_’”_v2>/2<f<0>ﬂ)dv

Dt 3kpT or 2n 2p Dt Dt

mv? 1 mV? D Df©
_mr- = 0)
+ <3nk%T2 p)/ 5 Dt( o )dv. (5.1.30)

We use (5.1.30) for further transformation of (5.1.29):

0
- = V:—Vvp
Dt 2kgT 2 or kpT or

5 mv? D Df©
- _ “ (O
+<2n 2p )/Dt (T Dt )dv

\Y D Df©
LA RV UL A Y
p Dt Dt

1/ mv? mV? D Df©
= -1 © ) 1.31
+p<3kBT )/ 2 Dt( Dt )dv} (5.1.31)

Thence, in view of (5.1.31), the integral equation (5.1.20) is written as:

2
of(mv2 5\, aInT m o 0
f {<2kBT 2) or kel ar '°

2 0
. (E_ﬂ)/ﬂG@[iﬁ} )dv
2n 2p Dt Dt |,._g

\Y} D DfO
LA RV ) L dv

+1 mv2_1 /mV D( o Df© )dv
p\3kpT 2 Dt Dt |,
(]

_Z (o 2L
Dt Dt .o

- / FOLO I 4y~ — yr)ghdbdgdvy, (5.1.32)
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where

F=r%+y),  fP=yrO. (5.1.33)
The solutionmy of Eq. (5.1.32) is the sum of two functions

y=yE+yT, (5.1.34)

corresponding to equations

2
ol(mvE Sy tr VoV:avo;

2kgT 2 ar kgT ar
/ f(o)f(o) (w/E + 1p/E

V)
oG- <<°>["f“”] J*
AN VD<(O)[ f(o)} )dv

p Dt

o\ 3T 2 Dt o
_ D[ ofPr?
Dt Dr .,

= / FOLO T+ 9" —y" — ) do. (5.1.36)

doo, (5.1.35)

Eq. (5.1.35) is the classical Enskog integegliation, the solubility conditions for this
equation are satisfied, and its solution is known (Chapman and Cowling, 1952).

Let us investigate the solubility of integral equation (5.1.36). With this aim we mul-
tiply both (integral and differential) parts of Eq. (5.1.36) by additive invariapts
(i =1,V, V2/2) and integrate with respect to Right-hand sides of these relations are
equal to zero because of conservation lai®ass, momentum and energy for encoun-
tering particles. Now we show that integrated left-hand sides of these relations are also
equal to zero, therefore tiselubility conditions for this Fedholm equation are fulfilled.

LyP=1.

For this invariant we have

© my? D ( ofDf (O)} )
/f <2n 2p )dV/DrG [ pi |V
(0)
—/ §t< “’)[D,ﬁ, } _O) av. (5.1.37)

The second integrated term in (5.1.36¢gual to zero because the integrand is an odd
function in thermal velocity, the thircetm is also equal to zero because of equality
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2
/(’;% _ 1)f<o> dv=0. (5.1.38)

Notice that expression (5.1.37) and the rest of the terms in (5.1.36) (integratedrin
the left side cancel each other.

@y@ =V
Define

0)
R,-:/V D( <°)[Df } )dv (i=1,273),
Dt Dt |._o
then

ﬂ/f(o)vi(v'R)dV_Ri =0. (5.1.39)
p

Relation (5.1.39) leads to accomplishioigsolubility condition for invarianyy @,
@) v® =mv?/2.

2 2 0
/mV 5 mv? f<°>dv/ D ( o Df© dv
2 \2n 2p Dt Dt |, o
2 2
mve \mV mVZ 0 gy /mV D[ o Df© v
3kT 2 2 Dt Dt ..o
©0)
—/’"V D<r<°>[Df ] )dv:O, (5.1.40)
2 Dt Dt |._g
because
mV2(5 mV?
nrYo(2_ 0)
"5 (55 )row=0

2 2
5/ Ve )Y o gy =1,
p 3kpT 2

Then solubility conditions are fulfilled fdgq. (5.1.36). For inscription of the payt”
of solution we need the explicit form of operator

0
ST
Dt Dt |._o
D 3 Dvo\ 9 9 3
4V . —+(F- =) — ——V:—v,
{Dt+ ar+( Dt) N v ar O}

5 ainT a
S S
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Transformation of (5.1.41) leads to result
D Df(O)
5 (1))
5\ D dInT D d
= (W2 -2 )= |t O—— | +2W'W: —| @ —yq
2) Dt ar Dt ar

_ O p2 aInT.V aInT_T(O)W2 VO.aInT v.a'”T
ar at or or

Dt or Dt ar 2

D InT D
4200 (g PYONIINT oy o [ M (p o PYO\w . Oy,
Dt or 2kgT Dt or
P W F—DVO 0 aInTV 0
2kBT Dt
aInT 9 9
2002 wwy : Ly — 20O (w. L 2 \vo
o o Car

9 9
_ .0 LA RN PV
27 [(W ar>V° ar](vo W). (5.1.42)

Taking into account the explicit form db £ (? / Dr with terms proportional ta © (see

also Appendix 2 and corresponding generalized hydrodynamic equations), we state, that
the structure of the left-hand side of Eq. (5.1.36) is so complicated that in many cases
it is more convenient to use self-consistent numerical schemes of solution of GHE and
Eq. (5.1.36) (defining kinetic coefficients) or to use variants of the generalized Grad’s
method. Nevertheless, we formulate approximate method of Eq. (5.1.36) solution mak-
ing possible to find explicit forms of the fluctuation terms for kinetic coefficients.

5.2. Approximate modified Chapman—-Enskog method

We intend to develop in the theory of GBE the approximate modified Chapman—Enskog
method. With this aim let us rewrite Eq. (5.1.32) in the form

f(o){<mv2 _§>[V'alnT _}/2(1(0)<Df(0)> )dv]
2kpT 2 ar nJ Dt Dt )._g

9 mV2[ 9
VO

Moy Ly 2| 2
YT ar 0 3kaT | ar

1 mV2 D © DfU) ) ]
p/ 2 Dt( <Dt =0 dv
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mly. [vP(,0 Df(o)) )
+ » [V /VDt <r ( or ), dv
V2 D © Df(o) q D © Df(O)
_-/ 2 Dt( < Dt >r=0> V:“_D_t(r < Dt >r=0>
- / FO O, + 9~y — ) o (5.2.1)

In the following calculations of the kinetic coefficient’s perturbations we neglect the
small influence ofr-terms in square brackets of (5.2.1). It means that we intend to
obtain solution of the shortened approximate integral equation

Df© D ( o Df©
( Dt )r:O_D_t<t < Dt >r=0>

- / FOLOWL g~y — 1) do, (5.2.2)

where the substantial derivativ®f© /Dr)._o exists. Let us consider more general
case of multi-component mixture of gasesimeglecting the influence of external
forcesF,. We use also approximation (1.3.86) = r. It leads to some simplification
(Alexeev, 1988, 1992, 1994) of the following calculations, which nevertheless remain
complicated. Then,

(Df(O)) ~ £<T(O)<Df(0)> )
Dt J._o Dt Dt ). _o

n
1 0 1 0
=3 L1+ 10 = 105 = 52 1) o
j=1

do = gojbdb dp dv;. (5.2.3)

Suppose/, is the solution of equation

Df(O) 0 0,/ ’
[ D1 ] 0=Z/f0§ 17 W+ ) = Ve — vy do, (5.2.4)
=
D d 9
Di a4 ar (5.2.5)

We intend to find the solution of the linearized GBE (5.2.3) in the form

D= Oy, [ © Oy, ] (5.2.6)
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After substituting (5.2.6) into (5.2.3):

DO D[ (DS
|: Dt :|r=0_D_t|:r < Dt >r=0:|

n
=3 [ 10O+ v~ = v do
j=1

. 0) D’ 0) (0 0) D’ 0) £(0)
/ / / / / I
—Z/{fa o @017 + 17 (O 1)
j=1

- f;"%(ﬂ‘” 7)) - f}‘”,%(r@ 70 %)} do, (5.2.7)

where

D 93 il
D=V (5.2.8)

Eq. (5.2.7) is being simplified with the help of (5.2.4):

(0)
ol (%5
Dt Dt J._o
D’
_Z/{ (0)/Dt (O)f(o)/w/) f(o)/ t( (O)fOEO)/w(;)

foEO) ( (O)f(O)w ) f](o)

o (z©Q £ Oy, )} (5.2.9)

Dt

Maxwellian functions in front of substantial derivatives on right-hand side of (5.2.9) can
be introduced in round squares after signing the derivatives with accuracs] Gror
example, let us consider the term

oD 0 0 0 £(0) £(0) o 0, Dfs”

O 2 (20 £0%;) = 2 (1O £ f0;) e 5O P (52.10)
The form (5.2.10) is obtained with the help of relation

D a0 d 0 0

o4y, 222402, 5.2.11

Dr o Ve T Ve ( )

which is valid, because v,, ¢ are independent variables. But from (5.2.4) follows that
Dfofo)/Dt ~ 1, and therefore the formulated affirmation.
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Then

©
D ( ofPla
Dr Dr |,

D 0 D' 0

j=1
D 0 ,0_«© D 0 0_©
= o Ja 1577 0W) = o (7 177 W) ¢ do. (5.2.12)

This linear equation can be split into the following integral equations.

©
3(,(@ Dfa
ot Dt |._o

9 n
~ o [T(O) 2;/ SO 10 Wi+ v = Vo~ Wj)dw:|, (5.2.13)
iz
9 . (Vor(O)[DfogO)] )
ar Dt |,_o
n
_ % . [vof«» Z/ FOFOW, + v~ Yo — wj)dw}, (5.2.14)
j=1

(0)
L ()
or Dr .o
P n
= -[r“’)z /f;")f;‘))(wgv; YV~ YaVa — V) da):|. (5.2.15)
j=1

Obviously, Egs. (5.2.4) and (5.2.13), (5.2.14) are consistent. Let us show that Eq. (5.2.15)
can be satisfied identically by solution of Eq. (5.2.15) in frame of Enskog’s moment
method; in other words, it can be stated by use the of moment method for solution of
equation

[Df;‘” ]
Ve
Dt =0

N BT A R AR AL (5.2.16)
J

wherey, is the Enskog solution, the moment equations corresponding to the first ap-
proximation, are satisfied identically. In variabled/,,, ¢ after exclusion of time deriv-



Kinetic coefficients in the theory of the generalized kinetic equations 199

atives using hydrodynamic equations (Chapman and Cowling, 1952; Hirschfelder, Cur-
tiss and Bird, 1954), the left-hand side of equation takes the form (5.2.17)

n 0
o ]T_O = f;")va[a(va -dg) +2WOW, : —vg

ar

_ (g _ Wj) (Va K Iaan)]’ (5.2.17)

where

(5.2.18)
m
“ TV 2T Ve
Y is linear function of derivatives and can be written as:
%:—Aa-%%T—ﬁa;;—rvom;cy)-dj, (5.2.19)
CY =CP We)Wo, Ay = Au(We)We,
(5.2.20)

§a = WgwaBa(Wa)~

Because of (5.2.19), Eq. (5.2.16) is split into three equations
1, +0
_Vaifa (8an - Bak)vot

_ Z/ COv 4+ VI, — vy, — v, e v, e

— Vi + VaiCP +v;;CP] 10V do  (1=1.2.3),  (5.2.21)
2Vai [LOWIW

= —Z/[ iBa+ VjiB] = Vai By — Vi Bj] 0 1% doo (5.2.22)
and

5
Vi (0)<2 Wo?)voz

=Z/[v;iA;+ Vi, = VaiBa — Vi1 10 £19 do. (5.2.23)
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By solution of Eq. (5.2.4) as probe function®® (which correspond to functions
Aqg, By, CI — c®), the finite linear combinations of Sonine polynomials can be used
(Wo =Wy, WOW,,, W, relevant to (5.2.21)—(5.2.23)):

700 =, Zt;'}ﬂk)s,gm) (W2), m=0,1,2,.... (5.2.24)
m=0

After multiplication of each side of Egs. (5.2.21)—(5.2.23) by $erolynomials — cor-
respondinegNo,S§72)(W§), WOW,, Sé'/"z)(Wj), W, Sé’/"z)(Wf) — the following integrals
appear on the left-hand sides of equations:

1

h=— / LSOV San — 8ak)Va - Wy S§72>(W2) dV, (5.2.25)

=2 / FOVai fLOWIW, : WOW,, ST (W2) V., (5.2.26)

13—/f(0)V0,,<— —W )V Wy S§) (W2) V., (5.2.27)
,3)-

Integrands in (5.2.25)—(5.2.27) are odohétions of velocity components and then in-
tegralsiy, I2, I3 over all V-space are equal to zero. This affirmation is obvious for
integrals/1 and /3. For proof that/> = 0, it is sufficient to notice that

2 4

wow, :wow, = Ve (5.2.28)

Let us consider now the right-hand sides of moment equations. By scalar multiplica-
tion of right-hand sides of Egs. (5.2.21) and (5.2.23)/%(3/S§’72)(W§) and by following
integration over alV,,, the bracket expressions appear of the type

[vm-wasg;(ws),vvjséz;wv?)] o
o [ 1O 1SN [V S0
- vaiwasgf/’g(wj)]gajb db dg dv, dv;, (5.2.29)
[Vei We Séﬁ’%( 2). WaSih (W),
e [ O SN [V S0

— Vai W S$)(W2) | ajb db dp v v (5.2.30)
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Expression (5.2.29) is a coefficientgfr? in expansion of function

W2 W2t
J = /f(O)f(O)(l 5~ 5/2(1 1~ 5/2{exp< s J )
My —s 1—1t
W/Z W2
xWa-WjVai—exp(—li 1 )W’ W/, Ojt}
X gujbdbdpdvy dv;. (5.2.31)

Let us use now in relation (5.2.31) other variablgs, g, using formulae

V(X:GO_Mjgjaa (5232)
V;=Go+ MyGja, (5.2.33)
whereGg is mass center velocity of particles relative coordinate axesmoving with

the mean mass velocity of gas(M; = mj/mo, mo = mq + m;). In this coordinate
system,

1 1 2
—mO,V + m]V

1 2 2
5 5 5m0(Gh + Mo M;gZ;). (5.2.34)

Introduce notation

~ mo - [moMyM ;
Go=Go,| ——, i =8ui ] ————- 5.2.35
0 0 2kpT 8aj = 8aj 2kpT ( )

Now we use in formula (5.2.31) the integration over varials g,;. Jacobian of
transformation can be written as

3(Go. §jo) _ (mgm )¥/2

= . 5.2.36
Vg, Vj) (2kpT)3 ( )
Formula (5.2.31) in variableSo, 8«j has the form
J = (l— S)_5/2(1— t)—5/27_[—3/e—5(2)_§aj( —SWZW Vi
— e SWAWL VYW e TV gy b db dg o dd e, (5.2.37)
where
§=-2 j—
C1-s’ 1t
Calculate

dGo.  (5.2.38)

]Ott

1Ho,j,i:/exp( Go— g5, —SW2-TwW,, -W,V,
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With this aim introduce a new variable

~ 1 o ~
c=Go+ -—/MuM; (T3je — SG},) (5.2.39)
oj
where
1-— sMj —tM,
S el 5.2.40
M T A1) ( )
Then exponential index in (5.2.37) has the form
Ga+ 32+ SW2+TW? =igjc® + jaj32;. (5.2.41)
where
1-2MyM;st(1— cosy) o
= , =0jx. 0, 5.2.42
Jaj 1—SMj—l‘Ma X =9Yja g]a ( )
Notice, that

W(’x ‘W, = (‘/Maéo— ,/thjja) : (\/Mj 60+\/Motg/1'a)
= (VMac— VMjc) - (VM) c— v/ Mac))
= /MoM;c? —C- (MjCy + MoCj) + /MgMjCy - Cj,  (5.2.43)
W=y Maci —/Mjcoi (i=1,2,3). (5.2.44)
Therefore
W, - W W, = Mo /M c?c; — /My ciC- (MjCy + MyC))
+ My/Mj ciCy - Cj — Mj /My cqic?

+\/Mjcotic' (Mjcot +Motcj)

— M /My cqiCqy - Cj, (5.2.45)
where
My ~. ~_ -
G = —(TGja = 5Gj0) + Fa (5.2.46)
o]
M ~_ ~ ~
& = 22 (Tg)u ~ 58) -~ G (5247
o

Tl

By integration over alt in c-space, all integraksontaining the odd¢” in integrand will
be equal to zero. It means that after substitution of (5.2.45) into integrand of (5.2.38),
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the first, second and fifth terms in right-hand side of (5.2.45) should be omitted. As a
result we have

2kgT [ _. 2 1

YHyj i =4 mlz /0 g’ C2|:—§C2\/Moz (Mjcai + Mycji)
. .~2

— MM, Co”'C2 —M;j\/ My cyiCy - Cj] dce 78, (5.2.48)

Carry the integration over” in (5.2.48):

732 [2kpT

1Haj,i = . {(Mjcm- + Mo,c,',-)i;j,S/z _ 3Mjcaii0:/5/2
— 2MCy - Cjcaily, ) e il
or
YHy i = —#\/%{mjcm +2M Cqy - Cjcqii;
— Mycji)e %92 =123 (5.2.49)
Using also
ijCa - Cj =§§j(1—jaj — cosy), (5.2.50)
we find
YHyji = —? ZIzOT {2Mjcai + 2M,~cai§§,-(l — jaj — COSY)
— Mocji) e 92, (5.2.51)

After substitution ot;, c;; from relations (5.2.46), (5.2.47) into integrﬁﬂHaj,i dg;e,
the following integrals appear in calculations

i .52 - - ~
J1=/ e ]"‘/g"‘jzl(gsj)gaj,i dgozj, (5.2.52)

_ 52, - - ~ .
J2=/e Joj8aj 22(851')&;/,1' dd.; (=1273). (5.2.53)



204 Generalized Boltzmann Physical Kinetics

The first integral mentioned above is known to be equal to zero as having thg odd
in integrand. Consider now integré. Since

Codd.: — [ mam ™72
dGodga]_dvo,dv,[ T
and
dv, dv; =dv,, dv’j,
then
- 11/293
dGydg,; = dve dvj[%} (5.2.54)

The mass center velocity is not changingidgrcollision of particles also as a module
of relative velocity by elastic collision&o = Gy, guj = g;j. Then the use of variables
associated with backward collisions leads to relation

\1/213
(mam ) } (5.2.55)

dGodg,; = dve dvj[ T

and to possible transformation of integvat
— g2 ~12\ ~ ~
/e Jai8aj Zz(g;[j)g(/xj,i dg&j,
wich also turns into zero because the imtayl contains odd fuion. Calculate now

2Hyji = / exp(—G3 — g2 — SW2 = TWW, - W Vy; dGo. (5.2.56)

Notice, that
Wo =v/My C— /M Cy + /M (8, — Gj)-
Using also

Wj=Mjc—y/Mqc;,

all combinations of velocities we need for calculatior?ﬂtxj,,- in (5.2.56) can be found.
But we need not do it because (Chapman and Cowling, 1952) arbitrary functityf of
andW ; can be transformed into corresponding functiomgf andW ;, if we suppose
x = 0 (see (5.2.51)). Then all considerations which led to conditibrs 0, J» = 0 are
valid and the bracket expression in (5.2.29) turns into zero.
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By calculation of bracket expression in (5.2.30), the following function appears:

o "ol

Hyji(x) =/exp(—c~;§ — 32— SW2-TW2W, - W, V,, dGo, (5.2.57)

because the bracket expression(tn2.30) is the coefficient of”¢¢ in expansion of
function

1 B 3 2%
N= —/fa(O)f](O)(l_s) 5/2(1_t) 5/2{e WuSWjVoﬂ

N j
— e WSW, W, Vi ) € e T g, i db dg dvg dv . (5.2.58)
Really, in variableS, 04 functionN takes the form
N =(1—s)%21—1)~52;3
X /[Ho,j(O) — Hy(x)]8ejbdbde dgj, (5.2.59)
where

Hyji(0) = /exp(—ég — 85— SWZ — TWZ)WZ V4 dGo.

Let us go from variableo, 0/« to variables, §;, (see, for example, Alekseev, 1982,
p. 167), supposing that

c=Go+ d10j« +d2<j’ja. (5.2.60)
The valuesiy, dy are chosen in a special way, i.e., from condition
G+ Goj + SW2 4+ TW2 = igjc® + jujd;. (5.2.61)

This means that the integration over variablmay be easily realized. Not difficult to
find that if

MoM; ~ M M; ~
di=—|—2LT,  d=-|—15,
laj laj
then
1= M(s+1)+(M; — My)st
- , 5.2.62
l A-s)A-1 ( )
1—st(M2+ M?+2M,M; cosy)
« " (5.2.63)

=TT M (s + 1) + (M; — Mg)st
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and in this case

- M Mj[s(L—0)., +t(1—5)8ja]
e VMM, 9 jal (5.2.64)
1-Mj(s+1)+ (Mj— Ma)st

or
c=Ggp— % Mo M; (58, + T3ja). (5.2.65)
Notice, that
W = /My Go — /M Gja»
W, =/Ma Go— /M &y
Then

1 ~_ ~_ ~
W =31 (o 2 W (36, + T01) ) - VAT 0

iaj

l ~_ ~_ ~
W, = /M, <c+ /MM (ST, + nga)) —VM; Ty

aj

Wy =+ MyCH+ /M Cy, (5.2.66)
W), =y Myc+/M;c;, (5.2.67)

where in similar manner as in (5.2.46), (5.2.47) the next notation is introduced

My ~. ~_ ~
Cu = i—‘f(nga +88,) — Gjas (5.2.68)
oj
My =~ N ~/
¢j = —(Tjo + 5Gja) = Ga- (5.2.69)
o]

Using also (5.2.66), (5.2.67), we find

W - W/, Wyi = (Myc? +/MoMjc-Cj + /MyM; C-Cy + M;Cy - Cj)
« (i 45 e)
=+ My\/MjciC-Cj + My /MjciC-Cq
+Mj Moc?cji +Mj Mjcjicy - Cj. (5.2.70)



Kinetic coefficients in the theory of the generalized kinetic equations 207

In the right-hand side of relation (5.2.70) the terms which contain the odd powers of
velocity components are omitted. Analogously, by (5.2.48) we have

2kpT

My

Hyji(x) =4n

/ _’w‘ |: My /Mjc (C]l + Cyi)
0
. .~2
+ My M; C2Cji +Mj;\/Mjc;iCy - Cj] dee /oi8qj (5.2.71)
and after integration

2kpT
Ot]l(X)_ T 5 {M \/ (le +Co”)la/

— .— .52
+3cjiMy\/Mji, 5/2+2Mjw/Mjc]~,~Co,~Cjzaj3/2}e Jj8aj

o3 2kpT
Haji () =iy —— ,/ 5 ,/ M(ca,+4cn>

+2MjcjiCq - C]zo,]} ]"’gw (5.2.72)

or

Further practically word for word all consdations can be repeated which led expres-
sions like (5.2.52), (5.2.53) equal to zero as odd integrand functions. Then bracket ex-
pressions of the type (5.2.30) turn into zero.

Finally notice, that Eq. (5.2.22) leads to bracket expressions of the kind

[VaiWSWa Sé%(W(f) W?Wj Sé%(sz)]aj

1 0 (OO . ¢@) (152 oW’ <) (y72
= /f( )£ WOW ;Sg7o(WF) + Vi, WEPWe, Ssho(We?)
— VaiWIW, S (W2) ] gajb db dg dv v (5.2.73)

[Vt WOW S (W2). WOW, S5 (W21,

- 0 rOWOW @) (2 oW’ ¢ (y72
T /fo WOW,, SS(W2) : [ VL WIOW,, STH(W.2)
— VaiWIW, SSY(W2)] gajb db dp vy v . (5.2.74)

As a result of analogous calculations it can be shown that bracket integrals (5.2.73),
(5.2.74) are equal to zero like (5.2.29), (5.2.30).
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5.3. Kinetic coefficient calculation with taking into account the statistical
fluctuations

In the frame of developed approximate method we need to use the following form of
distribution function for calculation of kinetic coefficients and hydrodynamic fluxes:

D
fa= £+ 1320 = 5[0 100e], (5.3.1)
where

9 )
Vo = —AaWy — By WOW,, : Vot > CPW, - d;. (5.3.2)
J

Let us calculate diffusive fluxes of-specieda =1, ..., n).

Jo = pava
D
= my / Vo £O%, dVy —my / VQE[T@ O, ]dV,, (5.3.3)
where
D 3 ]
Z_° . 5.3.4
Dt~ ot + Ve ar ( )
Let us denote
D =myg /vafogo)% dVy, (5.3.5)
D
Jo :—mo,/vaD—t[ﬂO)f;O)%]dva. (5.3.6)

Obviously diffusive fluxJ, can be obtained from the Chapman—Enskog expression
(Hirschfelder, Curtiss and Bird, 1954)

2 1
Man lnT
3y === "m;Dy;d; — D! T (5.3.7)

j=1

whereDy; D! are coefficients of diffusion and thermo-diffusion, correspondingly. For
calculation ofJ}, we need to substitute (5.3.2) into integral (5.3.6) and use the additional
conditions which — as in Enskog theory — have the form

/ P dve =0, (5.3.8)
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n

> me / Vo £V dvy =0, (5.3.9)
a=1

n

> / V2D dv, =0, (5.3.10)
a=1

becausq‘oﬁl) corresponds to classical solution of Enskog equation in the first approxi-

mation fofl) = fofo)l//a.

Then one supposes that numerical density of component, mean mass velocity of gas
mixture and temperature are defined by Maxwellian distribution function. Mentioned
transformations lead to result

I © 0 9 9 0
J;; = —5(‘[( )JQ) — T( )(Jé\ . g)vo— 5 . (VOT( )JQ)
3
— 3 |:‘L'(O)mo, / VeV £ dva}. (5.3.11)

Calculation of integral on the right-hand side of (5.3.11) is realized by the use of (5.3.2):

m <
/ VoV £V dVe = — 1SZTS / Boa(Wa) VA £Q aV,, (5.3.12)

where¥ is tensor, defined by expressi@nk =1, 2, 3)

1/0vg; Ovox 1 9
Sip == — 85— . vp. 5.3.13
ik 2<8rk + 3r,-> 3% or 10 ( )

Introduce dynamical viscosity ef-component,

1 m?
g = 1_52k;‘T /Ba(Wa)Vlffofo) dVy. (5.3.14)

Then (5.3.11) can be transformed:

0 ol 0
T

a <>
+ o0 2104, 8. (5.3.15)

Using condition

> 3 =0, (5.3.16)
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we see that
ZJ’ = 2 tOus), (5.3.17)

whereu is viscosity of gas mixture
n= Zﬂa-
o

Therefore inconsistency in (5.3.17) appear which it is not equal to zero, and is pro-
portional to squared viscosity (see (1.3.66)) or — for dimensionless form of equation
— to squared Knudsen number. The origin of this inconsistency has to do with the use
of additional condltlons in the form (5.3.85-3.10), obtained for shortened classical
solution f, = fo, )(1+ ). Practically this inconsistency is related with generalized
Barnett approximation, but nevertheless the sum of diffusive fluxes is turned into zero
for another definition of fluxe3,, for generalized Navier—Stokes approximation

i) 9 9
Jo=30—7© (Jg : —)vo ~ 5(#%9) — o (tOvodp), (5.3.18)

introducing the corresponding inconsistent terms in fluctuation parts of the generalized
equations.
Consider now pressure tensor

P =my / VeVo £ aV, + my / VeV £, AV,
/V v, ( © £y ) v
— Mg / vo,vo,5 (T OV £ ) aV,. (5.3.19)

Let us now pass over cumbersome calculations and present their result (see also Alex-
eev, 1994):

r0NM05r 1 20 (0, %)

< < < 3Vo
Py = pol —2u§ — 3,70 — o o >

0 - - 0 0 o
— 2v0§ . (‘L'(O)/LO,S) + ZI(O)MO, |:S . ﬁ]vo + 2[5 . (r(o)vo:|uaS)

a a <
- JQ‘E(O) <V0 . E)VO — |:<V0 . a)VO]‘JQT(O) + Ty

<

— Dy — 0,0, (5.3.20)
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The cross-disposition of brackets in (5.3.20derlines the order of tensor calculations:

[5 : (T(O)VO}MS) = (Vo- a)uas + S o Vo (5.3.21)

fa, ﬁa, ”Oﬁa are tensors with components of the fotk ¢ = 1, 2, 3)

0 oT 0 oT
Tivw=—|1OK,— |+ —( Ok, —
kea ory (‘E * ory + ory t ¢ ory

aT kg 2
+3k(zz (<°>K ) Ko=-2DT + 25! (5.3.22)

My 5%

3
a a d
— © © E ©p .
Die,o = I (T »Cot(f) + are (T ['ak) + Ske L o (T ['ou)’

(5.3.23)

ak = %nzmﬂ(Daﬁ — Dyg)dpr
5

0 1/0voe Ovg 1 0
UOH :—2 —_— (O) — ——(S' —'V .
ko % or {T VOk Mo 2\ o + ore 30t or 0

(5.3.24)

Eq. (5.3.22) contains the Boltzmann’s constapntand the coefficient of thermal con-
duction/, (Hirschfelder, Curtiss and Bird, 1954)

5 2kT

A, = —Zkgnoz

o A, (5.3.25)

wherea, is a coefficient in expansion

Ay = Z aamS:(g72) (5.3.26)

Relation (5.3.23), apart from usual “pédiffusive codficient contains

/2k T
Dyp = —= [ =52 c““), (5.3.27)
2nmﬁ

also the “first” diffusive coefficient defined by relation

ong  [2kpT _(g.a)
DL, =L | cH. 5.3.28
ap 2nmg\ mg el ( )
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Pressure tensor of gas mixtuPeforms by summation over all components of gas mix-
ture

P=pl —2nS + ZE(T(O)MS) —2vg- (r(o)uS) + 2r(0)u|:S . a—r}vo
+T —D—"H, (5.3.29)
where

T=) Tu D=>"Dy; WH = ", (5.3.30)

To use hydrodynamic equations in the generalized Navier—Stokes approximation we
need to calculate the thermal flux

My
Ge =05 = [ Ve V2 ( O £Oy,)dv
Mo 29 ©) (0
e A  (Vat @ £y, ) dV,. (5.3.31)

Calculations lead to result:

) 1 1 0
9 (O@gn (O)JA o+ 202(ve. © 37
at(r QOt)+2 o or 0+2v0< 0 ar)(t Ot)

1 0 0 <
+ EJQT(O) <V0~ 5)%% +2:9 (Vo 8r)(Vo -S)

#2000 5) - o 2 (€O $id) 3 ()

qa:qg_

ar or
0 Pa ©(,1 & (0) il oT 0T 0
TR Y - S Kyl —Vo-—+ — - —V
ar [pa T (/-’La I’L&’) +7 ar 0 ar + ar ar 0
aT ol 9
) 1
oy g Vol T T 5V Dop — D;p) d
+ ar or Oi| T 0 |:ar 0 Zmﬁ( af 01/3) B
B
9 3
1 1
+ Zmﬁ(Daﬂ - Daﬁ) dg - §Vo+ Zmﬁ(Daﬁ — Daﬁ) dﬂa_r 'V0:|
B
(O)Zmﬂ o — )(dﬁ 9 )Vo
ar
5 oT 0
Sl e A 5.3.32
ot (E)r ar> 0 ( )

Eq. (5.3.32) contains left- and right scalar tensor products of dg?ﬁvta
The “first” viscosity coefficient introduced in (5.3.32) is

1
ul= SkpTnabar. (5.3.33)
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After summation over all components of the gas mixture we obtain heat flux for the
mixture:

3 d g

oy 0 d - 0 o
+2tQu(vo-§) - PG (98 vd) + vga—r (tOus)

d

- 9 aT 9T @
_ 2075 (O)Z& 1_ Ol Ly, . 2L %20 2,
ar[ ! o,pa(““ Ha) |+ K| Gvor Gr G g Vo

aT 9 opn| d 1
+a_r§"’°]_r( )F[aTVO'Zmﬂ(Daﬂ—Daﬂ)dﬁ

ap
Dos — DL,)d 9, Dos — D) d 9y
+ Y mg(Dap — Dgp) v 0+ ) _mp(Dap — Dig) par Vo
af af
5 0P 0
0) 1
2t Y mp(Dap — Daﬂ)(dﬁ : g)vo
ap
5 AT o
KO —=. = )vo. 5.3.34
Jr2 ‘ (ar 3r> 0 ( )

As is evident from the foregoing, the heat flux — in its fluctuation part — depends also
on coefficients of diffusion and viscosity in considered physical system. It remains only
to calculate integrals, corresponding to average values in the generalized Navier—Stokes
approximation. These integrals are given in Appendix 3. We can state that developed
theory of calculation of kinetic coefficients leads to the appearance of additidaains
which contain time and space fluctuations including cross effects of different transport
mechanisms.
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CHAPTER 6

Some Applications of the Generalized Boltzmann
Physical Kinetics

The classical Boltzmann equation (BE) is valid only on characteristic scales related to
the hydrodynamic time of flow and average time between particle collisions. It was pre-
viously established that the inclusion of the third possible scale, the time of collisions
between patrticles, results in the emergence of additional terms of the Boltzmann equa-
tion, which are of the same order of magnitude as the other terms in the equation (cf.,
Alexeev, 1994, 1995c, 2000b). It means that addi terms (in comparison with clas-
sical BE) in GBE are proportional to Knudsen number and cannot be considered small
values in regiorkKn=1. But even ifKn « 1, the corresponding terms generally speak-
ing cannot be omitted because these termsatorgmall coefficients in front of senior
derivatives, which can lead to effects of “boundary layer”. The solution of the problem
using the generalized Boltzmann equati@BE) results in the change, to some extent,

in the results in the field of traditional applications of GBE and classical hydrodynamic
theory, which is a direct consequence of the kinetic theory. In treating some problems,
the results obtained by the generalized theory coincide with experimental data much
more precisely than similar results of the classical theory and sometimes describe the
processes for which classicakttries are simply invalid.

In the following we intend to demonstrate the possibilities of the generalized Boltz-
mann kinetics solving some problems in area of traditional application of BE: transport
processes in weakly ionized gas with ingla<ollisions; investigation of the sound
wave propagation; calculation of the shock wave structure.

6.1. Investigation of the generalized Boltzmann equation for electron energy
distribution in a constant electric field with due regard for inelastic collisions

We begin with numerical solutions of the generalized Boltzmann equation, which are
carried out for electrons of a weakly i@@d plasma in a constant electric field with

due regard for inelastic collisions for the case of constant collision frequency between
electrons and heavy particlés,, = 1/t = cons}. For this purpose, a set of cross sec-
tions of collisions between electrons and heavy particles is used, applied in simulation
of processes in a hydrogen plasma. The results are compared with those obtained by
means of numerical solution of the “traditional” Boltzmann equation.

215
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Until now the results related to the GBE as a rule have been obtained using ana-
lytical methods. These methods impose considerable limitations on the application of
the equation for description of real objects and, in particular, make the detailed account
of inelastic interactions impossible. It is these interactions that are important in solv-
ing numerous problems of physics and plasma chemistry. The aim of this study was to
construct an algorithm for numerical solution of GBE for plasma electrons in a con-
stant electric field with due regard for inelastic collisions between electrons and heavy
particles.

In view of this, a nontrivial problem is that on the set of cross sections used in so-
lution of the equation. Strictly speaking, this should be a set corresponding to a certain
atom (molecule) obtained by calculation aperimentally. In practice, such a rigorous
approach cannot be realized because of thetfattfar from all the cross sections are
known even for well-studied particles such as inert gases and hydrogen. Therefore, sets
of cross sections are used which were constructed from the known ones in such a way
that the calculated drift velocity and the first Townsend coefficient should coincide with
experimental quantities in a wide range of values of reduced electricHigM. In so
doing, the cross sections entering the set may be changed in magnitude and shifted along
the axis of electron energy (as compared to initial values). Thus, it is only a full set of
cross sections that has the physical meaniegabse it yields the ettron distribution
function in energies, corresponding to the gas being described. No cross-section may
be added to or excluded from this set. The rate coefficients of the processes involving
electrons are calculated with the help of elentenergy distribution and cross sections
of these processes.

All known solutions of the BE are obtained using such sets of cross sections. In this
study, we restricted ourselves to the construction of the algorithm of numerical solution
of the GBE for the case of constant collision frequency between electrons and heavy
particles(v., = cons}. As is known, this condition is valid for helium and hydrogen
(Shkarovsky, Johnstone and Bachinsky, 1969; Golant, 1959). In solving the GBE, we
used the set of cross sections for molecular hydrogen (Gal'tsev et al., 1979; Lebedev
and Epstein, 1995).

The second objective of this study was to compare the results obtained by numerical
solution of the GBE and BE for one and the same set of cross sections. The results
of such comparison are of extraordinary importance in defining the trend of further
treatment of the GBE. Indeed, if both equations yield coinciding results, this may be
indicative of the fact that, for the problems being treated, additional terms appearing in
the GBE make no contribution to the results. This conclusion must simply be tested for
various sets of cross sections.

If the results are different, the role of additional terms is considerable. However, the
physical interpretation of the results is hgrgossible at this stage, because, as follows
from the foregoing, the used set of cross sections corresponds to the BE rather than
to GBE. Therefore, the further stage should be construction of a set of cross sections
for the GBE (in the way described above) and physical interpretation of the obtained
solutions. This is an indepéent problem falling beyond the scope of this study.
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Detailed derivation of the equations for numerical solution of the GBE is given be-
low. The generalized Boltzmann equation for plasma electron component is written in
the form

D D D
fe__(r e\ = Joa (6.1.1)
Dt Dt Dt
where
D_2 +V 0 +F o,
Dt ot ar ¢ av,’

7 =1/No(v)v is the average time between collisions of electrons and heavy particles
(the bar designates averaging over the electron distribution in energies);aiscthe
collision integral for electrons, including elastic and inelastic processes. For compari-
son, the classical Boltzmann equation is given,

Dfe
Dt

= Jea. (6.1.2)

Consider the case of spatially homogeneous weakly ionized gas, assuming that col-
lisions between charged particles may be ignored. This means that

Vee K Veq. (6.1.3)

Here,v,. is the frequency of collisions between electrong; = No,, (v)v is the fre-
quency of collisions between electrons and neutral partidfeis, the concentration of
heavy particlesg,, is the cross section of electron collisions with atoms (molecules);
ands$ is the fraction of energy lost by a electron in a single collision against a neutral
particle. It is also assumed that the external electric field is stationary, and there is no
magnetic field. In this case, Eq. (6.1.1) is written in the form

ofe  fe
. FoFe = Jeou, 6.1.4
e T VLV, el e ea ( )

e

whereF, = ¢E/m,. Solution of (6.1.4) for the energy distribution of electrons is found
using the traditional perturbation method with the help of expansion,

fe(ve) = fo(ve) +Fe - Ve f1(ve) + -+ (6.1.5)

In the case of weak anisotropy, we may restrict our consideration to the first two
terms of energy expansion, and, with the elastic electron collisions alone taken into
account, the set of equation with respecfov) and f1(v) has the form (4.2.6), (4.2.7)

Jo, (6.1.6)

f1+l 3f1_£{23f0 azfo} 1

—v - - -\ —_
3 v, 3|v. v, dv2 F2
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dfo 3f1 32f1 31
Fg { } = _EF]L (6.1.7)

E_E e 0z

In Egs. (6.1.6) and (6.1.7)p, J1 are the collision integrals, which should be pre-
sented in the form conventional for th@Bmann equation (4.2.8), (4.2.9),

T 1
n=t v (R4 220 (619

mqv? v, T, mev, dv,
2 2
Ji==-F,-%f, 6.1.9
1 3 e I fl ( )
(eh ;

wherev,, is the frequency of elastic collisions;is the mean free path of electrons;
and7, = kpT is the gas temperature in energy units. Further transformation of Egs.
(6.1.6) and (6.1.7) makes it possible to derive the equation for the cagg sfconst

lV12|: ]f/// |:2+ 6m, 3me :|
8ma

7
6 10 5 s ax
_[ZJ_ﬂHe( n ’"e_lz_)] _sMe@3 i -0, (6.1.10)
mq

gmy 3
where
. Ve . m.T?F? . fo
Ve = ———, £ = — , fO = -
tF, T, fO(Ue =0)

The next stage of transformation of the generalized Boltzmann equation is the inclu-
sion of real cross sections of elastic and inelastic collisions. The Boltzmann equation
with due regard for inelastic collisions is written in the form (Lukovnikov and Fetisov,
1969)

9
F. fe _J(eD +ZJ<’">+ZJ(’” +JO. (6.1.11)

Here, &, jm. Jl.("), I are the terms of the collision integral, taking into account
elastic collisions between electrons and neutral particles, excitation ofttndevel,
n-fold ionization, and recombination, respectively. We introduce the following notation

for the inelastic part of the collision integral:

JI =Nyl g0 4 D, (6.1.12)
m n

Now, write the generalized Boltzmann equation with due regard for inelastic colli-
sions

af. 32 f, | ,
F, - - :F,F, = J@©) 4 jlineh 6.1.13
e 3Vg Iaveave el e ea + ea ( )
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which is reduced, with the help of Eq. (6.1.5), to the following set of equations:

Ve Ve V2

1
fit 3%, 3 F2°0 +F2 J0D(fo),  (6.1.14)

aifo 3 L[, 01 Pf] . 31 )
R 52 S Ey J
g0, 5 % Tz T 2R

1 afn 1{28]‘0 azfo} 1J<el>

+ 70 ()], (6.1.15)

whereJg andJ1, are defined by Egs. (6.1.8) and (6.1.9), respectively.

We dwell into more detail on the choice of the inelastic part of the collision integral.
We will use the following approximation for the component partyﬁ,?e') (the first
term on the right-hand side allows for electron energy losses in collisions against heavy
particles in direct processes, and the second one for the energy return to electrons upon
collisions of the second kind) (Gal'tseva., 1979; Lebedev and Epstein, 1995):

(m)
v,
I = = o) £ (ve) +v (o) =— £ (o).
e
(n) (n) (n) Uén)
T We) = v (0e) £ (ve) + v (v8) = £ (v7),

Ve
IO = —v, () £ (ve), (6.1.16)
where
v = Nveo ™ (v,), v?") = Nveoi(")(ve);

v, v™ are the velocities of electrons defined by the equations

28(’71) ¢! (”)
vém)Z — vf + me ’ -(11)2 — U + m
e e

(6.1.17)

Here,s™, l.("), oe(’”), ™ are the threshold energies and cross sections ofithe

andnth processes, respectlvely which are defined by the equilibrium between the pri-
mary and secondary electroms- 1. For a weakly ionized plasma, the terii®, 7\ in
the collision integral may be ignored (Karoulina and Lebedev, 1988, 1992; Lukovnikov
and Fetisov, 1969).

We will now turn to the transformation of Eqgs. (6.1.14) and (6.1.15) for the case
T = const It follows from Egs. (6.1.14) and (6.1.15) that

3 20f0
{f a}

=3?{ v3v 53'><Q+ ! afo)} +3v37Me0 £y, (6.1.18)

T, MeVe 0V,
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aifo 3 L[,0N1 ?2f
ave 5TFE {4@"‘7)@8—1)3 :_'Veavef]_, (6119)

wherev,, = v+~

Relations (6.1.18) and (6.1.19) make it possible to exclfidieom the set of equa-
tions, because an explicit representationfgrmay be obtained from Eq. (6.1.18).
It follows directly from Eq. (6.1.18) that

m fo 1 3fo\) afo)
(2} =T i ot (R4 g+ (22
a eve e e

e a

2
’U .
+ 3F—e2 TN (o). (6.1.20)
e

On performing the integration of Eqg. (6.1.20) in a way similar to that used for the
expression for the case of elastic collisions in Alekseev (1995a), we derive

~ 1 9 0
v§f1=3Ta%v3\/(eD<Q+— fo)—i—rvz fo

Zmg ¢ \T, meve v, € v,

1 Ve .
+3 /0 v2J €D ( 10 du,. (6.1.21)

It follows directly from Eq. (6.1.21) that

~ m, y ([ fo 1 dfo T dfo
_ a7, e @(7 L o) T
1 a Fezmave” T, + MeVe OV, + Ve OV,
3 b 2 y(inel)
+ @\/(; U, Jea (f()) dUg. (6122)

We perform double differentiation of Eq. (6.1.22) to derive

i _gr me avéi')<fo+ 1 3fo) T 3fo

dve  “F2mg dve \T, meve 0V, v2 dv,
~ m 19 1 92 1 9 T 92
+3Ta2—ev§,§“<7ﬁ+ ];O— ; f°>+——£°
Frmyg T, 0ve  Meve OV mevs v, Ve OVE
Ve . 3 .
2 y(inel) (inel)
— Feng /(; UV, Jea (fo) dUg + %Jea (fo), (6123)
82f1 _ 3me azvgil)f n 6m, avgib 6?0 avgil) 2t
2 F2m, dv2 0 F2m, dve  F2mgv? dv, 03

6T, e, _3Ta 9%\
F2mav3 ¢ F2mgv, 0v2 ) dv,
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accordingly,

(m)
; ; v
IEE oy = 3V e+ )

e

o

(ve + %) — v (v,) fo(ve) ]

wherev® is the frequency of elastic collisions{™ is the frequency of inelastic
collisions;v? is the threshold of the processandv(”’) is calculated by Eq. (6.1.17).

The resultant equation is considerably simplified if collisions of the second kind are
ignored, and the integral of inelastic collisions is written in the form

]e(lilnel)(fe) - _ Z,vgl?eb fe(ve) = _ (|ne|) fL (U )

On substituting Egs. (6.1.22)—(6.1.24) into (6.1.19), we derive
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In dimensionless form, the equation for the isotropic part of energy distribution of
electrons may be presented in the form

¥ v(el)
f///<1+3 V(eb) + f”<2+6m 9 +3mv y(el) +6— V(el))
Ve
v v - (el
v m el Y .3 v
+ f6<—2— GE’VS) + Gm(ge + ve> 85:

(eh
— v2(5 + §{,(el) + 14v(lnel) _127vE) _ 3’" 32Vea

3 3% 3 Vea ed g 902
e
9 v
+5(e + ““”e')) v )) + fo<12ﬁ153 o
g 0V,
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+ i —o - 37— — (VLS + V) v3m)
V2 Ve
) Ve )
+5(EE +30) [ fodi =0, (6.1.26)
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Note that Eq. (6.1.26) transforms to E®.1.10) if elastic collisions are ignored
@& - 1 anavi"® _ 0, respectively).
The boundary conditions for the solution of Eq. (6.1.26) have the form

fo(te =0)=1, (a{fo) =0, fo(¥, = 00) =0. (6.1.28)
0,=0

0V,

Eq. (6.1.26) was solved by the iterative three-diagonal method of Gauss elimination
technique for the differential second-order equation (see Appendix 4) using a PC i486.
The calculation is time depended on the paramgtgy and was within the limits of
10-30 minutes (Alekseev, Lebedev and Michailov, 1997).

As was pointed out in the introduction, at this stage of the investigation into the
capabilities and prospects of application of the GBE, it is necessary to determine the
ratio of energy distributions of electrons calculated by the GBE and traditional BE. In
the latter case, the algorithm of solution of the BE and computer code were used that
were described in detail in Lebedev and Epstein (1995) and Karoulina and Lebedev
(1988, 1992). The equation was solved for the isotropic part of energy distribution of
electrons obtained from the BE in binomial expansion in spherical harmonics of the
distribution function.
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Note once again that the distribution functions of electrons (DFE) were found for
conditions under which the ettron—electron collisionand collisions of the second
kind may be ignored. Besides the DFE, some moments of the energy distribution are
considered below, such as the average electron eriergiebedev and Epstein, 1995;
Karoulina and Lebedev, 1988, 1992)

g =/ %2 fo(e) de, (6.1.29)
0

electron diffusion coefficientD)

A [ ¢
D=— ¢ dv, 6.1.30
3 )y T fo(v) dv ( )

and the ratio of mobility of electrons (drift velocity) calculated by the GBE to the mo-
bility calculated by the BEucge/use). The electron mobility was defined with due
regard for normalization of the distribution function (6.1.29) and expansion in spherical
harmonics (6.1.5) by the formula

47

e [ 4
pese= = [ it ficon du. (6.1.31)
me Jo

Results are given that were derived within the generalized Boltzmann kinetic theory
(GBE) and Boltzmann kinetic theory (BE), respectively.

Figure 6.1 shows the characteristic form of the electron distribution functions in
hydrogen plasma obtained by the BE (curve 1) and GBE (curve 2). The energy distribu-
tions differ considerably, and, as was pointed out in the introduction, this is indicative of
the fact that the role of additional terms in the GBE is great. It is of interest to compare

JforeV
G.3r
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2 \\I

0.1

0 5 10 15 20 25
g eV

Fig. 6.1. Electron distribution function in energies f6r= 1000°C, p = 1 torr, E = 500 V/m. (1) The
solution of the Boltzmann equation; (2) thew®n of the generalized Boltzmann equation.
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Fig. 6.2. The ratio of the distribution functions to Maxwellian distribution (MDF). (1) The ratio of solution
of the Boltzmann equation to MDF; (2) the ratio ofstion of the generalized Boltzmann equation to MDF.

Table 6.1
(E/N)10'6 Average energy Diffusion coefficient Mobility . x 10~
(V/cm?) (eV) D x 1078 (cné/s) (cm?/(V-s)
GBE BE GBE BE GBE BE
2.07 1.85 1.17 1.67 1.24 1.36 1.46
311 2.88 1.80 2.29 1.59 1.23 1.25
4.14 3.91 2.59 2.97 2.07 1.14 1.15
5.18 4.81 3.27 3.59 2.50 1.13 1.12
6.21 5.56 3.78 4.11 2.84 1.12 1.10
7.25 6.19 4.21 4.56 3.11 1.11 1.09
8.02 6.59 4.48 4.84 3.35 1.10 1.08
9.06 7.05 4.78 5.18 3.55 1.10 1.07
10.10 7.45 5.06 5.46 3.73 1.09 1.07
1110 7.79 5.31 5.69 3.90 1.09 1.06
12.20 8.09 5.54 5.93 4.06 1.09 1.05
13.20 8.35 5.75 6.12 4.20 1.08 1.05
14.20 8.58 5.94 6.29 4.33 1.09 1.04

the shapes of energy distributions. Becauseatberage energies of electrons calculated
by the DFEs using two different methods are different, it is reasonable to perform com-
parison with the help of the function/ f» (fn is the Maxwellian DFE at the same
average electron energy as that definedffly The abscissa is the quantitye rather

than the electron energy. Thus, by comparison, it is possible to exclude from consid-
eration the differences caused by differentmage electron energies. Such curves are
shown in Figure 6.2. Table 6.1 and Figures 6.3 and 6.4 give the dependengjeb of
anducpe/uBe on the parametef /N .

The problemsrelated to the used set of cross sections (see the introduction) apart, and
assuming this set to be model, we can draw the following conclusions. First, for one and
the same value of /N, the quantitieg and D calculated by the GBE are greater than
those calculated using the BE. Second, although the ratfp tuf the Maxwellian DFE
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Fig. 6.3. Dependence di¢ diffusion coefficient on the paramet€y N. (1) The Boltzmann equation; (2) the
generalized Boltzmann equation.
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Fig. 6.4. Dependence of the ratio of electron mobilities on the paramgtr

is similar (Figure 6.2), the difference from the Maxwellian DFE is greater in the region

of low energies and smaller in the region of high energies for the DFE calculated using
the GBE rather than the BE. This means that the rate coefficients of high-threshold
processes are higher in the first case than in the second one, and additional terms in the
GBE resultin an increase of the enesgyred in electron gas per electron.

These results are also indicative of the fact that the calculated values of the mobility
and ionization coefficient are different from the measured ones, and the used set of cross
sections should be changed as applied to the GBE. This should be the main trend of
further studies into numerical solution of the GBE. Other trends include the construction
of algorithms of solution of the GBE for the case of arbitrary dependence of the collision
frequencyv., on the energy (velocity) of electrons, as well as treatment of the behavior
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of electron gas in variable electric fields. Anaytical approach to solution of the latter
problem is developed in Alekseev (1995b).

6.2. Sound propagation studied with the generalized equations of fluid dynamics

The propagation of sound is a classical problem in kinetic and hydrodynamic theories.
Let an infinite plate oscillate in a gas with the frequeady the direction of its normal.

Puta = wt, wherert is the mean time between collisions. For a Boltzmann gas of hard
spheres one has

pt=1IIpu. (6.2.1)

In addition to the static pressupeand dynamic viscosity, the hydrodynamic rela-
tion (6.2.1) contains the paramet@t, which is equal to 0.786 if the distribution func-
tion is expanded in terms of Sonine polynomials, and 0.8 in the first-order (Maxwell)
approximation.

The parametetr may be linked to the Reynolds number analogue

1T
r=—=2 (6.2.2)
a wl
For large enough values of classical hydrodynamics works quite satisfactorily. In
linear acoustics, the attenuation of sound tends to zero-aso, and the velocity of
sound is given by

%Zy%’ (6.2.3)

wherepg is the density of the unperturbed gas and

1_6p
y=x "= Cy (6.2.4)

is the ratio of the heat capacity at constant pressure to that at constant volume.

Complications arise when~ 1 and especially in the limit as— 0. The Euler equa-
tions do not “feel” that the situation has changed and yield a constant velocity of sound
and zero attenuation over the entire range.dfhe Navier—Stokes equation leads to an
entirely unreasonable prediction that the attenuation tends to zero after having reached
a maximum at ~ 1, and that the speed of sound tends to infinity as 0. Therefore
the problem of sound propagation at smalhumbers requires a kinetic theory treat-
ment. Without entering into a detailed discussion of the methods mentioned (see, e.g.,
Cercignani, 1975), it should bealmitted that the situation as a whole is unsatisfactory
in this field.

In particular, the increased number of memhs employed when solving the Boltz-
mann equation by moment methods gives a poorer agreement with experimental data.
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One commonly speaks of the “critical Reynolds numbey, below which it is im-
possible to obtain a plane-wave solution. For each particular type of model or moment
equations there exists a unique numhgr thus revealing the purely mathematical —
rather than physical — nature of the effect observed.

Let us apply the generalized equation$loid dynamics to the propagation of sound
waves in a monatomic gas. In linear acoustics, density and temperature perturbations
are written as

o=po(l+s), (6.2.5)
T =To(1+n), (6.2.6)

respectively, and the solution of the generalized hydrodynamic equations is taken in the
form

s =sexpliot —k'x), (6.2.7)
n=rnexpliot —k'x), (6.2.8)
v=1expiot —k'x), (6.2.9)

with v the hydrodynamic velocity, and the complex wave number.
We now write down the system of non-stationary generalized Euler equations in a
one-dimensional case (cf. (2.7.52)—(2.7.54)):

{230
ot Pt at ot Py

9 9 0 ]|

+ a{pv —r[g(pv)—i- a(pv )+ a“ =0, (6.2.10)
9 5 9, dp
E{pv—r[g(pv)+a(pv)+a]}

J 2 L d 3
— —T7| — — 3 =0, 6.2.11
+ax{pv +p r[at(pv —l—p)—l—ax(pv + pv)“ ( )

3 2 _ 3 2 i 3
at{pv +3p r[at(pv +3p)+ax(,0v +5pv)]}

9 3 d 3

+a{pv +5pv—r[5(pv + 5pv)
9 4 2 P2 _

+ —|{ pv” +8pv°+5— =0. (6.2.12)
0x P

From the equation of state

p=pRT, (6.2.13)
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in which R is the universal gas constant and which is valid for the Maxwellian distrib-
ution function, it follows that

p=pol+s+n). (6.2.14)

On carrying out the linearization, Egs. (6.2.10)—(6.2.12) reduce to

§+§—;_f[2—2+%§<s+m+z%]=o, (6.2.15)
2—1; + @;(s +n) — r[% +2%%(S +n) +3%%:| =0, (6.2.16)
3%@ +n) +5§—z

- 1[3;—;@ +n) + 5%%22@ +2n) + 10%} =0. (6.2.17)

To consider in somewhat more detail the linearization process, we use the continuity
equation (6.2.10) as an example. Let us rewrite it as

p 9 2p 92 5 92
@9 e L 2 7
ar TPV r[az2+ax2(p+p”)+ orox V)
dp 9 dint 0 0 a)aint
Y (2 = —0.
(3t+8x('0v)) ox (8[<pv)+8x(p+pv )> ox ]
(6.2.18)

Because for the one-componenrtithple”) gas of hard spheres

1 [ Tm const
T = = . 6219
V2ro2V 2kgT  n/T ( )
we have

aln 10 10T
t__Z_ -2 (6.2.20)

ot p ot 2T ot

ol 10 10T
nr__2% _ -9 (6.2.21)

ox pox 2T ox

Therefore, in linear acoustics, terms containing derivatives oftontribute nothing to
the first order equations.

Using the representations (6.2.7)—(6.2.9) we now arrive at a system of equations

iws — kv — r|:—w2s + P02 4y 2iwk/v} =0, (6.2.22)
£0



Some applications of the genera Boltzmann physical kinetics 229

v — @k’(s +1n)— r|:—a)2v - 2ia)@k’(s +1)+ 3@k’2v:| =0, (6.2.23)
£0 £0 £0
3iw(s +n) — 5k'v
- |:—3w2(s ) +52%2(s 4 2) — lOiwk’v] =0. (6.2.24)
£0
If the rank of matrix equals the number of equations then the system of homogeneous

algebraic equations (6.2.22)—(6.2.24) has only a trivial solution The requirement that
there be a nonzero solution to this system is that its determinant must be zero:

iw+ w?t —r@k’z —r@k’ —k + 2iwtk’
£0 £0
—@k’—l—Ziwr@k’ —@k’—i—Ziwr@k’ iw+ w?t —37:@k’2 =0
£0 £0 £0 £0 £0
3iw + 3021 — 5t 222 Biw 4 302t — 10e2%2 5K 4 10iwtk’
00 00

giving an algebraic equation of the sixth order in the wave nurkber

3 2

. 5

57:3p—gk’6 — p_g [SIwr2 + 50273 + —1’}/5‘1
Lo Lo 3

5. 2. 1
+ % |:§|w + 2w°T — §|w3r2 — §w4r3}k/2

+iw® + 3wt — 3iw°r? — %2 =0, (6.2.25)
This equation reduces to the dimensionless form

o . A . 6 2. 1 A
3a3x%k® — [3Ia2+3a3+a])(k4+ |:I + ga — gla2 — ga3]k2
3. 9 9 , 9 4
—i4+—a——a“"——a>=0, 6.2.26
+ 5y + 5xa 5Xa 5xa ( )

where we have introduced the dimensionless wave nuihbdr’co/w with the charac-
teristic velocity

o= [p2°. (6.2.27)

£0

The separation of the real from imaginary part in Eq. (6.2.26), according to the equality

~

k=a+ip, (6.2.28)
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now yields the system of equations teand 3:
3a3)(2(a2 — ﬂz) (054 + ﬂ4 — 14052,32) + 1205,3612(0[2 — ﬂz))(

- (3a2 + a)x(a4 + B4 — 6a2ﬂ2) + (a2 - ,82) (ga - éa?’)

2 9 3
—20B8(1-2a?)+ — — —a%=0, 6.2.29
aﬂ( 5a>+5x 5xa ( )

603y 20 (3a* + 36% — 100282) — 3a?x (o’ + p* — 62%42)

—4(3a% +a)xap(a® - B?) + (¢* = B?) (l - éf)

6 1 3 9
- 2up <ga _ §a3) L3 % (6.2.30)

From Eq. (6.2.7) it follows

ool o )erliof )
s=5sexpl —o—x | explio| r — —x )|,
o o
showing that the factar characterizes the attenuation of sound andghatco/c is the
ratio of the classical Eulerian speed of sound to its calculated value.
Let us now consider two asymptotic solutions to Egs. (6.2.29) and (6.2.30).

(1) If a = wr — 0, then in the limiting case = 0 it follows from Egs. (6.2.29) and
(6.2.30) that

k%= —§x‘1. (6.2.31)
5
Using the value
5
== 6.2.32
X=3 ( )

for a monatomic gas (see Eq. (6.2.4)), one is led to the classical Euler limit

K=+Z (6.2.33)
(&0]

The wave numbet’ proves to be imaginary; for the density perturbation, for example,
the solution is written as

s =§exp[iw<t + Cio)} (6.2.34)
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Thus, in the classical Euler description sound is undamped and its velocity remains
constant and equal i@ (cf. Eq. (6.2.27)). In other words, for oscillations travelling in
the positivex direction one obtains

a=0, Bg=1 (6.2.35)
(2) If @ — oo, then it follows from Eq. (6.2.26) that

v« 5., 5., 25
6 Y74 Y72 it
RO— Rt — kP = o2, (6.2.36)

or (see Egs. (6.2.26) and (6.2.30))

5 20 5 25
—x(x2—12y)——x2+—y+—x=—,
324 +10 5 (6.2.37)
oW Ty
where
% —a?=x, a?B?=y. (6.2.38)

From Eqg. (6.2.37), one finds

5 35 25
3,22 Y, Y
X +3x +54x 167 o, (6.2.39)

and the asymptotic solution then follows readily as
o =0.509, B=0.650. (6.2.40)

Figures 6.5 and 6.6 plot the dimensionless velocity of sogndnd the dimension-
less attenuation rate, as calculated by the generalized Euler equations (Alexeev, 1994;
Alekseev, Poddoskin and Mikhailov, 1990), the Navier—Stokes equations, and the gen-
eralized Navier—Stokes equations (Alekseev, 1990a, 1990b), and compares the results
with the experimental data of Greenspan (1956), and Meyer and Sessler (1957).

Detailed generalized Navier—Stokes cddtions are given elsewhere (Alekseev,
1990a, 1990b), they are rather cumbersome and we present here main steps of transfor-
mations. Linearization of the generalized hydrodynamic equations (GHE) with taking
into account (6.2.7)—(6.2.9) lead to following equations:

— continuity equation
. N ~ 9X2 ~
| — yak? —yak?— 2L 344
[ +a— xa ]s + |: xa > a n

k k 8 a? . xa®
—C 42t Sy B4l B lv=0, 6.2.41
+|: Co+ aco 3X0017 + coll ]v ( )
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Fig. 6.5. Comparison of observed (symbols) and calculated (lines) dimensionless velocity oBseugdc

as a function of the Reynolds number analogug, generalized Euler equation; 2, generalized Navier—Stokes

equation; 3, Navier—Stokes equation. Open circles, data by Greenspan; filled circles, data by Meyer and
Sessler.
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Fig. 6.6. Comparison of observed (symbols) and calculated (lines) dimensionless attenuatiorasate

function of the Reynolds number analogeel, generalized Euler equatioi; generalized Navier—Stokes

equation; 3, Navier—Stokes equatidnBumett equation; 5, super-Burhetjuation; 6, moment equations (the
number of moment®’ = 105). Open circles, data by Greenspan; filled circles, data by Meyer and Sessler.

— equation of motion
2 2
A . A A X 213 27X 373 . ~
—xk + 2iayk —xk —9=—a“k°+ —i—=a°k° + 2ixak
[ Xk +Zlay ]s—i—[ X Ha + > Ha + Zixa ]17
A NI G I N S XYY
co 3llco Ilco o Xco X Ilco

3
n §ﬂ;;2]v —o, (6.2.42)
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— energy equation

A . . 15y 45 X
—5xak®+3i+3a 3i— —Lak’+ a’k? + 3a
[-5xak”+ 3i+ ]s+|:l > 7 S5 +

A~ Xz A~ X N
— 10y ak? — 126°—a®Bi* + 15—a3k2:|n
I3 I3

k 2 o 112xa? . .
n [—5— P T Loy ?éiia?’Ak?’ + 10iik}v —0. (6.2.43)
co

co Ilco co
Here
1 1
A
7 2\

ut, 21 — additional coefficients of viscosity and thermal conductivity (5.3.33), (5.3.25),
which are calculated — in comparison to usual coefficients viscpsitpd thermal con-
ductivity A, using the first and second coefficients of Sonine polynomial expansions, for
exampleu® = pby/2.

As aresult, GHE lead to the dispersion equation of the tenth power:

5
x5 2210 1008 - 156 ;. 672,
(10084 8- 1804 a7k + {—Fa AB+5a'A+ 2B
210 ; 66 o 168 40 5 378 90 o 135,
T TRt AT R Bt g At paB ppa = oma

6
v i%[—lOOSABJr 222A+ 672B— 270 }x4k8

384, 336 ; 46 7, 1265 672, 80,
+ 1_[2 A+1_[ B+ +FQA—FCZB——&A
36 5 1375 10 5 95

—a>—

126
3 3 3
a4+ a3+ 154°5 - —=4°B
T e m2" Ten" “ e

+I[—%3a a1 3208p ., B8 192, 4A—@ B

g g m T2 g
_%304A+13;€; 4 2i1_[7a4]}x3126 { 1‘;2 7_?17261514
—£a3—15a3—%a—5a+i|: ]1'_?206 l;O 4A+2752a48

190 4 232, 103, 28, 2 2ra 23 ¢
S S | _£2
+ 172 31711 + 617a Ha S5a° |t x k™ + Ha
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207 5 5 23 I 161, 115, _, )
+2na a 2na+6a+l|: 21'[a + 2na 2a°+ 5|t xk
+{-3a®+9a +i[-9? + 3]} = 0. (6.2.45)

Dispersion equation (6.2.45) has two obvious asymptotic solutions
(@) a — 0 (r > oo, see also (6.2.2)). Eq. (6.2.45) is transforming to (6.2.31)

5xk%?+3=0,
(b) a — oo (r — 0). From Eq. (6.2.45) it can be found:

{336 AB— 60A} x3k® + {—336AB+ 52A+ 224B— 70} x%k*

46) ., 40
+ {—128A+ 128+ — }sz -5 =0 (6.2.46)

The models of hard spherds= 0.9415,B = 0.956 and solution of Eq. (6.2.46) lead to
(compare with (6.2.40))

«=0428, p=0.564. (6.2.47)

Introduction of Lennard—Jones model of particle interaction instead of the hard spheres
model does not lead to significant influence on results of calculations. For example, in
the limit » — O (T = 300 K) calculations lead practically to the same attenuation rate
and tog = 0.55.

We now proceed to discuss the numericalulés obtained from the generalized hy-
drodynamical equations and to make comparisons with available published data. We
will also consider some aspects of the method of moments as applied to the Boltz-
mann equations used in the sound propagation problem. We will base our analysis on
the results of Sirovich and Thurber (1965), presented in Figures 6.7—6.9 with necessary
notational changes.

Figure 6.7 compares the numerically calculated dimensionless velocity of sound
B = co/c and dimensionless attenuation rateas functions of the Reynolds number
analogue for the eight- and eleven-moment models using the interaction potential of
Maxwellian molecules and that of the hard sphere models. Notice that the two models
yield very close results.

Figures 6.8 and 6.9 plot similar data for hard spheres and Maxwellian molecules and
compare them with the experimental data of Greenspan (1956) and Meyer and Sessler
(1957) mononatomic gases. Also shown are Navier—Stokes results and those obtained
by Pekeris, Alterman and Finkelste{h960, 1962) in their unprecedently voluminous
computations using the 105- and 483-moment models.

A comparison of the experimental data with the theoretical results obtained with the
Boltzmann equations suggests what appears at first sight to be a paradoxical conclusion
— the more accurate a theoretical moded Worse its agreement with experiment. We
see indeed that the hard sphere model, of Sirovich and Thurber (1965) works better with
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Fig. 6.7. Comparison of the velocity of sound (a) ahd attenuation rate (b) as calculated from the Boltz-
mann equation for two models: 1 — 11-moment hard sphere model, 2 — 11-moment model of Maxwellian
molecules, 3 — 8-moment hard sphere model, 4 — 8-moment model of Maxwellian molecules.

eight moments than with eleven, and that the 105-moment results of Pekeris, Alterman
and Finkelstein (1960, 1962) are much poorer.

Considering the weak correlation betwetbe molecular interaction model and the
velocity of sound and attenuation rate calculations, the results of the 483-moment com-
putations for the Maxwellian molecules within the range 1 should be viewed as
simply catastrophic. Note that as the number of the moments used increases, the “crit-
ical” numberr decreases (Sirovich and Thurber, 1965), apparently raising hopes for a
better final result.

A similar situation exists with regard to the hydrodynamic results: while the Navier—
Stokes equations are totally invalid fer< 1, “corrected” models (e.g., the Burnett
equation) are even less successful. It barargued that, paradoxically though it may
seem, the best classical theory approach is to employ the Euler equation which, although
yielding zero attenuation and a constant velocity of sound, at least does not involve
divergences or nonphyl “critical” points.

Viewed in the context of the generalized Boltzmann kinetic theory, this effect has a
very clear origin. Let us introduce the Knudsen number as the kAtjoof the mean
free path of hard-sphere particles to the wavelength

1, =215 (6.2.48)
w
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Fig. 6.8. Comparison of observed (symbols) anduialted (lines) velocities of sound (a) and attenuation

rates (b) as calculated from the Boltzmann equmafar the hard sphere model: 1 — 11-moment model, 2 —

8-moment model, 3 — 105-moment model, 4 — Naviéok8s equation. Open circles — data by Greenspan
filled circles data by Meyer and Sessler.

Since in the hard-sphere model

1 5 /mkpT

| = —— e —
Vorno? T 16 Jmo?

(6.2.49)

whereo is the particle diameter, it follows from Egs. (6.2.2) and (6.2.3) that

l 8 1
Khn=—=——-.
lo 5n2ryr

In this case, the ratio of the heat capacities C,,/Cy at constant pressure and con-
stant volume is B3, and using Eqg. (6.2.49) we can recalculate the scale of the Reynolds
number analogue to an equivalent scale of the Knudsen number as shown in Figu-
res 6.7-6.9.

Thus, discrepancies between the experitrand the “revised” theoretical models
based on the Boltzmann equations start to appear for Knudsen numberkaluek.

This is to be expected because the additional terms in the kinetic equation of the gener-

(6.2.50)
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Fig. 6.9. Comparison of observed (symbols) ancwaalted (lines) velocities of sound (a) and attenuation

rates (b) as calculated from the Boltzmann equation for the model of Maxwelhan molecules: 1 — 11-moment

model, 2 — 8-moment model, 3 — 483-moment model, 4avib—Stokes equation. Open circles — data by
Greenspan, filled circles — data by Meyer and Sessler.

alized Boltzmann theory first become comparable in magnitude and then start to domi-
nate the terms on the left-hand side of the Boltzmann equations as the Knudsen number
increases. This means, in particular, that neither the Burnett equations nor, less still,
super-Burnett equations hold promise for higher Knudsen number computations.

The generalized Boltzmann equation penfis much better. The generalized Euler
equations and Navier—Stokes equations give quite satisfactory agreement with the ex-
perimental data over the entire range of Knemlaumbers, including the asymptotic re-
gions. The generalized Navier—Stokes equaifit the experimental points better than
the generalized Euler equations. Another important point about this result is that it is
obtained from the hydrodynamic equations, this raises hopes for a “through” compu-
tation of hydrodynamic flows including shock layers, shock waves, and intermediate
Knudsen numbers, thus eliminating the necessity of coupling the hydrodynamic and
free-molecular solutions.

Coupling problems of this kind are discussed widely in the scientific literature (see,
e.g., Longo, Preziosi and Bellomo, 1992; Bourgat et al., 1992). In the next section we
will see that the generalized hydrodynamiegjuations make it possible to perform
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accurate through computations via the dhw@ve or, in other words, to examine the
structure of the shock wave.

6.3. Shock wave structure examined with the generalized equations of fluid
dynamics

Let us consider the structure of the shock wave in a monatomic gas based on the solu-
tion of the generalized hydrodynamic equatioRise solution of the usual gas-dynamic
equations in this case is given by discontinuous density, velocity, and temperature func-
tions interrelated by the Rankine—Hugoniot equations.

This classical problem of kinetic theory has long since become a kind of a testing
ground for approximate kinetic theories, as well as for methods of solving the Boltz-
mann equation. Note, that although the solution of this problem has also been obtained
with the Navier—Stokes equations, but the conditions for the applicability of the Navier—
Stokes equations (smallwations of hydrodynangiquantities over the molecular mean
free path) are of course not fulfilled — at Mach numbers not too close to unity — and a
qualitative description of the transition layer is the most that seems achievable. In this
case the viscous terms in the Navier—Stokes equations play the same role as the artificial
viscosity terms introduced into the Euler equations in shock wave calculations.

The generalized Euler equations in tl@e-dimensional steady case are (see
Egs. (2.7.52)-(2.7.54))

d d

a(ﬂvo—f(o)a(:@UO‘i‘P)) =0, (6.3.1)
d 2 0) d 3

a PVg + p—T a(pvo + 3pvo) = 0, (632)
d d 2
a(pvg—l—Spvo—r(o)a(pvé+8pv§+5%)) =0. (6.3.3)

Recall that in the hard-sphere modé? p = 0.8y in the first-order approximation
within the framework of the Enskog method.

Egs. (6.3.1)—(6.3.3) in the one-dimensibsieady case are readily integrated once
to yield

d
pvozr(o)a(p—i—pvé) +C1, (6.3.4)
d
p—l—pvg:r(o)a(vo@p—}—pvg)) + C>, (6.3.5)
2 (0) d 2 P2 4
vo(5p + pvg) =T o <8pv0 + 57 + pv()) + Ca. (6.3.6)

To integrate Egs. (6.3.1)—(6.3.3), it iscessary to specify two boundary conditions for
the hydrodynamical velocity, density, and pressure. These are the so-called Hugoniot
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Fig. 6.10. Comparison of observed (experimental gyt Schmidt, 1969) and calculated (lines) dimension-
less shock wave width as a function of the Mach numbgf: 1 — generalized Euler equations, 2 — generalized
Navier—Stokes equations, 3 -aler—Stokes equations.

conditions. The constant;, C2 andC3 for Egs. (6.3.4)—(6.3.6) are determined by the
conditions before the shock wave

(pvo)p = C1, (6.3.7)
(p+pvh)p=Coa, (6.3.8)
[v0(5p + pvh)], = Ca, (6.3.9)

where the subscript “b” refers to the flow before the shock wave.

However, the numerical integration of Egs. (6.3.4)—(6.3.6) is complicated by the ne-
cessity of satisfying the boundary conditions at the opposite ends of the integration re-
gion. A simpler approach in this case is to solve the boundary value problem directly, by
applying the three-diagonal method of Gauss elimination technique for the differential
second-order equation (see Appendix 4).

This is exactly what Polev and the present author did in 1988 (Alekseev and Polev,
1990).

Let us define the width of the shock wave by the relation

Pa— Pb
d=——"—, 6.3.10
(do/dx)max ( )

where the subscript “a” refers to the flow parameters after the shock wave, and
(dp/dx)max corresponds to the maximum value of the density gradient in the shock

wave.
Let us next define the dimensionless shock wave width

L
d=—, 6.3.11
> (6.3.11)
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wherelp is the mean free path in the region before the shock. For the hard-sphere model

m
= ———, 6.3.12
\/zﬂpbaz ( )
or, using Egs. (6.2.3) and (6.2.49),
16 /5 wup
lh=— ——, 6.3.13
b 5V 6r cppop ( )

where is the velocity of sound before the shock as calculated in the Euler approximation.
It is also useful to define the dimensionless density

P — Pb
Pa— Pb

p= (6.3.14)

Figure 6.10 plots the dimensionless shock wave widés a function of the Mach
numberM. The theoretical curves 1, 2, and 3 feputed with the generalized Euler
equations, the generalized Navier—Stokes equations, and the ordinary Navier—Stokes
equations (Alekseev and Polev, 1990; Alexeev and Chikhaoui, 1993), respectively)
are compared to the experimental data of Schmidt (1969). Curves 1 and 2 lie some-
what above the experimental points, the generalized Navier—Stokes calculations giving
a better fit. Notice that the Navier—Stokes results (curve 3) become unsatisfactory for
M > 1.6.

The use of the Grad method also has proved unsatisfactory. Grad himself used the
thirteen-moment approximation to determine the shock wave structure (Grad, 1949).
He found that a solution to this problem does not exist #or> 1.65, and Holway
later established (Holway, 1964) that the Grad series for the distribution function in the
Boltzmann equation diverges fof > 1.85.

It is important to note that our results on shock wave structure were obtained in the
framework of the generalized hydrodynamic equations, leading to the expectation that
these equations may be used effectively in through calculations for arbitrary Mach and
Knudsen numbers.



CHAPTER 7

Numerical Simulation of Vortex Gas Flow Using
the Generalized Euler Equations

7.1. Unsteady flow of a compressible gasin a cavity

To demonstrate the research potential of numerical vortex-flow simulation using the
generalized hydrodynamic equations, we examine the two-dimensional unsteady flow
of a compressible gas. We begin our consideration with calculations of flow in a rectan-
gular cavity and after that the mathematioaddeling of flows in channels of different
forms will be delivered.

We examine the two-dimensional unsteady flow of a compressible gas in a cavity
(Alexeev and Mikhailov, 1999; Fedoseyev and Alexeev, 1998a). The problem to be
solved is the following. Consider a flow over a flat surface and suppose there suddenly
appears — as a result of some mechanicabagcfor example — a certain cavity of square
cross section, whose length is much longer than the side of the square (Figure 7.1). Itis
assumed that at some instant of time gas suddenly starts to move along the s8gment
of the axisx with the velocityV; which is subsequently maintained constant.

The system of the generalized Euler equations for a two-dimensional, unsteady and
nonisothermic flow of compressible gas is written in the following way:

o Vs L

y

Fig. 7.1. Unsteady flow of compressible gas in a cavity.

241
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ay
3 3 9, 5 0 ap
g{pu—f[g(puHa(pu )+ 5(puv)£]}

9 2_ |9 2y, 30 K
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+ _8y (,ou v) + 2_8y (pv)] } + _8y {puv — T|:_3t (puv) + P (,ou v)
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3 3 3 d, 5 0p
5{pv—r[§(pv)+£(puv)+5(pv )5”

+ i puUv — T 3(,ouv) + i(pv) + i(,ouzv) + i(/ouvz)
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i 2 _ 3 2 i i 3
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3 3
+ a(puvz) +2£(pu)i|} =0, (7.1.3)

0 0 0
E{pvo +3p— r[g(pvg +3p) + a(u(pv% +5p))

d d d
(oo + 5,7))“ T a{u(pvg 5p) - f[a(u(pvg 1 50))
+ i (uzpvz + pv2 + 7pu2 + 5p_2) + i(uv/ovz + 7puv)

ox 0 0 P dy 0

a a
v(pv3 +5p) — T [5(1)(/01)% +5p)) + a(puvv% + 7puv)

P 2
+ —(vzpv§+pv§+7pv2+5%)“ =0. (7.1.4)
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Here, mean time between collision is equal

ITu
T=—"),
p
where the factofT allows for the model of interaction of gas particles. In the so-called
“elementary” kiretic theory,IT = 1; v3 = u? + v2, andvy is the hydrodynamical flow

velocity with components andv.
The system of generalized equations (7.1.1)—(7.1.4) was made dimensionless by the

use of dimensionless variablgs= p/peo, p = p/pPoo, h =u/Vs, D =v/Vy, andf =
tVy/L.

a (. AEUCp 8 .. 8 ..
=P —N=——| =+ = (pu) + —(pv)
p of  0Xx ay

~n 9 ano 0 ann ap
= — — Eu—
(pi) + 7= (pi) + 8y(puv) + ax]}

Re

a2 P11 _

%) + Eu—A“ =0, (7.1.5)
y

AA a AnD 8 A A 3p
= = = = Eu—
p t(pu)—f- % (pi®) + ay(,ouv)—i— E)x“
9 o AEUIl 9 . an 9 ..
+ —{Eup + pi® — 1~ ——| —(Eup + pir) + 3Eu— (pit)
e [or 0x
61D H,&Eu‘l ! (pitd) + ! (MZA)+EUa (pi)
0t — I ———| = (pid) + — (pit“0 — (pil
P B 2’ 07 P ay P
(,61202)]} =0, (7.1.6)
d D D p
—— | = (0V) + — (puv) + —(pv°) + Eu—
[at(p )+ = (pitd) ay(p ) ]}

e a

A

]
A u=lo ... 0 0 aaon
{puv—H%—[a—f(puv)—i-Euﬁ(pv)—i—ﬁ(puzv)
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o Eul

0, .. . [ .
5 Re [a—f(pvg + 3Eup) + g(u(pvg + 5Eup))

o an . LEUTY L .
(505 + 5EUp) — H%R—e[g(u(pvg + 5EUp))

~2
(ﬁzﬁﬁg + Eupt2 + 7TEupa? + 5Eup7)
P

(ﬁﬁﬁﬁéJr?Euﬁﬁﬁ)”

Ewl[a

0(p95 + BEUp) — IT = af(ﬁ(ﬁﬁg +5EUp))

SHES

(piddg + TEUpiLD)
ﬁZ

+ — (025ﬁ§+Euﬁa§+7Euﬁﬁ2+5Eu27)]} =0. (7.1.8)
o)

The effect of the force of gravity is neglected, so that there are two similarity criteria
in the picture:Eu= poo/(poovf) andRe= LV;px /i, Where ¥ is the velocity of
the external flow. The paramet&r corresponds to the first-order approximation in the
hard-sphere model7 = 0.8.

These systems of dimensional hydrodynamic equations (7.1.1)—(7.1.4) and corre-
sponding dimensionless equations (7.1.5), (7.1.6) will be applied in following two-
dimensional flow calculations in this chapter. The difference consists mainly in geome-
try of flow boundaries and boundary conditions.

The initial conditiongr = 0) are as follows

P = Poos D = Pocs v=0,
u=V; fory=0, u=0 fory>0,
0 0 a 0
u_o 0 _g e _g g
ot ot ot ot

The boundary conditions to be satisfied are

u(x,0) =V, v(x,0)=0,
u(x,L)y=0, wv(x,L)=0 forxelO,L],
u(0,y)=0,  v(0,y)=0,

u(L,y)=0, v(L,y)=0 forye]O,L],

9 d
(_'01 =0, (_pw =0 foryel0,L],
ax x=0 dx x=L
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0 forxelO, L],
0 foryelO, L],
0 forxe[O,L].

P mna
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0.20,

(c)
6.24 andEu= 2.33 for the moments of time: (&)

(b) r =0.50, (c)¢ = 1.40. The calculations are performed by the GHE.

Fig. 7.2. A flow of gas in the space &e
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These boundary conditions imply that théseno slip, no leakage of compressible
gas through the wall, and no heat transfer at the cavity wall — a good enough model to
demonstrate the potential of the generalized hydrodynamical equations. The computa-
tions performed covered a wide range of Reynolds numbers. Many calculated results,
including those for other types of flow (along a heated cylinder and over a step) may
be found elsewhere (Fedoseyev and Alexeev, 1998a, 1998b), and in what follows only
some characteristic results will be given.

Along with the program described above, calculations using the generalized Euler
equations and the Navier—Stokes equations were carried out simultaneously. While the
cavity flowfield solutions obtained by the different approaches are qualitatively different
for the drastically unsteady regime, they start getting closer for sufficiently long times.
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Fig. 7.3. A flow of gas in the space &e= 3650 and Eu= 1.0 for the moments of time: (a)= 2.0,
(b) f =5.0, (c)f = 30.0. The calculations are performed by the GHE.
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Increasing the Reynolds number increases the difference between the flowfield patterns
obtained from the generalized Euler equations and the Navier—Stokes equations.
Figure 7.2 illustrates the development of vortex flow wiRe= 6.24, Eu =
2.33, Kn = 0.13, and the Mach numbe¥/ = 0.51 for the moments of timé
0.20,0.50,1.40, respectively. The vortex thairims under these conditions correspond-
ing to the intermediate range of the Knudsen numbers values evolves from the left
corner of the space towards the center atays above the middle of the space. The
arrows in Figures 7.2—7.4 and subsequent figures indicate only the direction of the flow,
and the arrow length does not dependtom magnitude of velocity vector.
Figures 7.3 and 7.4 correspond to the flow mode VRé= 365, Eu= 1, Kn =
0.00343, andM = 0.775. Figure 7.3 corresponds to calculations by the generalized
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Fig. 7.5. The profiles of longitudinal and transverse velocitRet 3650 and Eu= 1.0 in the quasi-steady
mode. Curves 1 and 2 correspond to the GHE and NS equations, respectively.

hydrodynamic equations (GHE), and Figure 7.4 to calculations by the Navier—Stokes
equations (NS) for the same moments of time, namelyt fer2.0, 5.0, 30.0, which
enables one to identify the differences in the behavior of flow during transition to the
guasi-steady mode. In the essentially unsteady region, the patterns of flow differ con-
siderably. However, for the moments of time- 5.0 a convergence of the qualitative
patterns of flow begins. A “central” eddy ditwo bottom secondary eddies form, and,
at? = 30.0, the flow patterns become very similar from the qualitative standpoint. How-
ever, in the quasi-steady mode, the profiles of longitudinal and transverse velocities dif-
fer as well, as is illustrated by Figure 7.5, in which the curves 1 are derived by solving
the GHE, and the curves 2 by solving NS equations.

As the Reynolds number increases, the flow pattern for the hydrodynamic GHE and
NS models in the transition mode become ever more different.

Results forRe= 3200,Eu= 1.0, Kn = 0.0003915, and¥ = 0.775 at (dimension-
less) instants of timé = 4.0, 9.5, and 230.0 are shown in Figures 7.6 and 7.7 for the
generalized Euler equations and the Navier—Stokes equations, respectively. Notice that
the concept of a quasi-stationary regime becomes rather vague in this case.

Figure 7.8 shows the position of the center of the central vortex at large times.
Points 1-11 were calculated from the generalized hydrodynamical equations for the di-
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Fig. 7.6. Gas flow in a cavity at times: (&= 4.9, (b)7 = 9.5, and (c)f = 2300. Calculations are made using
the generalized Euler equations fee= 3200,Eu= 1.0.

mensionless instants of time= 2010, 2020, 2035, 2040, 2050, 2058, 2070, 2080,
2090, 2100, and 211.5. It turns out that the vortex center performs a rotational motion.

The lid-driven flow in a rectangular cavity has been used extensively as a test bed for
computational schemes. From experimental point of view this type of flow belongs to
so-called “benchmark experiments” providing relevant date base for numerical model-
ers. Moreover, an experimental program was beginning as a result of large differences
in data obtained by various schemes.

It is a well-known fact that two-dimensional Navier—Stokes calculations for an in-
compressible isothermal fluid (water) fdret central cross section of a cavity correlate
very poorly with experimental data (Kozeff and Street, 1984a, 1984b, 1984c) even if
the length of the cavity is much larger than its width. Nor do three-dimensional Navier—
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Fig. 7.7. Gas flow in a cavity at times: (&= 4.0, (b)7 = 9.5, and (c)f = 2300. Calculations are made using
the Navier—Stokes equations fee= 3200,Eu=1.0.

Stokes calculations improve the picture (Arnal et al., 1992; Verstappen and Veldman,
1996). It has been found that three-dimensional Navier—Stokes calculated results ob-
tained on coarser meshes may agree bettth experimental data than do formally
more accurate solutions (Arnal et al., 1992).

Detailed experiments had been carried by J. Koseff and R. Street with lid-driven
cavities (Kozeff and Street, 1984a, 1984b, 1984te central component of their ex-
perimental facility is a rectangular cavity of a width of 150 mm in the direction of
lid motion, a maximum vertical depth of 925 mm and a span of 450 mm transverse
to the direction of lid motion. The qualitative positions (found in experiments in the
symmetry plane) of upper secondary eddy, primary eddy, upstream secondary eddy, and
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Fig. 7.8. Position of the center of the central vortexaiiee to the center of the cavity) for instants of
time7 =2010, 2020, 2035, 2040, 2050, 205.8, 2070, 2080, 2090, 2100, and 211.5 (points 1-11, respec-
tively). Calculations were made usingetgeneralized hydrodynamical equationsRe= 3200,Eu= 1.0.

downstream secondary eddy correspond to GHE calculations for rather high Reynolds
numbers. In the Koseff and Street experiments the visualization method was used for
water flows in the range of Reynolds numbers from 1000 to 10 000. In particular, they
studied the following aspects of the flow in a square cavity: (1) the presence of turbu-
lence in the flow; (2) the three-dimensionality of the flow and associated flow struc-
tures; (3) the size of the downstream secondary eddy as a function of Reynolds number;
(4) the formation of Taylor-type instabilitleduring the first 30 seconds or so after the

lid is started.

Velocity measurements were made for Reynolds numbers of 3200 and 10 000 on two
vertical planes. These planes were thmgyetry plane, a plane parallel to it, and one
17.5 mm from the end-wall (Kozeff and Street, 1984b).

Unfortunately, we have no experimental results on the situation we are considering
—i.e., gas flow in a cavity — and as to the comparison of experimental and theoreti-
cal flow data for a gas and a liquid (even at the sdag this requires great caution.
Nevertheless, the calculat&kdependence of the ratio of the size of the bottom near-
wall vortex D3 (downstream secondary eddy) to the cavity widtl{see Figure 7.9)
is in general agreement with experiment (Kozeff and Street, 1984a, 1984b, 1984c).
Interestingly, because of the growimgcillations of hydrodynamical quantities, it is
found that even in the quasi-stationargirae fluctuations in the position of the vor-
tex, D3/L, increase in magnitude. As seen in Figure 7.9, the region of fluctuations is
represented by an expanding band, which shows a transition to fully developed turbu-
lence.
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Fig. 7.9. Relative sizeD3/L of the bottom vortex plotted versus Reynolds numRerffor Eu= 1.0. Solid
lines represent theoretical results.
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Fig. 7.10. Oscillations of the absolute value of velodigyat the point(x = 0.13,y = 0.87) over a period of
f = 0.6 in the near “quasi-stationary” flow regime fRe= 3200,Eu= 1.0. Zero timefy = 1850.

Figure 7.10 demonstrates oscillations in the absolute magnitude of the dimensionless
velocity 9 at the point(x = 0.13,% = 0.87) over a dimensionless time period= 0.6
for Re= 3200. Note the irregular nature tife oscillations. Thus, already Re= 3200
the flow starts to exhibit typical features of a turbulent regime.

Figures 7.11 and 7.12 contain comparison of horizontal and vertical velocity profiles
for numerical and experimental results (2D and 3D variants for symmetry pRaae),
3200,Re= 10000 correspondingly for the GHE and Navier-Stokes models and also
for known k—¢ turbulence model. All results ohined by the finite element method
for GHE are modified for description of liquid media (Fedoseyev and Alexeev, 1998a,
1998b).

Details of numerical schemes applied for GHE solution are discussed below. Note
that the use of the generalized hydrodynamical equations with viscous terms makes
it possible to construct the extremely effective difference schemes, thus making these
equations even more attractive.
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Fig. 7.11. Comparison of horizontal velocity profilek-4) for numerical (solid and dashed lines) and ex-

perimental (squares) results, and vertical velocityfifgs (5—8) for numerical (solid and dashed lines) and

experimental (triangles) resul®e= 3200: 1 — NS, 2 «k— model, 3 - GHE (2D), 4 — GHE (3D), 5— GHE
(3D), 6 — GHE (2D), 7 —¢ model, 8 — NS.
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Fig. 7.12. Comparison of horizontal velocity profiles-8) for numerical (dashed lines) and experimental
(squares) results, and vertical velocity profiles (4—6famerical (dashed lines) and experimental (triangles)
results,Re= 10*: 1 — NS, 2 <—¢ model, 3 — GHE (2D), 4 — GHE (2D), 5k— model, 6 — NS.
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7.2. Application of the generalized hydrodynamic equations: to the investigation
of gasflowsin channelswith a step

In this section generalized hydrodynamic equations, which include explicitly the Kol-
mogorov fluctuations of hydrodyn@c quantities, are used for mathematical simulation

of vortex gas flows. The calculations are performed in the range of Reynolds number
values from 64 to 10000 for two-dimensional unsteady nonisothermal flow of com-
pressible gas in a channel with a step.

Turbulent flows of gases and liquids have been the subject of intensive study for
well over a hundred years, which explains the large number of possible applications.
Considering here backward-facing step flamira/estigated above, the lid-driven flow in
a rectangular cavity has been used extensively as a test bed for computational schemes.
This type of flow also belongs to a set of benchmarks providing relevant date base for
numerical modelers.

We will treat the problem in the following formulation. Let a steady flow of gasin a
flat channel be initially accompanied by a momentary dip in the bottom that transforms
the flow into an unsteady, generally speaking, turbulent, flow in a channel with a step.
For the purposes of mathematical simulation, use is made of the geometry of a flat
channel with a square step, as shown in Figure 7.13.

The flow on the left in the narrow channel zone exhibits the behavior of Poiseuille
flow and has a parabolic velocity profile. We will demonstrate that generalized hydro-
dynamic equations, derived using the libgdMaxwellian approximation (generalized
Euler’s equations, GEUE), lead to Poiseuille flow in standard assumptions: (a) the flow
is one-dimensional and steady; (b) the dengity const (c) the hydrodynamic velocity
depends ory alone,vg = vg, (y); (d) the static pressure dependsxoalone,p = p(x).

We will first turn to the continuity equation, which is written as

9 92
—ovo—1| Ap + —: =0. 7.2.1
PPAL r( Pt oo vavO) ( )

In the foregoing assumptions, Eq. (7.2.1) is satisfied identically. Indeed, the first and
third terms of the left-hand part of Eq. (7.2.1) tend to zero by virtue of the conditions
(a)—(c), and the equation

Ap=0 (7.2.2)
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Fig. 7.13. Schematic of the region being investigated.
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reduces in this case to the condition

(o5}

2
p
_2:0’

X

(o5

which leads to the equality

op = const (7.2.3)

0x

which is one of the conditions of realization of Poiseuille flow.
We will now treat the generalized equation of motion in a projection onta thgis.
In view of the conditions (a)—(c) and Eq. (7.2.3), we find from Eq. (7.1.2),

op ©0) 3%u
= - 7.2.4
ox tr dy2 ( )

However, in view of relation = ITx/p, we derive the known Poiseuille relation

ap 9%u

in which the factorlT allows for the model of interaction of gas particles. The inte-
gration of Eq. (7.2.5) simultaneously with (7.2.3) yields a parabolic velocity profile.
Consequently, the GHE under the above-forated conditions leads to a parabolic ve-
locity profile which is adopted as the boumgaondition for the equation of motion on
the left-hand boundary of the calculation region.

We will introduce the characteristic quities of flow that are used in what follows
as scales in reducing the GEE to the dimensionless form: poo, Voo, aNdus de-
note the density, static pressure, velocity, and dynamic viscosity at the channel inlet;
the scale of lengtth is the channel width at the outlet; and the time scale has the form
of h/vs. The similarity criteria, i.e., the Reynolds and Euler numbers, are written as
Re= poovoch/lhoo ANAEU= pso/(psev2,). The force of gravity is neglected, so that
there are two similarity criteria in the picture. The dimensionless quantities are further
marked by the sign ~ above the respective symbol. We will conventionally divide the
flow region into two, “top” and “bottom”, parts that are shown in Figure 7.13 at | and I,
respectively; this is necessary solely for eenience of description of the initial condi-
tions and calculation results. We will furtheestribe other geometric characteristics of
the calculation region, shown in Figure 7.13, namélythe length of the region being
investigateds, the height of the backward-facing step (in the given concrete conditions,
a = h/2); 1, the front section of the region being investigated (flow inlet section); 6, the
rear section of the region being investigat(flow outlet section); 2, the step plane;
3, the top plane; 4, the bottom plane; and 5, the vertical wall of the step.

It is assumed that a steady laminar flow with the velocity profile in the form of a
Poiseuille parabola exists in region | at the initial moment of time, while in region Il
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Table 7.1
Initial values of flow parameters in region |

Velocities and their derivatives Pressure and density and their derivatives
P n ou A ap

t=0 = '), — =0 t=0 :1, — =0
u )=7o (3t >i=0 m ) <3t )f—o

R 90 . 3p
9(f=0)=0, <_'f> =0 pt=0=1, (—f) =0

9 /-0 ot /-0

Table 7.2

Initial values of flow parameters in region Il

Velocities and their derivatives Pressure and density and their derivatives
4G=0)=0, (%) =0 pE=0)=1, <8{’) =0

a1 Ji—o ot Ji—o
(f=0)=0, <8—U> =0 pi=0) =1, (8—p> =0

9t /=0 ot Ji—o

the flow is absent (in other words, the flow velocity is zero). The results of further cal-
culations readily transform to the model of flow of liquid (water) in a channel; in so
doing, it is possible to omit the energy equation and assume the liquid to be incom-
pressible.

The systems of dimensional hydrodynamic equations (7.1.1)—(7.1.4) and cor-
responding dimensionless equations (7.1.5)—(7.1.8) are applied in following two-
dimensional flow calculations. The difference with Section 7.1 consists mainly in geom-
etry of flow boundaries and boundary condiits. We begin with initial conditions con-
tained in Tables 7.1 and 7.2.

In Table 7.1,f () = k152 + k23 + k3 and the coefficients; (i =1, ..., 3) are found
from the conditions

f(0) =0,
%f(h—a):l, (7.2.6)
f(h—a)=0.

The boundary values of flow in the calculation region must be treated in application
to each geometric element. Although the flogioa is not too complex, for convenience
in calculations we will writeout the boundary conditions on eaglrface (Figure 7.13).

The boundary conditions specified in Tabl& €all for further comment. They cor-
respond to the conditions of no-slip on thalivand non-percolation, and the wall is
assumed to be absolutely heat-resistant. For plane 1, the conditions are preassigned at
a distance of @ from the step. This distance may be varied with a view to eliminating
the nonphysical reactivefect of flow behind the step on the initial flow in the narrow
zone of the channel.
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Boundary conditions
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For section 1 For plane 2 For plane 3
x=0 y=h—a y=0
i“®=rQ i(x)=0 i(x)=0
(=0 H(x)=0 H(x)=0
25 o A o A
TP o o o
ax2 ay ay
3_)0 =0 0_/3 =0 d—{) =0
ox ay ay
For plane 4 For plane 5 For section 6
_y:h x=23a x=1L
a:
i(x)=0 u(y)=0 —'f =0
X
82
2(x)=0 (y)=0 —lj:O
ax
~ ~ 22
¥ _o ¥ _o 0P o
0y X 952
3—’f =0 ‘)—‘f =0 % _y
oy 0x 0x

At sections 1 and 6, the so-called “softoundary conditions are written relative
to the averaged (rather than true) hydrodypimquantities. Such conditions proved to
be very effective in the case of numericatization and eliminated the reactive effect
upstream due to the numerical effect of cutting off the region.

The calculations (Alexeev and Mikhailov, 2001) were performed using an explicit
difference scheme of the first order of accuracy with respect to time and of the second
order of accuracy on the coordinates with dans dimensionless steps with respect to
time and coordinates. The properties of generalized hydrodynamic equations are such
that they enable one to realize stable numerical calculations in a wide range of Reynolds
number values from units to tens of thousands. In calculations within this problem, the
evolution of flow was studied for the values BE from 64 to 10000 andu = 1.0.
Special attention was given to the valuesR#of 1000 to 3200 as transition values
between the laminar and turbulent modes of flow.

Table 7.4 gives the values of steps of the computational mesh and of the geometrical
parameters involved in the calculations. Calculations with a smaller spatial step of the
mesh failed to reveal substantial changes in the topology of flow in the treated range of
Reynolds number values. The similarity criteria, i.e., the Knudsen and Mach numbers,
may be represented in termsR&andEu using the average velocity of molecules for a
Maxwellian distribution,

/8 1
Kn=11,/— , 7.2.7
7 ReVEU (7.2.7)
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Table 7.4
Values of the parameters involved in the calculations

Re= 64 Re= 365 Re= 10000
Af=10x10"% Af=10x 103 Af=10x 1074
Ax = Ay =0.0333 Ax = Ay =0.0333 Ax = Ay =0.0333
h=10 h=10 h=10
L=120 L=120 L=150

Re= 1000 Re= 3200

Af=10x10"3 Af=10x 104

A% = A$=0.0333 A% = A$=0.0333

h=10 h=10

L=120 L =150

Table 7.5

Parameters of mathematical simulation

Re= 64, Kn=1995x 10-2, Eu=1.0, M =0.7747
Re=1000, Kn=1277x 1073, Eu=10, M =0.7747
Re= 10000, Kn=1.277x 1074, Eu=1.0, M =0.7747
Re=365  Kn=23.498x 103, Eu=1.0, M =0.7747
Re=3200, Kn=3.989x 1073, Eu=1.0, M =0.7747

8y M
Kn=1r, ——, 7.2.8
7 Re ( )

wherey is the heat capacity ratig, = C,/Cy. The respective rescaling of parameters
is given in Table 7.5.

Demonstrations of the calculation results using “snapshots” of the flow cannot fully
describe its behavior in the calculation region. This is due to the fact that the parameters
of a flow of liquid, even if it is laminar, do not remain unvaried in time at every point.
We will treat in more detail one of the options of calculation of flow, namely, that with
Re=1000.

It follows from Figure 7.14Re= 1000 and = 10) that regiorV is some vortex for-
mation that develops fairly actively with time. Such vortexes arise both during evolution
of the region of return flow indicated in Figure 7.14 by the symPdh detailed view of
return flow is given in Figure 7.15) and during stagnation of flow in the vicinity of the
bottom wall. In viewing successively the entire pattern of flow in time, one can clearly
see how independent and fairly intense vortexes (a detailed view of virisgiven
in Figure 7.16), swirling clockwise, originate and start moving along the flow to the
outlet behind section 6 (see Figure 7.13). The transverse dimensions of vdrtexes
not constant and amount to 0.20-0.30 of the flow region heiglihe extended form
of vortexV in Figure 7.14 does not correspond to the actual pattern; it is defined by the
scale difference along th@x and Oy axes. The evolution of bottom vortexes strongly
resembles the soliton behavior, except for the fact that they are vortexes proper rather
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Fig. 7.14. A general view of the flow &e= 1000 at the moment of time= 10 (for better illustration, the
scale equality of the coordinates is not observed).
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Fig. 7.15. A detailed view of return flow behind the st&e& 1000,7 = 10).
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Fig. 7.16. A detailed view of vorte¥ for Re= 1000 and’ = 10.
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Fig. 7.18. A general view of flow aRe= 1000 at the moment of timé= 110 (for better illustration, the
scale equality of the coordinates is not observed).
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Fig. 7.19. A detailed view of wall vortef at Re= 1000 and = 110.
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Fig. 7.20. A general view of flow aRe= 1000 at the moment of timeé> 140; the scale equality of the
coordinates is not observed.
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L

Fig. 7.21. A diagrammatic view of the puiof flow attachment behind the step.

than single waves. In their motion, vortex#s'push out” the vortex formations shown

in Figure 7.14 adV (a detailed view o is given in Figure 7.17) from the calculation
region to take their place and later move beyond the calculation region. Owing to the
special boundary conditions at the flow sectidalfle 7.3, section 6), the vortex forma-
tions are not “reflected” but “pass” unobstructed to the non-calculation region behind
the section. The motion of bottom vortexes downstream may lead to additional erosion
of the channel bottom.

However, in passing the calculation region, vortéxin addition to pushing out the
vortex formations, introduces some disturbance of its own. This disturbance promotes
the formation of wall vortexes on the top plane of the flow region (3 in Figure 7.13)
that also move along the flow towards section 6 and exist until the moment the flow
reaches the quasi-stationary state. Itis well seen in Figure R&8 (000 and = 110),
namely, regionS (a more detailed view of regiof is given in Figure 7.19), while
vortexes of the/ -type degenerate, become smaller, and finally disappear.

At Re= 1000, in contrast to higher valuesi®g the flow reaches the quasi-stationary
state (Figure 7.20) in which no further intense origination of vortexes is observed either
on the bottom boundary of flow behind the step (4 in Figure 7.13) or on the top boundary
(3in Figure 7.13). One can clearly see the characteristic point of flow attachment behind
the step.

For a more correct representation of tttearacteristic point of flow attachment to
the bottom wall, we will treat a schematic, but properly scaled, Figure 7.21 in which,
according to Figure 7.13; is the height of the slolg is the height of the stef, is
the total length of the calculation region, ang is the position of the point of flow
attachment.
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Fig. 7.22. A general view of flow aRe= 3200 at the moment of time= 50; the scale equality of the
coordinates is not observed.
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Fig. 7.24. A general view of flow aRe= 10000 at the moment of time= 50; the scale equality of the
coordinates is not observed.

The flow in a channel with a step was investigated by numerous researches (see,
e.g., Eaton, 1981). Moreover, this type of flow is included in the system of benchmark
experiments or test experiments aimed at estimating the quality of numerical algorithms.
Note that the flow topology and the position of the point of flow attachment are in good
agreement with the experimental data. The position,0 usually located within five
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Fig. 7.25. The distribution of pressureRé&= 1000 along the line§ = constfor different moments of time:
(@3=0.1,()y=05,()y=09;1-f=20,2—-f=30,3-f=40,4-f=50,5-f =60, 6 -7 = 70,
7-7f=80,8-7=90,9 -7 =100.
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Fig. 7.26. The distribution of pressureRé&= 3200 along the lines = constfor different moments of time:
(@)$=0.1, (b)$=0.2, (c)$ =05, (d)$=0.9;1-F=10, 2 -F =15, 3-F =20, 4 -f = 25, 5 - = 30,
6-7=35,7-f=40,8-=45 97 =50.

to eight times the step height but the position of this pat depends strongly on both
the flow parameters and the singitias of the experimental setup.

We will point out yet another, not physical but numerical, effect that is observed in
the case of insufficient length of calculation region, namely, the existence of a strong
dependence of the valus, on the relative lengtlL/k of the calculation region. This
dependence ceased to have an effect when #atib in our calculations exceeded
ten. Table 7.6 gives values af, for different values oRe obtained in the calcula-
tions.

Given for illustration in Figures 7.22—7.24 are patterns of flows for other values of
Re in addition to the cas®e= 1000 that has already been discussed in detail. Note
the absence from Figure 7.22 of the clearly defined region of return flow behind the
step. This regioP* is a turbulized region of return flow with an unstable structure. The
region shown a in Figure 7.22 is nothing but a turbulized structure moving (similarly
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Fig. 7.26. (Continued).

Table 7.6
Values of the coordinate of the point of flow attachment fer< 3200, the values of, are given for the
flow that reached the quasi-stationary state)

1 Re= 64 xp=5

2 Re= 365 xp=7

3 Re= 1000 xp =10

4 Re= 3200 xp =5-12 indeterminacy due to instability of the point of flow attachment
5 Re=10000 xp indeterminacy due to strong turbulization of the flow

to regionV in Figure 7.14) along the flow. Note further regi@éh which is a “spot”

of small-scale turbulence shown in more detail in Figure 7.23. Also of interest is the
representation of the general view of the flowRat= 10 000. Figure 7.24 illustrates the
respective flow. Also marked in Figure 7.24 are regions analogous with those of the flow
shown in Figure 7.22; however, the absence of rediadoes not mean that this region
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does not arise with the given value of Reynolds number: the process of its origination
and evolution occurs at subsequent moments of time. We do not illustrate the flows for
Re< 1000. The flow topology in this case becomes simpler and less interesting. After
a short time of relaxation, such flows repeat in general terms the flow pattern given in
Figure 7.20.

Mathematical simulation enables one to obtain very extensive information about the
hydrodynamic parameters of flow that may hardly be represented graphically to any de-
gree of detail. Figures 7.25 and 7.26 give only the space and time evolution of pressure
in a channel. We do not believe it necessary to provide the data of mathematical sim-
ulation, based on the Navier—Stokes equations. The appropriate comparison and com-
ments may be found for another flow topology in Alexeev and Mikhailov (1999) and
Fedoseyev and Alexeev (1998a, 1998b).

Note that the generalized hydrodynamic equations represent an effective tool for
solving problems in hydrodynamics and gas dynamics.

7.3. Vortex and turbulent flow of viscous gasin channel with flat plate

We will treat the problem in the following formulation. Let an initially steady-state flow

of gas in a flat channel be accompaniedamg part of the channel by a momentary
separation of flow that transforms the flow into an unsteady-state, generally speaking,
turbulent flow. For the purposes of mathematical simulation, we use the geometry of a
flat channel with a rectangular plate of finite length, as shown in Figure 7.27.

On the left (in a wide zone of the channel before the plate), the flow exhibits a
Poiseuille pattern and has a parabolic velocity profile. It was demonstrated in the previ-
ous Section 7.2, that the generalized hydrodynamic equations — derived with the help of
locally Maxwellian distribution function (generalized Euler equations, GEUE) — lead to
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Fig. 7.27. (a) The flow scheme and (b) the systencardinates, surfaces are shown on which boundary
conditions are preassigned (the broken line corresponds to a flow past a semi-infinite plane).
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Poiseuille flow with standard assumptions: (a) the flow is one-dimensional and steady-
state; (b) the density = const (c) the hydrodynamic velocity depends onalone,
vo = vox (¥); (d) the static pressure dependsxoalone,p = p(x).

Generalized Euler equations (GEUE) under tonditions formulated above lead to
a parabolic velocity profile, which isdmpted as the boundary condition for the equation
of motion on the left-hand boundary of the calculation region.

We will introduce the characteristic quities of flow that are used in what follows
as the scales in reducing the GEUES to a dimensionless fatmMp oo, Voso = Uoco, and
oo denote the density, static pressure, velocity, and dynamic viscosity at the channel
inlet. The channel width at the inlet is used as the scale of lebg#nd the time scale
has the formD/u,. The similarity criteria, i.e., the Reynolds and Euler numbers, are
written asRe= pooltoo D/t aNdEU= poo/(poovgo) The dimensionless quantities are
further marked by the sign ™ above the respective symbol.

The geometric characteristics of the calculation region are given in Figure 7.27,
namely, D, the width of the region (channel) being investigatédthe length of the
plate in the channellL4, the distance from the front section to the beginning of the
plate; b, the distance from the top boundary of the channel to the plateLanthe
length of the calculation region.

The boundary and initial conditions are preassigned on the following surfaces and
sections of the flow region being investigated: 1, the front section of the region (flow
inlet section); 2, the top plane; 3, the bottom plane; 4, the tip surface of the plate; 5, the
bottom surface of the plate; 6, the outlet section of the region (flow outlet section).

Table 7.7 gives the initial conditions for the flow being simulated. These conditions
correspond to the existence, at the initiadmment of time, of a laminar flow with the
velocity profile in the form of Poiseuille pabola. The plate is inoduced into the flow
at the time zero.

In Table 7.7.f ($) = k152 + k2§ + k3, and the coefficient (i =1, ..., 3) are found
from the conditionsf(0) =0, f(D/2)=1, f(D)=0.

The boundary values in the calculation region of flow must be treated in application
to each geometric element. For this pose, the boundary conditions written out on
each surface (see Figure 7.27) are given in Table 7.8. The boundary conditions given
in Table 7.8 call for some comment. Thegroespond to the conditions of no-slip on
the wall and non-percolation, the wall is assumed to be absolutely non-heat-conducting,
and the variation of density in the vicinity of a solid surface is taken to be minor. For
the section 1, the conditions are preassigned at the distanfrem the plate tip. This
distance may be varied with a view to elimting the nonphysical reactive effect of
flow behind the plate on the initial flow. At the section 6, the so-called “soft” boundary
conditions are written relative to the aaged (rather than true) hydrodynamic quanti-
ties. Such conditions turned out to be veryeetfive in the case of numerical realization
and eliminated the upstream reactive effect due to the numerical effect of cutting off the
region. The calculations were performed using an explicit difference scheme of the first
order of accuracy with respect to time and of the second order of accuracy with respect
to coordinates with constant dimensionless time and coordinate steps.

In calculations (Alexeev and Mikhailov, 2003) within the framework of this problem,
the behavior of flow was studied for the valuesefrom 1000 to 10 000 anHu= 1.0.
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Table 7.7
Initial values of flow parameters

\elocities and their derivatives

Pressure and density and their derivatives

4(f=0)=0, ("_”) =0

Table 7.8

The boundary conditions for the calculated region of flow

For section 1

For surface 2

For surface 3

w0, y)=f(»)
9(0,y) =0

32p
(7).
952 =0

32p
( f’) =0
952 2=0

iu(x,D)=0
(x,D)=0

().,
3y /5=1
(ﬁ) 0
99/ =1

iu(x,00=0
(x,00=0

().,
39 /5=0
(%) ~0
3% /=0

For surface 4

For surface 5

For section 6

@(x,b)=0

V(x,b)=0

()i
93/ 5=b+0

(3_") —0
93 ) 5=b+0

@(x,b)=0

V(x,b)=0

()00
9% /=0

(3_”) —0
99 ) 5=b-0

o)
0% x=Lg

(8'{ > =
x=Lg
( 0 > =
X x=Lg
( X ) =
a x=Lg

Special attention was given to the range of variatioRetalues from 1000 to 3200, as
the region of transition values between the laminar and turbulent modes of flow.
Table 7.9 gives the values of steps of the computational mesh and the geometric pa-
rameters of the problem for the employed valueRefThe similarity criteria (Knudsen
and Mach numbers) may be calculated in term&efand Eu using the average ve-
locity of molecules for a Maxwellian distribution (see (7.2.7), (7.2.8)). The respective
rescaling of parameters is given in Table 7.9.
We will now discuss the results of calculation of flow past a plate of finite length.
Relevant illustrations are given for the flow past a plate whose length is equal to the
channel depth. The plate is located at thamnel mid-depth. Also given for some typ-
ical cross sections of the channel are flow velocity profiles corresponding to different
moments of dimensionless time. The cross sections selected for illustration are located
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Table 7.9

Parameters involved in the calculations

Re= 1000

Re= 3200

Re= 10000

AT=10x103
AY =0.0333
D=10 b=05
L=10 L1=25

1.

Re= 1000
Kn=1.277x 10~3
Eu=10, M =0.7747

AT=10x10"%
AY =0.0333
D=10 6=05
L=10 L1=25

2.

Re= 3200
Kn=23.989x 10~3
Eu=10, M =0.7747

AT=10x10"°
AX =AY =0.0333
D=10, b=05
L=10 L;=25

3.

Re= 10000
Kn=1277x 1074
Eu=10, M =0.7747

Fig. 7.28. Velocity profiles on th@x (left) and Oy (right) axes at a distance, = D/2 to the left of the
beginning of the plateRe= 1000, = 0.2.

as follows: (a) before the plate at a distance equal to half its length, (b) immediately
before the plate, (c) in the middle of the plate, (d) before the very end of the plate, and
(e) behind the plate at a distance equal to half its length. The mathematical simulation
helps to produce a large volume of informatimcluding illustrative information about

the topology of flow. Therefore, we will first make a description of flow past a plate of
finite length atRe= 1000 (Figures 7.28-7.42).

For the initial moment of time, a Poiseuille parabolic profile of flow is retained in
section (a), the perturbation due to the plate in this section is still low, and the velocity
componenty is extremely small. A vertical velocity component emerges due to the
deceleration of flow as a result of the effect of the friction forces, and a characteristic
asymmetric profile of the velocity componenis formed. In the region where the flow
comes off the plate, a marked vorticity of unsteady-state flow arises, which is reflected in
the pulsations of the transverse velocity profile. Quite away from the plate downstream
the flow, the longitudinal velocity profile becomes parabolic again, and the pulsations of
the transverse velocity are small. By the moment of tirae3.0, the perturbations of the
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Fig. 7.29. Velocity profiles on th@x (left) and Oy (right) axes at a distancEy = Ax to the left of the
beginning of the plateRe= 1000, = 0.2.

Fig. 7.30. Velocity profiles on th&x (left) and Oy (right) axes at a distanck, = D/2 to the right of the
beginning of the plate (middle of the plat&g= 1000,7 = 0.2.

Fig. 7.31. Velocity profiles on the x (left) and Oy (right) axes at a distanck, = Ax to the left of the end
of the plate;Re= 1000,7 = 0.2.
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Fig. 7.32. Velocity profiles on th&x (left) and Oy (right) axes at a distanck, = D/2 to the right of the

end of the plateRe= 1000,7 = 0.2.

Fig. 7.33. Velocity profiles on th@x (left) and Oy (right) axes at a distance, = D/2 to the left of the

beginning of the plateRe= 1000,7 = 3.0.

Fig. 7.34. Velocity profiles on th@x (left) and Oy (right) axes at a distance, = Ax to the left of the

beginning of the plateRe= 1000, = 3.0.
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Fig. 7.35. Velocity profiles on th&x (left) and Oy (right) axes at a distanck, = D/2 to the right of the

beginning of the plate (middle of the plat&g= 1000, = 3.0.

Fig. 7.36. Velocity profiles on the x (left) and Oy (right) axes at a distanck, = Ax to the left of the end

of the plate;Re= 1000,7 = 3.0.

Fig. 7.37. Velocity profiles on th@x (left) and Oy (right) axes at a distanck, = D/2 to the right of the

end of the plateRe= 1000,7 = 3.0.
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Fig. 7.38. Velocity profiles on th@x (left) and Oy (right) axes at a distance, = D/2 to the left of the
beginning of the plateRe= 1000,7 = 250.

Fig. 7.39. Velocity profiles on th@x (left) and Oy (right) axes at a distance, = Ax to the left of the
beginning of the plateRe= 1000,7 = 250.

Fig. 7.40. Velocity profiles on th&x (left) and Oy (right) axes at a distanck, = D/2 to the right of the
beginning of the plate (middle of the plat®g= 1000, = 250.
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Fig. 7.41. Velocity profiles on the x (left) and Oy (right) axes at a distanck, = Ax to the left of the end
of the plate;Re= 1000,7 = 25.0.

== i

Fig. 7.42. Velocity profiles on th&x (left) and Oy (right) axes at a distanck, = D/2 to the right of the
end of the plateRe= 1000,7 = 250.

hydrodynamic characteristics propagate upstream, and a marked profile of transverse
velocity arises in the cross section (a) as well.

We will now turn to the results of calculation of the flow past a platRet 3200,
which corresponds to the mode of transition from the laminar to turbulent flow. By
the moment of time = 2.0, in addition to forming in the vicinity of the plate surface
and before and behind the plate, vortexegih to form at the top and bottom surfaces
defining the channel width as well. Figures 7.43—7.48 give the topology of flow in the
vicinity of plate, Re= 3200,7 = 2.0 and the profiles of components of flow velocity
in the cross sections (a)—(e) for the moment of tifne 5.0. The dash length is not
proportional to the modulus of velocity and corresponds only to the velocity direction.

By this moment of time, the top and bottom wall vortexes weaken but become more
extended; with time, an unsteady-state flow changes to a quasi-steady-state mode. In
particular, the fluctuations of the longitudinal velocity profile at the middle of the plate
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Fig. 7.43. The topology of flow in the vicinity of plat®e= 3200,7 = 2.0. The dash length is not propor-
tional to the modulus of velocity.

Fig. 7.44. Velocity profiles on th@x (left) and Oy (right) axes at a distance, = D/2 to the left of the
beginning of the plateRe= 3200,7 = 5.0.

—
——
k|
.
£z
5
e
M "
1
p—
—
o
o
-
r 4
o
”

Fig. 7.45. Velocity profiles on th@x (left) and Oy (right) axes at a distance, = Ax to the left of the
beginning of the plateRe= 3200, = 5.0.
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Fig. 7.46. Velocity profiles on th@x (left) and Oy (right) axes at a distanck, = D/2 to the right of the
beginning of the plateRe= 3200,7 = 5.0.

Fig. 7.47. Velocity profiles on the x (left) and Oy (right) axes at a distanck, = Ax to the left of the end
of the plate;Re= 3200,7 = 5.0.

Fig. 7.48. Velocity profiles on th@x (left) and Oy (right) axes at a distanck, = D/2 to the right of the
end of the plateRe= 3200, = 5.0.
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decrease somewhat, and in the cross section (e), the fluctuations of the transverse veloc-
ity of flow decrease.

Let, at the initial moment of time, a flow in a channel abruptly separate in two parallel
flows. In this case, from the hydrodynamic standpoint, the problem reduces to a flow
past a semi-infinite plate of finite thickness that suddenly appeared in the channel. The
boundary conditions preassigned at the outlet of any of two channels formed are similar
to the conditions at the section 6 (see Table 7.8).

Figures 7.49-7.52 illustrate, for a flow modeRe= 1000 andf = 500, the spatial
evolution of the profiles of longitudinal and transverse velocities of flow in channels for
sections located at distancés from the beginning of the semi-infinite plate equal to
Ax (step of the space grid on thx-axis),D/2, D and 1, respectively. The effect
of a semi-infinite plate on the upstream rearrangement of flow is by and large similar to
the perturbation of flow due to a plate of finite length; therefore, it is not treated in what
follows. Note that, at a distance of approximatély the longitudinal velocity profiles
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Fig. 7.49. Velocity profiles on th@x (left) and Oy (right) axes at a distance, = Ax to the right of the
beginning of the plateRe= 1000, = 50.0.

=

Fig. 7.50. Velocity profiles on th@x (left) and Oy (right) axes at a distanck, = D/2 to the right of the
beginning of the plateRe= 1000, = 50.0.
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Fig. 7.51. Velocity profiles on th@x (left) and Oy (right) axes at a distancé, = D to the right of the
beginning of the plateRe= 1000, = 500.

=

Fig. 7.52. Velocity profiles on th@x (left) and Oy (right) axes at a distanck, = 10D to the right of the
beginning of the plateRe= 1000, = 500.

do not become parabolic: the maximum velocity is shifted from the center of channel to
the plate. This shiftis caused by the fact that, at the inlet to the wide part of the channel at
the initial moment of time, aéiseuille profile has a maximum of longitudinal velocity
located on the level of the plate that suddenly appeared in the channel. By the moment of
time f = 500, the longitudinal velocity profiles in the section2Gssume a parabolic
form, and the fluctuations of longitudinal velocity are very low.

For a better illustration of the processeccurring during a flow past flat bodies in
a channel, we will consider the distribution of dimensionless pressure over the channel
length. The graphs are plotted for two values of the Reynolds number over two segments
parallel to the channel walls (see Figures 7.53—7.56). It is interesting to investigate the
reaction of the generalized hydrodynamigiations to a variation of the boundary con-
ditions. If the “soft” condition at the inlet to the calculation regiofipgddx2 = 0 is
replaced by the “rigid” conditiorp = 1, the pressure perturbations propagating up-
stream will not go beyond the limits of the calculation region. As a result, a system of
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Fig. 7.53. A schematic representation of pressure chaiting lines; each line is located at a distance of 0.15
from the nearest surface.
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Fig. 7.54. The distribution of dimensionless pressmer the channel length on a line in the vicinity of the
channel wall aRe= 1000 at different moments of time (1/-=0.2; 2 - = 3.0; 37 = 25.0; 4 — = 1000).
The coordinates of the beginning and encgflate placed in the channel are indicated.

standing pressure waves will be formed in the vicinity of the left-hand boundary of the
calculation region; in so doing, the pattern of downstream variation of pressure changes
little.

It is known that extensive experimental data exist on the drag coefficients in a flow
past a plate, as well as prediction data based, as a rule, on the boundary layer theory.
We will compare the results of mathematical simulation using the generalized hydrody-
namic equations (GEE) to the Blasius theory.
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Fig. 7.55. The distribution of dimensionless pressmer the channel length on a line in the vicinity of the
channel wall aRe= 3200 at different moments of time. The coordinates of the beginning and end of a plate
placed in the channel are indicated.
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Fig. 7.56. The time variation of the coefficient of total drag for a plate of finite lengfReat 1000. The
number of calculation points over the plate length is 300.
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We will write the Blasius formula for the coefficient; of total drag of a plate of
finite lengthL:

1.328
Cf=——
vRe

whereReg; is the Reynolds number calculated using the plate lehgdhnd the incident

flow velocity. The Blasius formula (7.3.1) was derived within the laminar boundary
layer (Schlichting, 1964). In the general case in a dimensionless form, the total drag
coefficient may be represented as

(7.3.1)

2w

— i 7.3.2
°f Poclt3,S/2 ( )
whereW is drag of one side of the plate
L
W=h / rodr. (7.3.3)
x=0

In relations (7.3.2), (7.3.3) is local drag coefficient of the plate corresponding to its
surfacew,

d
0= M(%) , (7.3.4)

S is an area of the plate streamed by fléw= 2LA, h is width of the plate.
As a result one obtains the coefficient of total drag

Jizy w(du/dy),, dx
cr=

, 7.3.5
Poc3sL /2 ( )

(the integral determined in Eq. (7.3.5) is calculated by the plate length), or in dimen-
sionless form

2/‘(1:) ﬁ(dﬁ/j})w dx

(7.3.6)

The values oty calculated by the foregoing formula using the grid functionsRee=
1000 are given in Table 7.10, and fee= 3200 in Table 7.11; given in the same table
for comparison are values found by formula (7.3.1). The Blasius formula corresponds
to the steady-state mode of flow; therefore, the values Gfre duplicated in the right-
hand column for all moments of time.
It follows from Tables 7.10, 7.11 that, at the initial moments of time, the value of total
drag coefficient significantly exceeds the value pitalculated by the Blasius formula.
Figure 7.56 shows the time evolution of the coefficient of total drag of a plate at
Re=1000. At the initial moments of time, the draoefficient significantly exceeds the
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Table 7.10
The coefficient of total drag of a plate, found by numerical calculation and by
Blasius formulaRe= 1000

cf cf
(numerical calculation) (Blasius formula)
=02 0.07908 0.041995
{=3.0 0.04730 0.041995
=250 0.04826 0.041995
{=1000 0.04931 0.041995

Table 7.11
The coefficient of total drag of a plate, found by numerical calculation and by
Blasius formulaRe= 3200

cf cf
(numerical calculation) (Blasius formula)
=01 0.03289 0.024246
{=20 0.02876 0.024246
=50 0.02898 0.024246
=300 0.02952 0.024246

plate resistance in a steady-state lamftaw; then, it decreases with time, experiences
oscillation, and approaches the value calculated by the Blasius formula while remaining
above it. Figure 7.57 corresponds to the variation of the local dimensionless friction co-
efficient over the plate length for different moments of time. The Blasius curve is given
along with the results of mathematical simulation using the generalized hydrodynamic
equations (GHE). Figures 7.58 and 7.59 are similar to Figures 7.56 and 7.57, but they
are plotted foRe= 3200. The results of calculation of local coefficients of friction on

a plate using the Blasius formula and the GHESs differ significantly. However, the total
(integral) drag of the plate (which, in fact, represents the objective of experimental mea-
surements) for these models in the quasi-steady-state mode in the investigated range of
Reynolds number values difféttle from one another (witim 15%, see Tables 7.10 and
7.11). Therefore, the total drag is a “conservative” quantity.

Parameters reflecting the energy of turbulent pulsations are often used in the theory
of turbulent flows (see, for example, Labusov and Lapin, 1996). In order to demonstrate
the results of appropriate mathematical simulation, we will introduce the parameter
related to the square of pulsating components of velocity,

6 =\/%[(ﬁgo)2+ (81.)%] x 100% (7.3.7)

where

g i 1 3o .0\, Eudp
fl X
== < Vo — vt 7.3.8
! p ReEL[ a1 +<° ar)”o"Jr o 0% ( )



Numerical simulation of vortex gas flow 283

140

120

100

&0

60

40

20

0 ' ' 1 s

Fig. 7.57. The variation of the local drag coefficient fgrlate of finite length. The dimensionless coordinates

0 and 1 indicate the beginning and the end of the pR&es 1000: 1 — calculation by the Blasius formula;

2 — numerical calculation, timé= 1.0 (the remaining curves for the subsequent moments of time are fairly
close and, therefore, not numbered).
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Fig. 7.58. The time variation of the coefficient of total drag for a plate of finite lengReat 3200.
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Fig. 7.59. The variation of the local drag coefficient fqelate of finite length. The dimensionless coordinates

0 and 1 indicate the beginning and the end of the pRges 3200: 1 — calculation by the Blasius formula;

2 — numerical calculation, dimensionless time 1.0 (the remaining curves for the subsequent moments of
time are fairly close and, therefore, not numbered).

g 1 [ad .3\ Eudp
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These pulsating components of velocity may, of course, be calculated both in the
“external” (as indicated by the subscrigt with pulsating components of velocity) and
in the “internal” flow.

Figure 7.60 gives, for different momena$ time, the results of calculation of the
parameter along the top longitudinal line indicated in Figure 7.53. While R&i=
1000, a certain stabilization of the predicted parametarcurs with time, aRe= 3200
only a certain range of variation of energy parameters is observed.

Note that the “snapshots” of the flow, used to demonstrate the calculation results,
cannot fully describe the flow behavior in the calculation region. This is due to the fact
that the parameters of a flow of liquid,av if this flow is laminar, do not remain un-
varied in time at every point. We will point out yet another, not physical but numerical,
effect that is observed in the case of insufficient length of the calculation region. The
calculation results are strongly dependent on the relative length of the calculation re-
gion. However, no such dependence is observed in the case of an adequate length of the
calculation region of flow. The choice of therigth of the calculation region is based on
the comparison of calculation results for different lengths of the region.
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Fig. 7.60. The values af along the top line (Figure 7.53) in the flow for different time momeRts:= 3200.

It is interesting to notice that many red¢emorks (see, for example, Tij and Santos,
1994; Malek, Baras and Garcia, 1997; Uribe and Garcia, 1999; Aoki, Takata and Nakan-
ishi, 2002) have shown that the pressure and temperature profiles in plane Poiseuille
flow exhibit a different qualitative behavior from the profiles obtained by Navier—Stokes
equations. As comment to these results, Uribe and Garcia (1999) wrote that “Poiseuille
flow is the first scenario in which the Navier—Stokes equations have been shown to be
susceptible to significant improvement for a flow with relatively small gradients”.

In more detail the problem formulatiolooks as follows. Stationary Poiseuille
flow is confined between two rigid parallel plates. Two cases are considered. In the
acceleration-driven case the boundary copd#iare taken as periodic in the flow di-
rection and external force — for example gravity force — is applied in thisd{rec-
tion. In the pressure-driven case the boundary conditions are set to create the pres-
sure gradient but without external forces. The results of Navier—Stokes calculations
are compared with data of Direct Simulation Monte Carlo (DSMC) (Bird, 1994;
Alexander, Garcia and Alder, 1995).

The typical simulated flow is a hard sphere of gas for wi{eh= 0.1, M = 0.5,

Eu= 0.5 thenRe~ 5. In boundary conditions for Navier—Stokes equations (NS) the
slip and jump corrections for fully acconodating surface were introduced (Uribe and
Garcia, 1999).

Two main discrepancies were discovered between NS and DSMC modeling. For
acceleration-driven case, in DSMC one observes a non-constant pressure profile and
a temperature dip in the center of the channel (Uribe and Garcia, 1999). For NS and
DSMC, pressure profiles in direction have opposite curvatures. Moreover, the DSMC
data indicate a reverse temperature jumghatwall — gas temperature near the wall is
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slightly greater than the wall temperature — despite that the global temperature gradient
normal to walls is negative.

All these interesting effects need additional investigations. Comparison indicated re-
sults with data of modeling based on the generalized Euler equations lead to conclu-
sion that mentioned effects can be observed but as a result of non-stationary non-one-
dimensional calculations.

As an additional explanation let us consider the stationary one-dimensional acceler-
ation-driven case for hard sphere of gas, witlthe corresponding particle’s diameter.

Let us suppose that

p=pQ), u=u®y), p=pQR), T=T(y).

In this case the generalized Euler equations (2.7.49)—(2.7.51) lead to the system of hy-
drodynamic equations

ad

P _o, (7.3.10)
dy

20% T OT du  16po® [amT

0y2 " 28y ay | Skl S\ kg

82T 1 /0T 2 om ou 2 2m? 5
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3y2+2T<3y) +5k3<3y> T aart ( )

For this case and in this approximation, Navier—Stokes equations is written as follows:

—0, (7.3.11)

9
P _p, (7.3.13)
dy
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ay2+2T(ay> +15k3<8y> (7:3.15)

The main difference between systems of Egs. (7.3.10)—(7.3.12)and (7.3.13)—(7.3.15)
consists, in appearance in the generaligater energy equation, of an additional term
which contains — opposite to NS energy equation — gravitation in explicit form (more
precisely — after transaction to the dimensionless form of energy equation — the ratio of
gravitational energy to thermal energy, or iergeral case, the ratio of energy of external
field to thermal energy).

Note in conclusion that the generalized hydrodynamic equations represent an effec-
tive tool for solving problems in gas dynamics.



CHAPTER 8

Generalized Boltzmann Physical Kinetics in Physics
of Plasma and Liquids

We now proceed to apply the generalizedtBmann kinetic theory to plasmas and
liquids, where self-consistent forces with appropriately cut-off radius of their action are
introduced to expand the capabilities of the GBE.

8.1. Extension of generalized Boltzmann physical kineticsfor the transport
processes description in plasma

Let us call that the dimensionless equation of the Bogolyubov—Born—-Green—Kirkwood—
Yvon (BBGKY) hierarchy for thes-particle distribution functionf; (s =1,..., N)
(N-number of particles in the system) has the form

8ﬂ+z, it ZF
i=1 b i=1

Ut

__8_2 Z / fs+1(l 21, .. ,ﬁs,ﬁj)dﬁj, (8.1.1)

i=1j=s+1

where f; = f; vgin_s vop is the characteristic collision velocity; is the number den-

sity of particlespy = Fp, / Fo is the ratio of the scales of the internal and external forces;
ds2; =dr; dv; is an elementary phase volume of the particlehose position is deter-
mined by the radius-vectar; and whose velocity ig ;. We employ dot notation for a
scalar product. A spatial variable is non-dimensionalized by introducing the interaction
lengthr,, and characteristic time scale is setﬁpygbl; ¢ corresponds to the number of
particles which is contained in the interaction volung and serves as a small parame-
ter in the kinetic theory of rarefied neutral gases. There are actually at least three groups
of scales to consider in a rarefied gas. Apart from vop, fo» = r»/vop, there exist
“mean free path’r-scales (the mean free paththe mean free-flight velocityo;, , and

the characteristic time scalg'vg,) and L-parameters corresponding to hydrodynamic
flow parameters (the characteristic hydrodynamic dimensiothe hydrodynamic ve-
locity vor, and the hydrodynamic time/vgy ).

287
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The fundamental aspect of plasma physics is the presence of multi-particle interac-
tion. The choice of the characteristic scales which determine the evolution of a plasma
volume and are used in the method of many scales below is discussed in Appendix 5. Let
us introduce a small parametes nr,? = ujpt assuming that the interaction energy per
particle is much less than the particle’s kinetic energy. We also assume that the plasma
is non-degenerate and employ the multi-scgbproach. In the discussion to follow we
shall concern ourselves with describing a physical system at the level of one-particle
distribution functionf; on the scales, =1, A, L (I —the Landau length, —the mean
free path of a probe particle between two “close” collisions, and hydrodynamic
scale). Note that the mean free path of a plasma particle is introduced as

An =AM, (8.1.2)

with A being the Coulomb logarithm. The mean free pgtlor the corresponding mean
time between the collisions are invo[ved in the definition of kinetic coefficients (Bragin-
ski, 1963). In the multi-scale method, is expressed in the form of an asymptotic series

o
Fs =D 1 @y Bip Vi B i, Vi . Pin. Yin)e, (8.1.3)
v=0

in which the functiongﬂ" depend on all the three types of variables.
From the above BBGKY equation, taking the derivatives of the composite functions
on the left-hand side and then equating the coefficient§ ahde?, we find that

3f10 . aflo . aflo
ET S Ty L W 8.1.4
o, 0 B L 90 ( )
afl g ft g f1 9f0 9 f0 9 #0
le + Vip - Afl +06F1~é+82 le + Vip - fl + eoF1 - Afl
oty ar1p V1p oty arqy oV,
afe af0  epn Bf0
+ e16063 le +e1Vip - Afl + —F1- Afl
oty or1, €3 ovir,
n
Ns (= 0 A~
= —ZW/Fl,jeNa N fz?jeN,; d2jen;. (8.1.5)
s=1

wheren is the number of components in the mixtuhg,is the number of particles of the
sthkind,e1 = A/L (the Knudsen numberz = vg;. /vop, €3 = vor /vox. The integration

in Eq. (8.1.5) is performed on thg scale. Importantly, no restriction is placed on the
value of the Knudsen number. Eq. (8.1.4) shows that the fung‘ﬂbdoes not change
along the phase trajectory on thescale — in other words, following the integration on
ther,-scale we have

2= 2000 P i, 1, Pa). (8.1.6)
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If the last function is knownfl1 needs to be found from Eq. (8.1.5). This is possible if

certain additional assumptions are posed on the fung‘ijbnn the right-hand, integral
part of the expression (8.1.5). Thus we see that the system of equations contains linked
terms. In real life, the dependence (8.1.6) is unknown in advance. Then Eq. (8.1.5)
can serve to determinﬁl0 on thei- and L-scales, but in this case it becomes doubly
linked with respect to both the lower index “2” and the upper index “1”. As a result, the
problem of breaking the equations arises.

Let us now write the analogue of Eq. (8.1.4) for the two-particle funcf@rdepen—
dent on time and on the dynamic variables for the particles 1jand

afy . afY . afY - 312
=+ V- == +V; s+ Fyjeny - 55
atp v oy, | P Or jeNs.b LNy AT
= aff o afY - afp
+Fjeny 1 —2— 4 aF1- =2 4 aF ey, - —2—=0. (8.1.7)
s OV jen; Vi e Vjens, 1

Introducing the new variabley, jen; =1, —F jen;, », We find from Eq. (8.1.7) that:

= afzo afzo N 3f20 N N afzo
—F1jens 5=tV =+ V=V P v m—
LieNs 3o 27, LT (V1p — Vjens, b) 9RL e,
_ afo ~ af0 . 3 f0
+FjeN5,1'Ai+aFl'é+aFjeN5'Ai- (8.1.8)
OVjens, b oV OVjens, b

Using the last equation, we obtain the representation for the integral in Eq. (8.1.5):

f 3 A A o~ o~ o~
—/Fl,jeNa : 8\7—1bf20(t’ §21, -QjeNa)d.QjeNg

S afY
=/(Vlb—VjeN5,b) : AizdgjeNa
0X1, jeNs
afY . afY o afY - dfy .
+ — +Vip - — +OlF A—+aF e dQ
/<3tb v arp ! Vi Jens OVjens, b Jes
~ afe .
+/FjeN,;,1‘A72d~QjeN5- (8.1.9)
OVjeNs, b

The last integral on the right-hand side of Eq. (8.1.9) can be written in the form

- afy
2
Fiens,1- ——=—dQ;en;
8 .
VjeNs. b

a E 7 & N
:/[/7.(5;%,1]‘20) dvj€N5:|drj€N5. (8.1.10)

3V jen;, b
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But the inner integral can be transformed by the Gauss theorem into an integral taken

over an infinitely distant surface inghvelocity space, which vanishes becayfé’e» 0
for 5; — oo. Let us now introduce two-particle correlation functigh(r, 21, 2;cn;)

(hereinafterf; is the one-particle function corresponding to the partidiek
fzo(fv 21, §j)
= flo(f’ §1)fj€Na (f, §jeNa) + WS(?, 21, ﬁjeNa)- (8.1.11)
The next-to-lastintegral in Eq. (8.1.9) then becomes

afL afO afo ~ f2 \ A
=+ 0 Fiens - —=—=— )d$2;
/( atp AE of 1 avlb +oFjen; ov; J€Ns

~0 fl afO ~
/[f,ezva( P +V1p Fon L o dS2jen;

DN 3 o ans ~
+/f10 8];7 BdeGNB—'—a/a\?'eN b '(FjGN‘*flijoeNa)dQJENé
Jj€Ns,

7 ) 1 S| 1/ N aWY N\ A~
+ = +V1 - == +aF1- —= +aFjen; - ——= |dQ2jen;.
otp of 1p oV1p Vi

(8.1.12)

In expression (8.1.12), the first integral on the right is zero because of the rela-
tion (8.1.4), and the third integral is zero for the same reasons as in Eq. (8.1.10). The
situation with the second and fourth integrals, however, requires a more detailed treat-
ment. Consider first the integral

/fl JEN‘S d2;cn;. (8.1.13)

The dynamic variables determining the motion of the given trial particles 1;aare
correlated one with another in the collision of the particles, i.e., omgtlezale. In the
center-of-mass system, the equations of motion for these particles are written as

v, = F1;, Vip=Fj1, p1=—p;, (8.1.14)
where an over dot denotes diféettiation with respect to time, anglis the particle

momentum.
Using Egs. (8.1.14) and integrating by parts, we arrive at the relation

~ afl
Az _Fa 8.1.15
Gt 8.1.15)
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where’F\f‘S is the average force acting on particle 1 during its collision with particle
which has an arbitrary velocity and an arbitrary position on#iecale (particleg
belong to the speciey:

’F\is:/fjﬁlj aVjen; df jen;. (8.1.16)

Thus, the integrall vanishes provided that the self-consistent force of internal nature
can be neglected, in particular, in comparison with the external force acting on particle 1.
We next transform the integral further by using the series (8.1.2), to obtain

20 F1
0 e, 0

azpy g
13 ovV1p 15 oV1p

(8.1.17)

The last term in Eq. (8.1.17) ensures,ves shall see below, that the generalized
kinetic equation is written in a symmetrical form. Now consider the fourth — the last —
integral on the right-hand side of Eq. (8.1.12). To do this, we write down an equation for
the two-particle functiory> of the Bogolyubov chain, in which, in this case, we do not
separate the groups of particles belonging to a certain chemical component. The two-
particle functionf> corresponds to the dynamical variables of partiddes N2 and is
written in the formf, = f2(1, 2).

Thus, one finds

a a a a a a a
£+V1~£+V2-£+F12~£+F21~£+F1-£+F2~£
ot arq aro AV oV ov1 aVo

0
= /{F13' a_vl[fl(l)fl(z)fl(3) + 1D W2(2,3) + f1(2)W2(1,3)

d
+ 13 W2(1,2)] + Fas- v [/1(D f1(2) /13) + fr(DHW2(2,3)
+ f1(QW2(1,3) + f1(DW2(1,2)]} de2s, (8.1.18)

where the three-particle functiofs has been approximated by using correlation func-
tions as follows:

f3(821, 822, 23, 1) = f1(821, 1) f1(822, 1) f1(£23, 1) + f1(£21, ) W2 (822, £23, 1)
+ f1(22, ) W2 (821, 23, 1) + f1(23, 1) W2 (821, §22,1)
+ W3(£21, £22, 23, 1). (8.1.19)

The effect of the correlation functioi3(£21, £22, £23, t) is here neglected.
Eq. (8.1.18) written in the zeroth approximatioreias an equation for ﬁnolingz0 is
identical with Eq. (8.1.7) only when the zero-order correlation functions are zero, viz.

W2($22,23,0)=0,  W(£21,23,1) =0,
W($21, 22,1) =0,  W(21, 22, 23,1) =0, (8.1.20)
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and when the interaction forces determining the effect of the third particle on the first
and the second ones during their “close” collision are small, Fg3,~ 0, Fo3~ 0.
Hence, in the multi-scale approach, polarization terms on the right-hand side of
Eq. (8.1.18) appear in the next, of small ordés? approximation.

Thus, in the multi-scale approach, the last integral on the right-hand side of
Eqg. (8.1.12) vanishes because of the condii{®.1.20). The integral relation (8.1.9)
can be written in the form

~ 9 200 5 5 o
/Fl,jeNa ' 8\7—1bf20(t’ §21, ‘QjEN‘s)dngNa

312
/(Vlb _V]ENa) dQ]ENa
D X1, jeNs
afY = afl
—F4 . —— — eF4% . . 8.1.21
AL T, ( )

We now introduce the cylindrical coordinate syst&nb, ¢ with the origin at pointy
andi-axis parallel to the vector of the relative velocity of the colliding particles 1jand
Then, in terms of) (dimensionless impact parameter) andazimuth angle), the first
term on the right-hand side of Eq. (8.1.21) is written as

. Ns 312 5 b do o
]stO:Z N /g,eN(; |:/ al? dl |bdbde dVjen;, »

—00

n
N o
= ZW/[fZ (+00) — f2(—00)]|gjen; 10 dbdp AV jen;, . (8.1.22)

The integration in Eq (8.1.22) was performed on thescale, i.e., the distribution
func:tlonsf2 (400), f (—o0) are calculated for the velocitiés, V', ieNs andiy, Vjen;
in the situation where the particles are found outside of their reglon of interaction — in
other words, before or after the collision (with primed velocities in the latter case). If
before the collision the conditions afolecular chaos are fulfilled on thescale, then
the two-particle DFs can be expressed as a product of one-particle DFs. In this case
J 50 is the Boltzmann collision integral:

T = Z / ;eN,; fl f]eN,;]gléNs 1b db de dVJENa (8.1.23)

Lenard (1960) and Balescu (1960) solved the equation for the correlation func-
tion W2 under the assumptions of a weakened initial correlation, no time delay, and
spatially uniform DFf3. The corresponding collision integral (the Balescu—Lenard col-
lision integral) incorporates the polarization of the plasma and allows elimination of
the logarithmic divergence of the Boltzmann collision integral for a Coulomb plasma
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(Lenard, 1960; Balescu, 1960, 1975; Klimontovich, 1975). If, however, the Boltzmann
collision integral is still used in plasma description, a cut-off procedure involving Debye
screening must be employed.

Using expressions (8.1.20), the kinetic equation (8.1.5) is in the form

3 fi 00 - dfL (oFa+ cFY). dfL afl 3f1°

o1 t of1p V1p 3 8?1}L
P BT Y
afr, of 1z 1 V1 V1

~ af .
+8_2|:1._f1 = jsto (8.1.24)

where

It should be emphasized that in its dimensional form the fadtg can be written in
the form

SFfS / f]EN,s Fl JEN;s dV]EN,; dr]eN[;, (8.1.25)
UOb/
if it is remembered that
v r ~ F;

3 2 3 -1 =~ A
e=nry, f[f=fogpn -, v=-—, r=—, Fj=— .
Vob b V5, /b

The scale of the internal forcg,; corresponds to choosing the Landau lengés .
Let us now write Eq. (8.1.24) in the form (cf. Eq. (1.3.58))

Diff  df? .
i G s (8.1.26)
D1y, dtb,A,L

where we have introduced the notation

Duff _aff oA o s, oA
~ — + . — + aF + gFa . — N 8127
D1y, atb 1 arp ( ! 1) vy ( )
dfl  af° . afP off o af
= =&2—/% Vip 1
dip L a1, of 1, 173 1L

= 3fY en S
fl ey DLy e2p O

8.1.28
vy ! oV €3 ! oviL ( )

+Fy-




294 Generalized Boltzmann Physical Kinetics

We now wish to use Eq. (8.1.26) for describing the evolution of the distribution function
flo — but the trouble is, this equation involves a single-order t@rﬂfll/leb linked

with respect to upper index. So we are faced with the problem of how to approximate
this term — a problem which is similar in a sense to that of approximating the two-
particle distribution function in the collision integral. Using the series (8.1.3) allows an
exact representation for the term of interest:

Df) N D1y,

8.1.29
2e ( )

lell_ D |:3f1]
e=0

The terlefll/Df;, describes how the distribution function varies over times of the
order of the collision time, or equivalently on thg-scale. If this term is left out of
account then, from the viewpoint of the derivation of the hierarchy of kinetic equations,
this means that

(1) the distribution function does not vary on thescale (provided we also neglect the
average internal force that gives rise to the second and third terms on the right in
Eq. (8.1.21));

(2) the particles are point-like and structureless;

(3) changes in DF due to collisions take place instantaneously and are described by the
source termy St0,

In the field description, however, the Df on the interaction scale{-scale) de-
pends ore through the dynamic variables v, ¢ related by the laws of classical me-
chanics, thus allowing the approximation

Sl().]
Dty de J,.—o

. D [af;" (a<—fb>> YY" <a<—fb>>
" D(—fp) La(=tp) \ de J._o Ofwm d(=f)\ 9 /.

LA 9% <a<—fb>) ]__ﬂ[(@) le&}
N A=)\ e ). Diy |\ 9¢ ) ,_o Dip

A AO
~_D1 [(aﬂ) Dijy } (8.1.30)
de

Dij, e=0 Dip

In expression (8.1.30) we have introduced an approximation proceeded against the
direction of time, which corresponds to thentlition of there being no correlations for
to — —o0, With 79 being a certain instant of time on thg-scale at which the particles
start to interact.

In this way, Markov processes are separated out from all stochastic processes possi-
ble in the system.
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For the particles of the chemical sart(a = 1,...,n) we employ the following

normalized DF:

_leOt
=

fu /fo, dvy =ngy, /no, dar =N,. (8.1.31)

In Eq. (8.1.31),f1 is a one-particle DF. Returning to the expression (8.1.26) written
in the dimensional form, we convolute the multi-scale substantial derivatives to obtain
(Alekseev, 2003)

Dfy D[ Dfa] < ;o

D D_t|:Ta D :| :ﬁZl/[fafﬁ — fafﬂ]gﬂabdbdgodvlg, (8.1.32)
where

D d 0 0

D%y, Lppse. © psc_p | Fa 8.1.33

Dr o Ve g Tha Ve a =Fat T ( )

Let us comment on Eq. (8.1.32).
(1) We consider that the particle numbefein the multi-component mixture belongs
to a component, which is exactly what the subscript on the symbol of the DF
indicates. Note also that we dropped the superscript O from this symbol: carrying it no
longer makes sense because all the equakiersinafter already contain only functions
of zero order (in the sense of the series expansion in terms of the density pargmeter
(2) The parameter, is written in the form (see also (1.3.69))

&

- (8.1.34)
[0e/0t] .-

TleN, =

wheree¢ is the number of particles of all kinds that find themselves in the interaction
volume of an a particle by the instant of timgintroducinge®9 (the “equilibrium”
particle density in the close interaction volume), Eq. (8.1.34) is written in a typical
relaxation form

e
de _ _e) - (8.1.35)
ot Ty
The denominator in Eq. (8.1.34) is interpreted as the number of particles that find them-
selves within the interaction volume of a certain particle belonging tatheomponent
per unit time; the derivative is callated under the additional conditier= 0.

Clearly, this number is equal to the number of collisions occurring in the interaction
volume per unit time. Hence,, is the mean time between collisions of a particle of the
ath sort with particles of all other sorts. The procedure includes the action, during the
collision of the particles, of the self-consistent fole® being the sum of the external
force and the forc&¢ of internal origin.

As the derivation of formula (8.1.34) suggestg,is determined by close collisions
occurring in the plasma.
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By analogy with expression (8.1.2), we have
= A"1g,, (8.1.36)

wheret} is the mean time between collisions.

In the hydrodynamic approximation, the timg can be expressed in terms of the
viscosity 1, of the component (Braginski, 1963; Trubnikov, 1963); for example, for
ions one has

To = AlTugpy . (8.1.37)

Eq. (8.1.37) involves the coefficied, which is determined by the interaction model
(forions T = 1.04 (Braginski, 1963; Trubnikov, 1963)) and the static pressure

Do =ngkpTy. (8.1.38)

The generalized Boltzmann equation is invariant under the Galileo transformation and
has a correct free-molecular and Maxwellian asymptotic behavior.

We shall now write down the system of generalized hydrodynamic equations. These
equations have been obtained previously for gaseous systems in an external field of
forces. The distinguishing feature of the generalized Enskog equations we display below
is the inclusion of the self-consistent forde¥* (see formulas (8.1.33)).

The continuity equation for the components given by

0 0 d _
E{pa - Ta[% + a : (,Oavot):“

d _ 0 _ 0
+ E : {pava - Ta[a(pava) + E s PaVaVa — /OotFo(,l)Sc
- Z—"‘pavo, x BSC“ — R, (8.1.39)
o

the equation of motion is written as

0 _ d _ d _
5 {pava — Ty [E(pava) + E * PaVaVa — /OotFo(tl)SC_ :’Il_o;pava X BSC:“

ap 0 _ _ ad _
- Fa(tl)sc|:pol — Ta (_01 + = (Pa%z))] - ;Il_a {potvoz — Tu [E(ﬁava)

o

0 . q _ 0 .
+ —  PaVo Vo — paFo(ll) SC— _apozvot x B¢t x B+ — . PaVaVa
ar My ar

d a — _ _
— Ty [E(pavava ) + E * Pa (Votvot)vot — Pa Fogl) SCVO{ - ;Ootvat Fogl) s¢

— == o (Va X BS)Vg — = pgVq (Vo X BSC)“ = lg,mot (8.1.40)
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and the equation of energy has the form

0 {pag 0 (pozg

a| 2 a\ 2

0 (1 ——
+ &l | + = | 5P2VEVe + EaltaVy

+%M_“[ ar \2

_ d 1 _
_ paFo(tl)sc.va]} + T {Epavgva + eahaVy

0/1 5 _ d 1 5
— Ty 5 Epavava + eqngVy | + a : E,Ootvavotva + €N Vo Vo
1 -
- /OaFo(,l)sc' VaVa — Epanggc_ 801”01':50] }
_ 0 _ d _
- {paFo(tl)Sc' Vo — Ta |:Fo(¢1)sc' <E(pava) + ar * PaVaVa

- paFo(ll)SC_ CIotnot\_/at X BSC)] } = _a,en (a=1,..., n), (8141)

whereF ;¢ is the total self-consistent force acting on the unit mass of species aflthe

kind, Fo(,l) *Cis the component of the self-consistémce independent of the velocity of
the charged particldgstis the magnetic inductiow,, the charge of the particle ¢, its
internal energy, and, the density of component; the bar indicates an average over
the velocities.

Thus, the generalized Enskog hydrodynamic equations involve self-consistent forces
due to the collective nature of plasma particle interactions. In the following sections we
discuss the applicability of the abotheeory to plasma physics problems.

8.2. Dispersion equations of plasma in generalized Boltzmann theory

The generalized Boltzmann equation describes how the one-patrticle distribution func-
tion fy (@ =1,...,n) in an-component gas mixture changes over times of the order
of the time between collisions, of the order of the hydrodynamic flow time, and, unlike
the conventional Boltzmann equation, over a time of the order of the collision time. The
GBE for a plasma medium has the form

Dfy D Dfa\
where
D 9 9 9
Dt m+“zn+“aw ( )

is the substantial (particle) derivative containing the self-consistent f§rce, is the
classical (Boltzmann) collision integral, ang is the mean time between the close
particle collisions. In the hydrodynamic regimg can be expressed in terms of the
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Coulomb logarithmA, viscosityu, , static pressurg,,, and the coefficientl dependent
on the particle interaction model (see Eq. (8.1.37)).

The generalized Boltzmann equation in gead and that for plasma in particular
have a fundamentally important feature that the additional GBE terms prove to be of
the order of the Knudsen number. This does not mean that in the hydrodynamic limit
(smallKn) these terms may be neglected: the Knudsen number in this case appears as a
small parameter of the higher derivative in the GBE. Consequently, the additional GBE
terms (as compared to the BE) are significant for knyand the order of magnitude of
the difference between the BE and GBE solutions is impossible to tell beforehand.

In this connection, it is of interest to apply the GBE model to obtain the dispersion
relation for a plasma in the absence of a magnetic field. In doing so, we will make the
same assumptions that were used in the BE-based derivation, namely:

(a) the integral collision term is neglected;

(b) the evolution of electrons and ions in a self-consistent electric field corresponds to
a nonstationary one-dimensional model;

(c) the distribution functions for iong;, and for electronsf,, deviate little from their
equilibrium counterpartgy; and fo,;

(d) a wave numbek and a complex frequenay are appropriate to the wave mode
considered:;

(e) the quadratic GBE terms determining the deviation from the equilibrium DF are
neglected, and

(f) the self-consistent force& andF, are small.

Results of the calculations made under these assumptions are given in Appendix 6.
Proceeding now to the disp&a relation, we lift one of these assumptions, the first, by
introducing the Bhatnagar—Gross—Krook (BGK) collision term

LA (8.2.3)

into the right-hand side of the GBE. Herg, andv;l = Trel o Are respectively a certain
equilibrium distribution function and the relaxation time for species ofdttekind.
Using Egs. (A6.9) and (8.2.1), we arrive at the dispersion relation

- { 1 /+°° (3foe /B — Te(@ — ku)]
— eok | me Jooo (@ —ku) — Te(w — ku)2 —v,
+o0 . i T _
+i/ _Ofor/9mll ~ zi(w — k)] du}. (8.2.4)
mi J_ oo i(w—ku) —7i (0 — ku)2 —v;

In the Boltzmann kinetic theory, the analogue of Eq. (8.2.4) is the equation (Artsimovich
and Sagdeev, 1979)

e[ 1 [t (3foe/0u) 1 [+ (3foi/0u)
ok | me J_oo @ —ku+1iv, mi J_oo ®—ku+iv;

(8.2.5)
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To solve Eq. (8.2.4), we take advantage of the additional conjectures. Let us assume that
the ions are at rest and that both the temperature and average velocity of the electrons
are zero. Then the electron distribution function can be expressed in terms of the delta
function:

Joe(u) =ned(u). (8.2.6)

Upon integration by parts in Eq. (8.2.4), we arrive at the equation (the subs&ript “
onv, andr, is dropped for brevity)

1+

2 +00 i — 2
ene/ S@){[1+it(w — ku)]* + vt} -0 (8.2.7)

goMe J—oo [i(w—ku) — t(w — ku)2 —v]2 =r

In the special case of Boltzmann collisionless plasma, Eqg. (8.2.7) leads to the classical
formula

1—

2 +o00
¢ "/ %) qu—o. (8.2.8)

E0Me J -0 (a)_ku)z B

Using the properties of the delta function and performing the integration in Eq. (8.2.7),
it is found that

I Vi il 0 (8.2.9)
€ 12(14+ vt — w212+ 2iwt)’

with w. = v/e2n./eom. being the plasma frequency.
Let us consider the limiting cases inherent in Eq. (8.2.9).
If v~o ~|o"|, o't <1, then

2= w'? 4 2i/ (0" 4+ V) — (@ +v)?, (8.2.10)

w
and separating the real and imaginary paftrelation (8.2.10) leads to the result
o = we, o =—v. (8.2.11)

Let us introduce now in consideratiohet generalized Maxwell equations (GME)
(see, for example, (1.52))

0 0

5820, ﬁsza’

5 9B 5 3D (8.2.12)
— xE=——, — xH=j%4+—,

ar ot or at

where

pl=p—p"  je=j—ijM (8.2.13)
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Fluctuationsp™, j" — which were calculated in the frame of GBE — can be taken
from Table 3.2:

a ad _
o= S| i, (68.2.14)
- ar  ar
.ﬂ a - 8 _
1= Zra 5(%}1”(1\/01) + a_r “(ganaVaVe ) — qalaFa - (8215)
a

For example, for one-dimensional case (see also Appendix 6) we have

3 3

snfl = rg< 8’;6 + ﬁe—aze>, (8.2.16)
asn;  _ aon,

snll = re< a?l + u—8z> (8.2.17)

whereu,, i; are hydrodynamic velocitied electrons and ions.
Egs. (8.2.12)—(8.2.17) lead to modification of Eq. (8.2.4):

1=

2 +o00 i — _
e {i/ (9f0e /)1 — Te(w — ku)] du[1+ ite(0 — kite)]

Ceok | me Jooo (@ —ku) — t.(@0 — ku)2 — v,

+

1 /+°° (@foi /du)[i — 7i(w — ku)]

mi J_ oo i(@—ku) —1i(w — ku)2 —v;

x [1+ir,-(a)—kﬁi)]}. (8.2.18)

Assuming again that the ions are at rest and that both the temperature and average
velocity of the electrons are zero, we obtain

2 v+ 0%t —iw)?
¢ 14Vt — 0?12+ 2iwt) 1+ iwt)’

® (8.2.19)

For considered above limit case~ o' ~ |0”|, o't <« 1 the dispersion equation
(8.2.19) has the same solution as (8.2.9) (see (8.2.11)).
Let us show now that GME can lead to reasonable solutions of dispersion equation
when in classical case the corresponding dispersion equation has no physical sense.
One obtains for the limit case

o't <1, lo”|T > 1, v~ (8.2.20)
from Eq. (8.2.19):

"2 _ it o’ — 2
B S L ) (8.2.21)
12(tw"2 = 2itw'w’ +v) (i — ')
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and therefore

o' =0, o =10 (8.2.22)
Then conditions (8.2.20) — and by the way conditions

o't k1, |’ T > 1, v~a (8.2.23)

— lead to erasing of instability. Interesgirto notice that for the mentioned condi-
tions (8.2.20), (8.2.23) dispersion equation (8.2.9) has no solutions.

Now let the ions be at rest, and the electron component have the following velocity
distribution:

Joe(u) =ned(u —ua). (8.2.24)

The generalized dispersion equation found with taking into account GME has the form

2
1+ 22 1+ iv(w — k)]
EoMe
T S(u —uD{[1+it(w — ku)]? + vt}
) /_OO i@ — ki) — 1@ — kw2 —~E =0 (8.2.25)
and after integration in (8.2.25) one obtains
2 . 14i —k 2
14 Shey LBt wltyr (8.2.26)
eom, [i(w—ku1) —t(w—kui)s—v]
where
A=1—10" +it(0 — k). (8.2.27)

Dispersion equation written with the help of classical Maxwell equations has the
form

e%n, 1+it(w—kup)?+vr _
eome [1(@ — kut) — t(w — kup)2 —vj2

(8.2.28)

It can be shown that (8.2.26) has physical solutions when dispersion equa-
tion (8.2.28) has no solutions at all. With this aim we consider the case when the
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velocity u1 of electron beam is equal to hydrodynamic velogitynd electrons are
trapped by the wave of electrical field:

ui=1u, o =kii. (8.2.29)
In this case it follows from Egs. (8.2.26) and (8.2.28):

2

+v1)
1422 XX HYD) 8.2.30
T A A (8.2.30)

2 2 x? vt

1 — =0, 8.2.31
T A i (8.2.31)
where
2 ezng
s = , x=1-0"t. (8.2.32)
oM

Becausex is a real number, (8.2.31) has no solutions in physical sense, but
Eq. (8.2.30) — by the negative values of- has solutions which correspond of de-
veloping of instability in the system. In particular,|¥| <« 1, |x| < vt, then it follows
from (8.2.30)

1
r=——2 (8.2.33)
WeT We
or
1
W't =14+ —2. (8.2.34)
WeT We

This solution has a clear physical meaning.
Now let the ions be at rest, and the electron component have a Maxwellian velocity
distribution:

me \¥2 -
foe:ne(angT) g, (8.2.35)

wherek is the Boltzmann constant. Then Eq. (8.2.4) becomes

n e%n, me 172
gokm, \ 2nkgT
5 /+°° [i — (@ — ku)1(3/0u) e men/%ksT
oo i(w—ku) —t(w—ku)2 —-v

du =0, (8.2.36)

where we have reintroduced the notation = V,) for the velocity of the one-
dimensional, unsteady wave motion.
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From the above equation one derives the expression

1 me
1 1-
+r%k2|: 2nkgT

% /-i-oo {li — t(w — ku)]w — v} e—meM2/2kBT

. du:| —0, (8.2.37)
o i(w—ku) —t(w—ku)2 —~v

whererp = /eokpT /n.e? is the Debye—Hueckel radius.
Introducing now the dimensionless variables

a Me ~ 1
"W oaer YT %
\IZkBT

we can rewrite Eq. (8.2.37) in the form

o dli—t@—i)]o — v}e” N
rzkz[ \/7/ i(@—0)—t@—0)2—3 du]—O. (8.2.39)

Now consider a situation in which the denominator of the complex integrand in
Eq. (8.2.39) becomes zero. The quadratic equation

(8.2.38)
2kBT

>

=1k

ty2—iy+9=0, y=a—i (8.2.40)

has the roots

n= %(1+v1+4ﬁ/),

. (8.2.41)
i
Hence, Eq. (8.2.39) can be rewritten as
T4+t —w)|o—v)e a?
1+ du|=0, 8.2.42
[ r\/_/ (U — 1)@ — i) u] ( :

where

fi=0—y1, fl2=0—yo. (8.2.43)



304 Generalized Boltzmann Physical Kinetics

A

=y

Fig. 8.1. Integration contour for evaluating compleiegrals in Eq. (8.2.24). The two open circles are the
possible positions of the poles, andi, (see Egs. (8.2.26) and (8.2.27)) involved in the solution of the
dispersion equation in the regime of damped plasma oscillations.

Let us transform Eq. (8.2.42) to the following:

n2

1 1 iv+0.50 too g
1+ {1+—[<L o.5a>/ " W

2Ty l\Vitay o D1 — 10
iv +0.56 N\ [t e
- 74—0.5@/ : Adﬁ“:o. 8.2.44
(\/1+4f{/ ) —00 U2—U ( )

The last equation contains improper Cauchy type integrals, which can be evaluated
using the theory of residues. Let us first analyze the conditions under which plasma
waves can be damped. This requires, first, that (see Eq. (A6.4)) the imaginary part of
the complex frequency fulfil the condition

o’ <0 (8.2.45)

and, second, that the poles involved in the calculation of the integrals in Eq. (8.2.24) lie
in the upper half-plane (see Figure 8.1, in which the integration contour is shown).

Since

U WA vy
27
1— V1t 453
fip=& +i (a” - #) (8.2.47)
T

the second condition is fulfilled for the integral

+00 e—ﬁz
12=/ — du

oo U—U2
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if the inequality

sy VT4 -1
oy Yitdv -1

— >0 (8.2.48)
27

is satisfied. A similar condition for the integral

+00 e—ﬁz
= / = di (8.2.49)

oo U—1
cannot be satisfied. For this integral, the poles lie in the lower half-plane, and hence

I> = 2wiresii = io), (8.2.50)
I1=0. (8.2.51)

Then Eq. (8.2.44) produces the dispersion relation, which admits a damped plasma
wave solution:

eﬁ%lwgkz ¥ i@( 1 )

= -1+ == 8.2.52
2y J1i+4v 2 V1+4t3 ( )

where

~— 2 —
ﬁ%: |:ZJ’+|(EJ”+ \/1+4T’V_1>} za/z_a,/z_a,/\/l+4;‘f'\/_l

27 T
14289 —VI+dty [, JI+4v—1\_
_ ”2A2 + Tv+|<2w”+++y>w/. (8.2.53)
T T

The relaxation timere| can be estimated in terms of the mean timbetween close
collisions and the Coulomb logarithm (Trubnikov, 1963):

Tel=1A L. (8.2.54)
We can then write
Tv=A, v =A. (8.2.55)

Now, in Eg. (8.2.52) we write down the complex part of the exponential in the
trigonometrical form:

exp[—izu"(ZZJ”

oty N1I+4TV -1 o[y MI+4TV -1
=codo'|20"+ —F )| —isinw'| 20" + —F—
T T

L VITAR - 1)}
E
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and then separate the real and inmagy parts. For the real part we have

147262 (o o o NITAA—1 L1424 JI14A
—(eXpo " —w "T—wVv -V
2w A 2A2

; 0.50" VITaA-1
= +050" + —= | cod & 26”+{/+7)
T+4A 1+44 A

- 0.55’[1 + \/ﬁ] sin[@’(%” + viHjA_lﬂ (8.2.56)

Similarly, for the imaginary part we find

1 VITaa-1
0.56/[1 T 7} cos[a/ (26/ +@+7>}
VIt+4A A
3 0.55"
| ——— 405"+ 7]
[¢1+4A VItaa

sy A1I+4A-1
X S|n|:a)/< w" —i—v%)] =0. (8.2.57)
The system of complicated transcendemuations (8.2.56), (8.2.57) can generally be
solved only by computer. If, however, the Coulomb logaritidms large enough for
terms of orderi~1/2 to be negligible, then a common calculator will do. The system of

Egs. (8.2.56), (8.2.57) in this case simplifies to

1472k ~o 2 oy PSS
“TpR P cog20'w") — @' sin(2e'®”) =0, (8.2.58)
JT

w' co20'®w") + " sin(2o'®w”) = 0. (8.2.59)
Let us introduce the notation

a=20'd", B=1+r3k? (8.2.60)
and note that

~12 ~/12
w =

:—Eatga, w 2 _ "2

1
—5 ctga, 0] " =actg 2.

Then from Egs. (8.2.58), (8.2.59) one finds

b4
FO[.
Now, if one introduces the variable = —20 = —4w’ @”, the problem reduces to the
transcendent equation

— sin 2y ¥ 09



Physics of plasma and liquids 307
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Fig. 8.2. Graphical solution of Eg. (8.2.61), producindiscrete spectrum, examine the asymptotic behavior
of the dispersion relations.

—e& %97 giny = (8.2.61)

b
252"
which can be solved graphically or iteratively (Alekseev, 2000a).
The graphical solution fop? = 1 (corresponding to3k? < 1) is illustrated in
Figure 8.2, which shows that in this case a discrete plasma oscillation spectrum ap-
pears even for an unbounded medium. The first seven valugsaoé y; = 1.361r,
y2 = 3.4187, y3 =5.4397, y4 = 7.451n, y5 = 9.4607, y5 = 114657, y7 = 13.4697.
In the asymptotic limit of large, odd positive integergn > 301), we have

1
Vn = <n + 5)71' (8.2.62)

v/

The dimensionless frequenci@s, o, are calculated using the formulas

n

1
@ZE/_W@%” (8.2.63)

1
o =5 —mmg%z (8.2.64)

Their asymptotic values are given by

~/ __ v Vn _ } }
Wy =" =57 n+ 5 ) (8.2.65)
1/ Vn 1 1
—_ N _ = Z). 2.
o, > 5 7r<n + 2) (8.2.66)

For example@; = 1.296,»; = —0.824,%, = 1.866,, = —1.438 andw; = 2.275,
-~/
@Y = —1.877.
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In the classical Boltzmann kinetic theory, the search for damped wave modes in
collisionless plasma leads to necessity of taking complex integrals of the type (A6.12),
whose integrands have no poles in the upper half-plane (the “upper” being specified by
the choice of the solution in the form (A6.4)). This problem is overcome by an artifice,
the Landau rule for making a detour from below around a pole located on the real axis.
We will show how the dispersion relation (8.2.42) produces results corresponding to
“classical” damping in collisional and collisionless plasmas. To do this, let us

1+r12)k2exp{A’2 2 o N1I+4ATV -1 A21+2ﬁ/—\/1+4ﬁ/}
— w  —w —w v v

27 £ 2(39)2
Y 1
_ 7+o.sa”<1+7)]
[m V1+4ty
x coq @’ 26”+€/M
£
1 VITad -1
- o.5@’[1+ ﬁ] sin[a’( ol +v++>:| (8.2.67)
+4tv T
1 V1+4t9 -1
) +—=  Jlcoda/ 2"+ XV T2
0.50"| 1 _ o'(25" +9Y2F
Nagwr= £

a% 1
#0501+ =]
[m V1+4t3y

oy AIF4TV -1
x sm[w’<2w” —i—v#)] —o. (8.2.68)
v
The passage to the case of classical collisions is achieved by proceeding to the limit
7 — 0 at a fixed frequency. The indeterminate forms involved in the calculation are
evaluated by expanding the corresponding terms in a power series of a small parameter
£+ and retaining the first two terms in the expansion in Egs. (8.2.67), (8.2.68) (in the last

term in the curly brackets in Eg. (8.2.67), the quadratic term is also retained, though).
We follow this procedure to give

1+ r2 k2
% exp{a/Z — @ —I—V)Z}

=[@" +9]cod 20’ @" +V)] — @' sin[2a"@" + 1)]. (8.2.69)
@' cod20’ @" +)] +[@" +V]sin[20’'@" +4)] =0. (8.2.70)

Egs. (8.2.69) and (8.2.70) can be brought to the same form as the system of Eqs.
(8.2.58), (8.2.59):

1+r2k2 ~o .
DR 520" _ 5 o205’ B — &7 Sin2a' 3. (8.2.71)
2/



Physics of plasma and liquids 309
o' cog20' @) + " sin(2e’ ") =0, (8.2.72)

by replacinge” with the variablew] = »” 4 v. It should also be noted that, in the
asymptotics we are considering, an additional factor 0.5 appears on the left-hand side
of Eq. (8.2.71). Egs. (8.2.71) and (8.2.72) are then solved in exactly the same manner
to give (for largen):

1 1 1 1
o, = > n(n + E)’ o, = -5 n(n + E) — . (8.2.73)

The relevant pole here lies in the upper half-plane (see Figure 8.1) inside the integration
contour and has the ordinaté + v.

We are now in a position to determine tliequency spectrum corresponding to the
classical collisionless damping regime (Landau damping). For this we proceed to the
limit v — 0 in (8.2.53). Using the notation introduced in Eq. (8.2.60), it then follows
from Egs. (8.2.51) and (8.2.52) that

. 4
— sin2u 200192 _ ﬂ—Zot. (8.2.74)
If we introduce the variabler = —2a0 = —4w’ ®”, then the problem reduces to the
transcendent equation
gy o 2n
-9 siny = ﬁy (8.2.75)

which can be solved graphically or iteratively. The graphical solution forgthe: 1,
corresponding to the long-wave length Iimﬁk2 <« 1, isillustrated in Figure 8.3. This

1
%/2
/ 3
il
% |
/ | I
/ I I
|
. 0.95 d 371} 57} Ay .
1277 |27 3.38m |4 S541n |6 y

Fig. 8.3. Graphical solution of the dispersion equation (8.2.75).
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solution shows that in the case of interest a discrete oscillation spectrum appears even
for an unbounded medium. The first seven valueg afe

y1=1271n, »=33797%, »=5410r, u=7.432m7,
y5=9.444n, % =114527, 1 =134587.

In the asymptotic limit of large, odd positive integergn > 301)we have

Vn = (n + %)n (8.2.76)

The dimensionless frequenci@s, @,  are calculated using (8.2.43), (8.2.44), and their
dimensional forms are represented as

k T /
o) =k |- ol = — y,, . (8.2.77)

The asymptotic values of the frequencies are

~ v 1 1
CL)’;Z HZE b l’l+§ y

(8.2.78)

1 1
o N7 = n<n+§).

It is also worthwhile to list the first seven pairs of dimensionless frequencies (Alekseev,
2001):

w; =1484, »)=-0.673, w,=1979, @, =-1.341,

w3 =2379, @F=-1786, w,;=2691, @, =-2.1609,

w5 =2975, @f =-2493, wg=3235 g =-2.780,

w7 =3.473, »7 =-3.043. (8.2.79)

Let us investigate the short wave range approximation and consider the dispersion
equation (8.2.75) which can be written in the form

—&’ %9 giny =&y, (8.2.80)

where

21 21

7= a2 (8.2.81)

g:
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In short wave approximation, the parametds very smallg ~ A% (herea is the wave
length) and, as before, we obtain the discrete character of solytjonisEq. (8.2.80).
From the first glance all solutions will be contained in intervals

3
§n+2n(n—l)<yn<2nn, n=12....

But asymptotic behavior of the functione” ©9 siny is rather complicated and it is
better to use a direct numerical procedure of solution for Eq. (8.2.80) even by&small
Let us consider the concrete examples of calculations. Supposé th&001, it

corresponds topk = 5.62. Even for so small value of coefficienthe difference of1
from asymptotic valu§7r is large,y1 = 1.74x. We introduces,, as a measure of differ-
ence betweem, and its asymptotic value

3
8112)/11_277("_1)—57[, n=123,.... (8282)
Tables 8.1 and 8.2 contajp, w,, @, , &,, n=1,2,3,...,7, for§ =0.001 ands =
0.0001 correspondingly.

Now one computes the asymptotic solutions of Eq. (8.2.80). The solytjoren be
written in the form

3
Yn =¢&n + 27'[(71 — 1) + ETF (8283)

We investigate the(n) dependence for large considering: (n) as a continuous func-
tion. Using relations

siny = — cose, Cosy = sine, (8.2.84)

we rewrite (8.2.80)
3

After differentiating (8.2.85), it turns out

Table 8.1

&£ =0.001

n Yn o, o) en

1 17397 0.770 -1.773 0239
2 3611n 1.409 —2.012 011lrm
3 55727 1.866 —2.345 00727
4 75567 2.230 —2.661 00567
5 9.5407 2.570 —20915 00407
6 115297 2.875 —3.150 00297
7 135217 3.153 —3.368 00217
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Table 8.2

£ =0.0001

n Yn ar/z ar/z/ &n

1 1771n 0.723 —-1.923 0271n

2 36757 1.271 —-2.270 0175x

3 56117 1.757 —2.588 0111nm

4 75757 2.166 —-2.747 0075x

5 95617 2.488 -3.018 00617

6 115537 2771 -3.275 00537

7 135487 3.024 —-3.518 00487
de 2n{€ + sine e—[(3/2)n+8+271(n—1)]t98}
dn ~ {2sine +[(3/2)7 + & + 27 (n — 1)](1/cose)} e [B/Dmte+2n(1-D)ltge 4 ¢°

(8.2.86)

Eq. (8.2.86) is simplified after using the relations (8.2.80), (8.2.83), (8.2.84):

de 27 siny (siny — y cosy) (8.2.87)
dn sy — (2sinycosy —y)y -
For smalle and large:, Eq. (8.2.87) is written
de 1
— = - 8.2.88
ndn te 27n ( )
and after integration,
oo _lnn (8.2.89)
4n

Strictly speaking — taking into account the general solution for homogeneous equation
— the indicated solution is of a more complicated form

c=(c- 30, (8.2.90)

47 ) n’

whereC is constant which can be estimated from the conditigr: C by n = 1.
Becausey; = %n + g1, andyy = 1.74x by & = 0.001, thene; = 0.247 andC =
0.247 ~ 0.75. Of course it is a rough estimation, the asymptotic theory being valid
only for largen. Nevertheless, this estimatioeflects two facts: (1) positive can be
included in asymptotic formula fat; (2) for largen the solution of mentioned above
equation is not significant. It turns out therefore that for largiee difference becomes
negative and solutiop is placed out of intervadgn + 2n(n — 1), 2rn). The interval

%n + 27 (n — 1) <y, < 27n containsy,, if n are not too large. Notice also that> 0
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by n — oo. The integral number can be estimated when the differencbecomes
negative. It follows from (8.2.85) that yy= 0, this number: is defined by entire part
of value

n= [Z + %] (8.2.91)

Let us estimate also the extreme of functiem) by the largen. It follows
from (8.2.87) that the extreme condition has the form

£ + sing e (G2 Fe+2r(n=Dltge _ g (8.2.92)

The asymptotic solution of this equation does not depengl @nd looks as

1
g=——. (8.2.93)
2nn

In conclusion we notice that Eq. (8.2.80) is valid — in the frame of formulated assump-
tions — in an entire interval @f definition, O< & < 27.

8.3. Generalized dispersion relationsfor plasma: theory and experiment

In this section, theoretical results are discussed in the context of Looney and Brown’s
experiments (Looney and Brown, 1954) on the detection of plasma waves excited by an
electron beam. The experimental setup of Looney and Brown (see Figure 8.4) consists
of a bulb about 10 cm in diameter, in which mercury plasma at a pressure as low as
3 x 10-3 mm Hg was created by electric discharge between two cathodes C and an
anode ring A. An electron beam produced in a lateral tap was accelerated by a voltage
of several hundred volts and then introduced into the plasma through a hole of diameter
1 mm in the bulb wall. In the region between the accelerating anode A and the anode
disk D, with a separation of 1.5 cm, an ictoud formed. The beam electrons excited
oscillations in the region AD.

The oscillations were registered by a movable probe attached to the detector. The
results of the experiment are presented in Figure 8.5, reproduced from the Looney and
Brown'’s paper. Because the density of theotlon beam is proportional to the discharge
current, Looney and Brown presented theiutesas the dependees of the oscillation
frequency squared on the electron number densityThe inset on the left shows the
electric field distribution over the region AD, and the dashed straight line corresponds
to the dispersion relation

W= Wpe, (8.3.1)

wherew,, is the Langmuir frequency of plasma electron oscillations. Eq. (8.3.1) fol-
lows from the one-dimensional hydrodynamic equation of motion without considering
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~200V

Fig. 8.4. Schematic of Looney and Brown'’s expeent on the excitation of plasma oscillations.
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Fig. 8.5. Square of the observed frequency verdasmpa electron number density, as measured in the
Looney—Brown experiment. The inset shatlve oscillations observed in the anode gap AD.

convective terms and the pressure gradient. In a more general form including the elec-
tron pressure, this equation becomes

3
w® — b, = Ekzv%, (8.3.2)

wherev% = 2kpT/m,.. The term on the right-hand side of Eq. (8.3.2) was dropped in
constructing the dashed line in Figure 8.5 in order to achieve a better agreement between
the theoretical and experimental results (Looney and Brown, 1954; Chen, 1984).
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Looney and Brown noted the fundamental disagreement between the dispersion re-
lations (8.3.1) and (8.3.2), which lead #ocontinuous oscillation spectrum, and the
experimental data displaying a discrete oscillation spectrum. Furthermore, as the elec-
tron density increases, one can see from Figure 8.5 that the curve grows stepwise, with
discontinuities and a slight increase in the slope of the steps within the confines of the
plateau, i.e., the oscillation spectrum one observes is in fact of a band type. Band spec-
tral structures were also seen in later ekpents on the damping of electron waves in
collisionless plasmas (see, for instanceriklin, Hamberger and Smith, 1972). Neither
Egs. (8.3.1), (8.3.2) nor qualitative consrdtions based upon the theory of standing
waves can explain these experiments. We proceed now to the interpretation of the ex-
perimental data based on the generalizedatspn relations (8.2.71), (8.2.72). We note
from the beginning that a study on the level of dispersion relations is inadequate to give
a complete picture of processes occurring in the system under study here. Therefore, the
calculation ofw (A1) only reflects major qualitative and quantitative features of the sys-
tem — provided we know the wavelengths of the observed waves and the hydrodynamic
parameters, primarily the concentrations of the components and the ion and electron
temperatures.

A. The dispersion relation (8.2.75) produces a discrete spectrum of solyfi@msl,
hence, o, (A,, T), @]/ (*y, T). The discrete frequency spectrum is observed in exper-
iment. To proceed to quantitative estimatesybver, it is necessary to first estimate the
beam temperature. From the requirement that the theoretical value of the square of the
linear frequency

_,22kpT
f1/2=a)12 B

8.3.3
. (8.3.3)

be equal to its experimental valug; = 3 x 10'7 Hz?), we haveT ~ 40 eV. While

the temperature was not measured directly in the experiment, there is indirect experi-
mental evidence to support this value. Based on the parameters of the experiment, the
wavelengthhvy ~ 1 cm andrlz)k2 ~ 0.2 for the lower frequency level. Consequently, this
experiment fails to satisfy the conditions

rlz)k2 << 1, A>=rp,

which formally underlie the Landau-damping solution of the classical dispersion re-
lation (Klimontovich, 1964). The solutions of Eq. (8.2.75) presented above has been
found for the limiting case

%=1 (8.3.4)

Note, however, that the region where the straight line 2atgrsects the curvé (y) =

—e” %97 siny is that of the steep rise of the functiah(y) (see Figure 8.3). Con-
sequently, varying the slope of this line — in the region of existence of solutions of
Eq. (8.2.75) — has little effect on the solutighn To estimate

12 _ —22kpT
n — @y 2
Asm,

(8.3.5)
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one should take the calculated vaIues’J;)? and the experimental values bf andT.
The electron temperatures in experiments yielding the frequeyi¢iean be estimated
from the simplest form of the beam equilibrium condition

Pe = Ppl» (8.3.6)

where p, is the pressure produced by the beam electrons pgnds that of the mer-
cury plasma. As a result, the quantitative agreement between the theory and experiment
is quitze reasonable (to within 20-50%) for the second to the fifth of the observed lev-
els f, <.

B. Under the condition (8.3.4), the straight lihén Figure 8.3 has the maximum
slope possible. The straight line 2 corresponds to a certain nonzero va@e?oand
is drawn for illustrative purposes. Now suppose that the concentratiof the beam
electrons begins to increase, whereas ofilasma parameters remain, to a first ap-
proximation, unchanged. Increasing reduces (see Eq. (A5.5)) the Debye—Hueckel
radiusrp and increases the slope of the straight line 2 which now takes position 3. The
straight line approaches position 1. Instead of a certain discrete ggtved will have
a set of possible intervaldy,, and hence of intervaldw,, Aw,, giving rise to the
plateau regions of the experimentally revealed valued,,?)f

C. Itis easily verified by direct calculation that the function

VYn Vn
F =—1tgl —= 8.3.7
o =219~ 2) ©3.7)
increases with decreasing. Hence, within the confines of a plateau the square of the
frequencyw,@2 will grow slightly with concentration of the beam electrons:

w2, 5, =2, +0(|Ayal). (8.3.8)

This effect is also observed in experiment.

D. The square of the oscillation frequency of plasma wawgs, is proportional to
the wave energy. Hence, the energy of plasma waves is quantized, argtass we
have the asymptotic expression

1
&%= %(n—i— E) (8.3.9)

and the squares of possible dimenséssl frequencies become equally spaced:

—~ —~ T
D)2 — @)= 7 (8.3.10)
E. Let us see how the motion of ions affects the solution of the dispersion equation.
The velocity distribution of electrons is taken to be Maxwellian; the thermal motion of
ions is neglected. The ion distribution function is then written as

fi =nis (V). (8.3.11)
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The generalized dispersion relation in the collisionless limit becomes

1 . -/ " A/A// a)
14+ 5 [1+ 2ripe @ +0" 200" — 2 (8.3.12)
er2

wherew),; is the Langmuir ion frequencyntroducing the parameter

MmMen;
= , 8.3.13
¢ 2min, ( )

Eq. (8.3.12) is written as

1+ r5k% 4 2nipe @ 2402200 — 2 (8.3.14)
w
Under the conditions of the experiment being discussed,a small quantity. In
the general case, however —if =~ n, and if the parameter is not too small — it
may happen that the ion motion must be accounted for. Eq. (8.3.14) can be solved
perturbatively by expanding the frequencies in power series:

ZskA’(k) (8.3.15)
o ZekAN(k) (8.3.16)

Then fork = 0, in the first approximation, we arrive at a special case of Egs. (8.2.69),
(8.2.70) as a result of separating the real and imaginary parts of Eq. (8.3.14).
In the second approximatiok & 1), we have

&' [cos@ - @Ctg@] +a"® [smy2 + VO]

2 2772 2
_ SITY0 Go2eig _ 50 (8.3.17)
T wdT
5| P10 gror2ctary _ Y0 _ i Y0
© [ﬁ‘“ 2 72
| B0 godetan L oos?0 4 Y01y Y0
[ N TSy 2193
_ SIN20 hor2ctar 500 (8.3.18)

2y0/T
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whereyy is the first-order approximation to the solution of Eq. (8.3.14). We can estimate
the magnitude of the effect by giving the second-order results for the coefficients in the
expansions of (8.3.15), (8.3.16):

o' =305, 0" = _0.87.

The complete solution of the boundary value problem concerning the spatial and
temporal evolution of plasma in the Looney—Brown apparatus can only be obtained by
solving the GBE. Still, the dispersion relation we have considered reflects correctly the
essential features of the experimental results.

We now proceed to compare the theoreticalites with those of the computer exper-
iment. Extensive simulations of the attenuation of Langmuir waves in plasma have been
performed at the SB RAS Institute of NucleRhysics (Novosibirsk) in the 1970s and
1980s (see, for example, Buchel'niknand Matochkin, 1977a, 1977b, 1979, 1980). Of
interest to us here is the formulation of the problem close to the classical Landau formu-
lation (Landau, 1941a, 1946a, 1946b). The problem involves a one-dimensional plasma
system subject to periodicoundary conditions. The velocity distribution of plasma
electrons is taken to be Maxwellian, and ions are assumed to be augsi (= 10%)
and distributed uniformly over the length of the system. It is also assumed that at some
initial point in time the system is subjected to small electron velocity and electron den-
sity perturbations of the form

én koEg .
— = sin(wot — kox),
no 4dmweng

(8.3.19)
woEp .
Sv= sin(wot — kox),
4meng

corresponding to the linear wave
E(x,t) = EgSin(wot — kox),

wherewd = w?, + 3k3v%, ko = 27 /Ao. The quantitiesto, ¢o. Ao. wo, andko are the
initial values of the field amplitude, potential, wavelength, frequency, and wave num-
ber, respectively. The numerical integration is performed using the particles-in-cells
method. The number of particles is not large (in Buchel’nikova and Matochkin, 1977a,
1977b, 1979, 1980, the authors usually put= 10%, with about 18 particles per cell).
To reduce the initial noise level, the easy-start method is used, in which neither the
coordinate nor velocity distribution functions of the electrons change from one cell to
another. In this case, it was noted in Buchel’nikova and Matochkin (1979) that the noise
level is determined by computation errorst limcreases for the computation scheme
chosen; the noise level increases with increagipgnd with decreasingo. The com-
putation only makes sense until the noise level remains small compared to the harmonics
of the effect under study that arise in the calculation.

The calculations in Buchel'nikova and Matochkin (1977a, 1977b, 1979, 1980) were
performed over a wide range of initial wave parameters. The time dependence of the
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field strength is quite complicated, but the initial stage always corresponds to the wave
damping regime in which an increase in the amplitude and the phase velgdityhe
rangeepo/(kgT) > 1 (and the corresponding decrease in the paramketg) dramati-

cally increases the damping decrement compared to the Landau value (Landau, 1946b).

In theory and mathematical experiments the question can be put about the number of
trapped electrons by travelling wave in electric field. But the mathematical expectation
of the number of electrons moving with the phase velocity is zero. Then it is possible
to speak only about a definite velocity interval, which contains phase velocity of wave,
and about electrons (or probe particles in mathematical experiments) belonging to this
interval.

In mentioned mathematical experiments they use also another possibility of calcu-
lation of the trapped particles. The mathematical experiments were realized with the
initial number of particles in cell, whitwas not more than 100, and maximum initial
velocity which was less than Z5vy, wherevy is the thermal electron velocity. In ex-
periments (see also Table 8.3) the phase velocity was changed in the rangéwf 2
to 224vr. Then it is possible to calculate the number of trapped probe particles the
velocity of which — in the process of evolution of the physical system — becomes more
than phase velocityy. In the beginning all high energetic electrons in the tail of the
Maxwell distribution function are cutting off. But the number of these “lost” electrons
(estimation of authors of experiments) is not more thdn6%.

From Table 8.3 it follows that the number of trapped electrons is not more than 20%.
On the macroscopic level of the system description we can speak only about average
(hydrodynamic) velocity: of electrons and about difference betweéeanduv.

Table 8.3 summarizes the results of the numerical simulation series I-1 to 1-8
(Buchel'nikova and Matochkin, 1979, 1980). In the leftmost column of the table, the
following definitions need some clarificatioﬁo = Eoergp/(mr[)) is the dimension-
less, normalized wave amplitudej,, is the period of plasma oscillation&N /N is
the fraction of trapped electrons (in %);is the damping decrement determined in the
simulation experimenty, = —w/ is the damping decrement found as the asymptot-
ics of the solution to the generalized Boltzmann equation and calculated from the first
decrement involved in the discrete spectrum of solutions. Table 8.3 also presents the
damping decrement, = —w; calculated from a modified Landau formula (Clemmow
and Dougherty, 1990). There is strong disagreement between the decrgmentand
yL in the long wavelength limikgrp << 1.

This disagreement is easy to explain from the computational point of view. Let us
write the Landau formula in its classic form

Yo_ \/E % o 1/Kr3) (8.3.20)
®pe 8 kyry

For korp << 1, the damping decrement calctdd by Eq. (8.3.20) becomes very
small, whereas its simulation counterpart does not differ much from the plasma fre-
quency. Applying the GBE asymptotics to the solution of classical problem of Landau
damping makes it possible, even in Landau’s linear formulation, to obtain quite a satis-
factory agreement with both physical and mathematical experiments.
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Table 8.3
Comparison of analytical predictions with numerical simulation results
N -1 -2 I-3 I-4 I-5 I-6 17 I-8
vg /BT 2.46 2.95 42 6.9 9.4 11.2 16 22.4 g
r0/rD 11 15 24 42 58 70 100 140 g
korp 0.57 0.42 0.26 0.15 0.11 0.09 0.063 0.045 5
(korp)? 33x10°1 17x 101 6.8 x 1072 2.2x 1072 1.2 x 1072 8x 1073 39x 1073 2x10°3 3
Eo 1-60 11-60 26-70 70-170 119-250 170-250 240-450 333591 @
NEZYNL S 0.2-1.6 0.8-1.9 1.6-2.6 3.5-5.4 5.3-7.6 6.9-8.4 9.8-13.5 13.7—18.3%
]
V0 sy, 8x1072-08 0.28-065 038-062 05-078 056-081 061-075 061-084 061-082 =l
epo/kpT 4x1072-27 0.7-36 25-68 119-285 28-584 48-705 967-181 188-33¢ <
AN/N,% 0-20 1-13 1-7 1-11 1-12 2-75 1-13 05-10 g
YL/ @pe 0.32 0.17 3x 1073 108 4x 1017 2x 1025 6x 10793 2x10°105 =
¥/ ®pe 0.32-1 0.17-096 003-04 0.03-065 003-08 0.04-02 0.03-08 0.02-03 3
yal®pe 0.522 0.4 0.247 0.143 0.105 0.0857 0.06 0.0428 &
v/vL 1.0-34 10-56 5-60 ~10°-10° ~1015-10'6 ~1073-10P4 ~10°0-10P2 ~10102

10104
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For investigation of plasma parameter perturbations Landau used, in the long wave
approximation, the expansion (see also Klimontovich, 1964) of the functfi@n-% ku)
in a complex power series

1 1 k ku\?  [ku\®
=_[1+—“+<—“> +<—“) +] (8.3.21)
w—ku o w w w

Only two first terms were used by Landau in the following calculations. The question
about convergence of series (8.3.21) by all possible values @ was not consid-
ered. The results of direct mathematicahslation can be considered as evidence of
divergence of series (8.3.21) in domain of definitionofw.

Now let the ions be at rest, and the electron component have a Maxwellian velocity
distribution. As a result, the dispersion equation — with taking into account the general-
ized Maxwell equation — can be written as

A [ me
1 1-
+rl2)k2|: 2nkgT

+00 (i — 7(w — ku)w — v} e et /2ksT
X/—OO i(w—ku) — T(w — ku)2 —v

dui| =0, (8.3.22)

where
A=1-%0"+it(@ —u). (8.3.23)
After integrating in (8.3.22) we have

A+r3k? 4 _wg[ 3
N VItatd

1
- 0501+ — ) |, 8.3.24
“ ( «/1+4ﬁ/)} (8.3.24)

or

A+72K% o o o NIFAV—1 14289 -V1+49
—eXpyjw T —w —w = - =
27 T 2t2

v 1 1
al = _iletie <1+ 7)}
[\/1+4fw7 2( ) 144ty
X |:C05(2&)\// + w>a}/
T
(8.3.25)

isin<2A” 1+ 48V 1)”]
— w +—|w .
T
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The separation of real and imaginary parts of the dispersion equation (8.3.25) leads to
the following relations. A real part:

N/

1+ rlz)kz —Tw

27
2y g NIFAY -1 14289 - V14479
XexXppow " "—w ~"—w = — 272
T

A

1

=1-ta" ”:# +0.5@”+0.5@”7}

R IWe i
e, NIFAR -1
x coq o' | 2w 4+ —

7
1 , V1+4t9 -1
- o.5af<1 + 7> sm[a’ (za" + 7”}
144ty T
o 1
—t(® —u —0.5@’(1—#7)
-] i
X CO{(Z&)\N + w>a}/:|
7

v oy 0.50"
— | ——=+050" + ———
V14 4ty V14 4ty
V1+41t9v -1
x sin[(%” + L)a’} } (8.3.26)
T
An imaginary part:
1 ., -
PN
» exp{a’z a2 6/”/1+4ﬁ/ -1 1+289-V1+419 }
T 272

9 1
— @ — i 7+o.5a”+o.5a”7]
( ){[\/1+4ﬁ/ Ve
o, NI -1
x coq o' | 2w 4+ —
T
1 Tl NITER-1
- o.5a’<1+ 7> S|n|:a)/<2a)” + L)}}
V144tvy T

1
+(1- fa/’){—o.55’<1 + 7)
VIt+4id
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E{A,< 0 \/l+4f§/—l>}
xcojo' (20" + —————
T

_ [# +0 50" + 07565//]
NAEW A Vit+ad

JIT#R -1
x sin[a’(za” + i)} } (8.3.27)
T

The system of Egs. (8.3.26), (8.3.27) differs from the system of Egs. (8.2.67), (8.2.68),
obtained with the help of classical Maxwell equations. But for electrons trapped by the
wave @' = i), Eq. (8.3.27) coincides with (8.2.68), and (8.3.26) differs from (8.2.67)
by multiplier
212 a4
S L (8.3.28)
1+ er2

In this case the method of successive approximation can be realized with the use
of (8.2.79) for the coefficienB calculation in the first approximation. Then this cor-
rection does not change the discrete elater of solutions but leads to other numerical
values of these solutions.

In conclusion we state that application of the generalized Maxwell equations can
lead not only to correction of solutions but, as it was demonstrated, to physical solutions
when classical dispersion equations have no solutions at all.

In the following consideration we intend to apply the main ideas of the generalized
Boltzmann physical kinetics to kinetic ahgdrodynamic theory of liquids. This theory
is developed with due regard for the variation of the distribution function on a character-
istic scale of the order of the time of vibration of particles in cells communicated with
a free volume of liquid.

8.4. Tothekinetic and hydrodynamic theory of liquids

As is known, the classical Boltzmann equation (BE), describing the processes of transfer
in gases, is valid only on characteristic scales related to the hydrodynamic time of flow
and the mean time between collisions. As it was established, the inclusion of the third
possible scale, namely, the particle collision time, leads to the emergence of additional
terms in the BE, which, generally speaking, are of the same order as the other terms in
the BE.

A fundamental difference between a liquid and a rarefied gas consists in the many-
particle interaction of their component particles. Nevertheless, it turns out that the use of
fundamental concepts of the generalized Boltzmann kinetic theory (GBKT) and of the
many-scale method leads to important results in the kinetic and hydrodynamic theory
of liquids.
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Let us turn to experimental data in the theory of liquids and theoretical models. In
the theory of liquids, some or other microscopic models are usually employed. A lig-
uid is investigated either as a non-ideal gas with many-particle interaction or from the
standpoint of the theory of a crystal in which the long-range order is lost. The singular-
ities of these models are described in Rezibois and De Lener (1980) and Fizicheskaya
Entsiklopediya (1990), and we will only refer to two models that are often used in the
theory of liquid, namely:

(1) The cell model, in which a liquid is treed as a deformed crystal with molecules
localized in the vicinity of the “points” of deformed lattice.

(2) The hole theory in which it is assumed that the transition of molecules from one
state to another is realized owing to the vacancies available in the deformed lattice.

Starting in 1924, Ya.l. Frenkel has been systematically developing the theory of lig-
uid state as a generalization of the theory of real crystals involving the concepts of mo-
bile holes, as well as the “concepts of thermal motion as alternation of small vibrations
about some positions of equilibrium with abrwatriation of these positions” (Frenkel’,
1945). The latter statement is equivalent to introducing the activation energy (or loos-
ening energy using Frenkel's terminology) in the liquid theory. In principle, Frenkel's
model reflects the experimental fact of existence of the short-range order in liquid. As a
result, the particle motion assumes the behavior of "irregular vibrations with the mean
frequencyro_1 close to that of the vibration frequency of particles in crystals, and with
the amplitude defined by the size of the “free volume” offered to the given particle by
its neighbors. The free lifetime of moleleuin the temporary position of equilibrium
between two activated jumps is related by

T =roe"/*T, (8.4.1)

whereW is the activation energy” (Fizicheskaya Entsiklopediya, 1990). Relation (8.4.1)
reflects the physically transparent fact that, with the activation energy (loosening energy,
according to the preferable terminology of Frenkel) equal to zero, the particle loses its
contact with neighbors during the characteristic vibration tigevhile with W — oo
the molecule does not change its environment at all.

We will discuss Frenkel’s model in view of the experimental data of Hildebrand
(Alekseev, 1997; Hildebrand, 1977). Hildebrand gives the experimental data on the vis-
cosity of liquid in the form

= tha s, (842)

whereu, is the viscosity that includes only the collective effects in the liquid, @ants

the viscosity that includes the “individuality” of the particles. This differentiation calls
for additional explanation. For this purpose, consider Figure 8.6 which gives, by way
of example, the viscosity, and the componenjs, andu; for C3Hg (T = 4109 K).

Also given in Figure 8.6 is the critical volumi., as well as the volum#&;; when this
latter volume is reached (on the side of smaller volumes), the individuality of interacting
particles starts showing up.
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Fig. 8.6. The viscosity. and viscosity componenis, anduy, for C3Hg vs. volumeV'.

If o is the viscosity of rarefied gas,

2(mkgT)Y2
Ho="0 5 (8.4.3)
whereos is the diameter of molecule amdis its mass, then
V
o = Mo(l - 7’), (8.4.2)

with u, = 0atV < V,. Therefore, with rarefaction, a term emerges in the total viscosity,
which is calculated by the kinetic theory of rarefied gas within the coefficienv/ V.
At V < V;, the last “traces” of pair interactiorully disappear, and the viscosity is
defined by purely collective effects. The values of voluvhare found experimentally
and tabulated.

As a test of validity of the relation

V,
Ko _q_ 2 (8.4.5)

Figure 8.7 gives the data of Hildebrand Gm — u,)/uo function of V. In so doing,

the points in the plot for Ar correspond to the temperature of 323 and 373 K, those for
CHg to 311 and 341 K, and those fogBg to 411 and 511 K. The construction of the
plot of u, /1o as a function of - V;/V leads to a universal dependence for different
temperatures. The “collective” viscosity, according to Hildebrand is approximated

by the formula
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Fig. 8.7. The data of Hildebrand @p — )/ 1o function of V.

Table 8.4
EigenvolumeVg and coefficientB for different molecules

Molecule Vo (cm®/mol) B (cP 1
C3Hg 61 18.6
CsHio 92 185
CgH1a 111 18.0
C7H1g 130 18.8
CgH1g 147 17.1
CoHao 165 16.5
CioH22 183 15.2
CioHog 217 14.1
cCl 88.3 17.4
Py 68.6 16.3
cS, 50.5 14.0
CHC13 70 14.0
Hg 14.1 126
\%
T — (8.4.6)
B(V —Vp)

whereVj is the eigenvolume of molecules. Table 8.4 contains the data of Hildebrand,
according to which it follavs that the coefficienB is both universal and little dependent
on the sort of matter.

The values ofB and V are determined by the experimental data from the plot of
dependence of the fluidity 1/@n the volumeV in the liquid state region, when the
correlations associated with pair interaction are insignificant. The valugsare also
determined by the experimental data from Figure 8.7. Table 8.5 gives the values of these
quantities according to Hildebrand’s experiments and literature data.



Physics of plasma and liquids 327

Table 8.5

Parameters of the liquid state

Molecule Vo (cm3/mol) |72 Ve B (cP 1)
CHy 32.0 40 99.4 35.6
CoHg 44.6 64 148 25.8
C3Hg 61.5 130 205 22.0
n-C4H1o 78.5 230 255 21.8
CO, 28.7 60 94 15.7

The viscosity in liquid and in the transition state may be calculated by the formula

V—V,+1 Vo
Vv BV —Vo

= [0 (8.4.7)

The viscosityu, calculated by formulas of rarefied gas dynamics, may be expressed
in terms of the mean time. between collisions,

7. p = I o, (8.4.8)
where[T is the parameter associated with the model of particle interaction; in the first
approximation, for the hard-sphere mod&l= 0.8. From Egs. (8.4.7) — after multipli-
cation of the both sides of this equation By p — and (8.4.8), it follows

m V-V, I Vo 1

E_ = -, 8.4.9
STy T BV _wep (8.4.9)
wherep is the static pressure.
The time
V-V
=1, - ! (8.4.10)

may be treated as the mean time between particle collisions in the transition mode.
With V < V4, the “sample” particle ceases to begominantly influenced by one of the
particles and senses the effect of a self-consistent force alone, in thistase,

We will now introduce the time

n 1
o % 1 (8.4.11)
BV —Vop

Tosc=—

Relation (8.4.9) may be represented in terms of Frenkel's model if one uses the equa-
tion of state in the form of Dieterici’'s equation which is “the best equation of state,
depending on two constants” (Hirschfelder, Curtiss and Bird, 1954),

p(V —b)=RT e ¢/ (RTV), (8.4.12)
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The constant is related to the measure of “cohesive forces” of molecules; and the
constantb is proportional to the volume of molecules and taken equéftorhe first
Dieterici equation describes well the region of the critical state of a matter. For example,
the critical coefficient, defined by the thermodynamic parameters of a matteryV.,,
andT, in the critical states = RT./(p.V.) = 3.695, which correlates with the exper-
imental data better than= 2.67 according to van der Waals. With high valueslof
Dieterici’'s equation transforms to van der Waals’ equation. It follows from (8.4.10)
and (8.4.11) that

Tosc=t0€" /KT, (8.4.13)
where
ITVy
= —, 8.4.14
= BRT ( )
w=2 (8.4.15)
%

But formula (8.4.13) is Frenkel's formula for the time of residence of molecule in the
cell, 7 is the particle vibration period, an@ is the activation energy (or “loosening
energy”, according to Frenkel).

As found by Hevesy (Frenkel’, 1945, p. 104), the activation endvggiecreases as
the temperature rises. This effect is readily taken into account by the second Dieterici
equation,

p(V — Vo) = e~/ (RT"V), (8.4.16)

which contains the temperature correctioh, y = 1.27. In this case,

a
= Troar (8.4.17)
Further detailing of relations (8.4.14) and (8.4.15) is possible within Dieterici's equa-
tion. In view of

1

a=2RT.Ve.  Vo=3Ve. (8.4.18)

we find that, for the first Dieterici equation,

v, 2RT,V,
I sy (8.4.19)
2BRT Vv

70

Needless to say, formulas of the type of (8.4.19) can be expected to coincide with
the experimental data only by the order of magnitude. The prospects for rigorous cal-
culation of the above-identified parametars associated with further development of
the trend in statistical physics, based on the calculation of thermodynamic parameters
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“from the first principles” (see, for example, Krieger, Lukin and Semenov, 1986; Se-
menov, 1984), and with the methods of molecular dynamics. For example, for mercury
atT =300 K, Eq. (8.4.19) yieldsg = 1.4 x 10~13 s, Note that the typical value of the
particle vibration period in the cell, given by Frenkel’ (1945, p. 182) is%Gs.

Therefore, the data of Hildebrand may in fact be treated from the standpoint of
Frenkel's theory. Note only that formula (8.4.13) was written by Frenkel for the lig-
uid state (when the pair interaction effects are fully suppressed).

In what follows, we willonly need Frenkel’s model to introduce thealesof quan-
tities in the kinetic theory of liquids.

We will now write (8.4.9) as

T2 =¥ 4 g/ RD), (8.4.20)
p
and introduce the small parametes nrge”, wherercey is the characteristic radius of

the cell. The parametermay be represented as

_NV—Vo_V—Vo
Ce”_V N - V

, (8.4.21)

& =nr

where N is the number of particles in the system, avidis the molar volume. We
will introduce Hildebrand's parametér= (V — Vp)/Vp and note that = k/(k + 1).
Tables 8.6 and 8.7 contain the experimentally obtained value$arfsome liquids, as
well as the values of viscosity of liquidsathe pressure dependence of the parameter

For liquid Hell, the eigenvolume of an atom is equal about 9 A, and on average
45.8 A3 of “empty” space corresponds to every atom.

It follows from Tables 8.6 and 8.7 that the quantitynay be treated as an adequate
small parameter in constructing the theory.

It becomes obvious now that, in constructing the kinetic theory of liquid, one must
take into account the following three groups of scales:

Table 8.6

Parameter and the viscosity of some liquids

Liquid T (°C) w (cP) &

CCL 20 0.97 0.0557
40 0.74 0.0723

CgHg 20 0.650 0.0741
40 0.492 0.1007

CS 20 0.366 0.1554
40 0.349 0.1625

(C4Fg)3N 20 0.0148
42.2 0.0393

CsONFy1 20 0.1007

422 0.1197
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Table 8.7

The pressure dependence of some parametersdecanes

p (atm) V (cm3) V-V e
136 232.2 4.821 0.0208
272 231.0 4.687 0.0203
544 229.9 4.597 0.0200
68.0 227.9 4.396 0.0193

204.0 220.4 3.631 0.0165

3400 214.8 3.081 0.0143

4080 212.3 2.829 0.0133

(I) the cell scale corresponding to the vibrations of molecule in the “blocked” state,
namely, vocell — the scale of velocity of vibratory motion of particle in the
“blocked” staterce — the scale of cell sizerde) = Ce” , Where V¢ is the cell
volume), andrg — the period of particle vibration in the cell. We will refer to this
group of scales as theg-scale”;

(I1) the scale of the cell state associated with the characteristic time of particle res-
idence in the cell, or ther-scale”, namelypg, — the scale of particle velocity
in the z-scale (generally speaking, this scale of velocity does not coincide with
vocell, because a high-energy particle is abfe of overcoming the energy barrier
associated with the activation energy),— the scale of length in the-scale (the
characteristic distance covered by a particle during the time of residence in the
cell), andr — the residence time of particle in the cell (for example, under normal
conditions for watery ~ 10°1g); and

(Il the hydrodynamic scale that needs nadiional explanations, namely; — the
hydrodynamic velocity of flow — the hydrodynamic length, ang — the hydro-
dynamic time.

In what follows, these groups of scales will be used to derive the kinetic equation for
liquid.
We will use the Bogolyubov chain equation for thearticle distribution functiory;,

af 5 afq 9 fY af
i Z Z Z v
1
0
Y Z Z / i3y —— [s+1025 41, (8.4.22)
i=1j=s+1 !
written in standard notation, where, in particuley,andF;; are external and internal

forces, respectively. We will make Eg. (8.4.22) dimensionless ongiseale, using the
following scalesn® vy sy for fy, andvg .o/reeil, FS for the internal and external forces,
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respectively. Then, Eq. (8.4.22) assumes the form

A

0% +ZV cell - +a ZF XS:E s
dicell ) l Ficell 3Vz cell i1 Y 3V cell
1 & 9
= _8ﬁ Z Z Fij - Vi cel fs+1 dQs—t—l’ (8.4.23)
i=1j=s+1 Vice

wherea = F§*/ Focell. We will follow the many-scale method and represent the dimen-
sionlesss-particle distribution function as a function of three groups of scalesand

fs = fs(tcell, Picell Vicell; o, Fiz, Vizs tr, Fin, Vips ), (8.4.24)
and introduce the expansion

o0
fs=>_ fV cen. Picel. Vicelt: fr. Pir, Vi . Fin. Vs )ev. (8.4.25)
v=0

The derivatives in the left-hand part of Eq. (8.4.23) are calculated by the rule of
differentiation of composite function,

dfs _ fs d f d fy

— = —— +ee2— +ee160 -, (8.4.26)
dicen  9fcel oty afL

df, 31, 3 f 3f

= /s == /s + eg2e3 Afé + ee1626384 AfA , (8.4.27)
dfjcen  9f;icell fic afir

df, 3 f, Focell  fs Focell 3 f,

Afs _ Afs ) Ocell Afs oE4 Ocell Afs ’ (8.4.28)
dVice  9Vicel For 9V For oVr

using the notation

T RT Vo7

Y0z Y0z gcell
&4 = 5 FO‘[ = FO

VoL T Vcell

the symbol” indicates dimensinless quantities. One cartiaduce the analog of Knud-
sen number,

TV
Knf = ‘

= £1€4. (8.4.29)
TLVOL

No restrictions are introduced on the above-identified parameters.
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We will now substitute series (8.4.25) into approximation derivatives (8.4.26)—
(8.4.28), and the derived expressions — into Eq. (8.4.23). Besides, in the right-hand part
of (8.4.23), we also use the notatigh, 1 in the form of the above-mentioned series.

We will equate the expressions for the same values of

For £, we find

0f0 0f0 = S0
Af‘v +ZViceII‘ rfs +ZFij‘ Afs

Olcell ) of; cell i1 Vi cell
s 70
~ 0f
Fi- S =0. 8.4.30
T Z l 3\71' cell ( )

Forel, we derive

71 s il s il 70
~ af, ~ Of 8f

+E - + ) Fij—=—ta) Fi-—* s
afceII i Vice ficell i1 Y Vi cell i ' 9V cell afr

N 8f0
9L

F
+aen OceIIZF as

Vit
i=1

Focell P 8fyo Focell = 3]?O
+ &284 Fii - —— +aeren F, . ==
For ijzz:l S For ; L8

__2 Z Z fildﬁ (8.4.31)

i=1j=s+1

Fors = 1, with due regard for thendistinguishability of particles and for the condition
of s € N, Eq. (8.4.31) yields

afl . afl R afl 70 . 9 70
L Vicell - s +aF1 - "+ ep— + epealicell-
Olcell ol 1 cell V1 cell 0t; ory;
Focell= aflo aflo ~ aflo
+o Fi1-—=—— +e¢1¢ :
2For LoV ok of 1z
Focell=~ 8f1 /’\
+ aeoen Fq- =— | F1i2- f sz (8.4.32)
Fo: oviL aV1ce||



Physics of plasma and liquids 333

We will now write Eq. (8.4.23) fos = 2 and use the derived relation to represent the
integral in the right part of (8.4.32) in the form

— | Fiz- sz—/(\71 in—V
/ 3V10ellf o

afo 30 ~ afp ~  Af0 7 -
+/[ fz +V1ce||-fi+a|:1- Afz +aFs- Afz ]dﬂz

Ofcell or 1 cell V1 cell V2 cell

70

-~

~ afy
+/le~ 12 43, (8.4.33)
V2 cell

whereX12 = f1cell — F2cell defines distance between certain liquid particles designated
by the numbers 1 and 2. The last integral term in (8.4.33) vanishes, because it may be
transformed to integrals over the surfacattis infinitely removed in the velocity space,
where the distribution function goes to zero. Using Eq. (8.4.30) written forl (see

also (8.1.9), (8.1.12)), as a result the collision integral assumes the form

—~ 9 ~ —~
- / Flio- ——fLd2,=A+ B +C, (8.4.34)
V1 cell
where
/ 0 e 22, (8.4.35)
Tcell
B = /(Vlcell— v (8.4.36)
w9
c:f[ 2 ]d.Qz, (8.4.37)
fcell

where the correlation functiow? is introduced

0
fot,r1,v1,r2,V2)

= f2(t, 11, VD) 28, 12, V2) + W, 11, V1, T2, V2). (8.4.38)

As it was shown in Section 8.1, integralleads to appearance of self-consistent forces
in substantive derivatives, integrBlmay be transformed to the Boltzmann form. Inte-
gral C is equal to zero as containing the correlation functiorssobthorder ine.

We return to dimensional variables to derive the kinetic equation that is valid for all
three scales in a lower approximationsin

1
Df1,1 f1 1
Dt Dt

/ (23105 — fL1110]gbdbdp dlz. (8.4.39)
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Here, the prime indicates the parameters of particles after interaction; integration is
performed on theyp-scale. Eq. (8.4.39) remains linked by the superscript in the first
term of the left-hand part of (8.4.39), where the notation

d
2% v L e (8.4.40)
1 v

is introducedF ;¢ is the effective force acting on the particle on the cell scale.
We will treat

1
Dfiy _ £<3f1,1>
e=0

= (8.4.41)
Dt Dt \ O0e¢

introduce the assumption of thedependence of the one-particle distribution function
on the cell scale in terms of the dynamic variablles, ¢, and use the irreversibility of
time. Then,
Dfl D 1 DFO
Plia _ D[ 1 Dh, (8.4.42)
Dt Dt | (0e/0t)e=0 Dt

Consider now the relaxation forgde/dr).—o. Physically, this means that it is nec-
essary to find out how many particles will enter the cell per unit time under additional
condition ofe = 0. Relaxation time can be estimated as mean tifhef particle resi-
dence in the cell, then

9
(i) _ (8.4.43)
ot e=0

From (8.4.20), there follows the representation of the time of particle residence in the
cell

¥ =10eV/RT 4 ¢ (8.4.44)

and the possibility of expressing in terms of hydro-dynamic quantities,

r=nht (8.4.45)
P

The second term in the right-hand part of (8.4.44) includes the correction of the time
of particle residence in the cell for pair interaction, when the system in the liquid state
approaches the gaseous state. Namely,

S {roeW/“m +F (V=W),
B W/(RT)
we V< w), (8.4.46)
. V-V,
T =1 .

Vv
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As a result, the kinetic equation for liquid assumes the form (in what follows, the
superscripf is omitted)

Dfin D ( ,Dfia
T () = [l andrddpd.  (@447)

The kinetic equation (8.4.47) transforms asymptotically to the generalized Boltz-
mann equation for rarefied gases. It should be noticed that corrections of local Boltz-
mann collision integral — related to correlation functions — begin in the following ap-
proximation ine. In this sense situation is analogous to developed plasma kinetic the-
ory where corresponding collision integral arporates effects of plasma polarization
in following approximations.

Further derivation of generalized hydrodynamic Enskog equations may be performed
analogously of the previous considerations. In so doing, the paranfetigfined by
relation (8.4.46) is introduced into the equations.

For a one-component non-reacting medium in the absence of magnetic field, gener-
alized hydrodynamic equations take the following form:

— continuity equation,

el d o)

0 0 d
— {pv -1 |:—(p\7) +— - (pW) — pF(l)]} =0, (8.4.48)
ar at ar

— equation of mation,

B] ] 9
— | —(pV) + — - pW — pFD
at{p T [ t(p)+ar o P “

op 0 _ 0 0
—FOlp—t* =4+ — o) |+ = { oW — ¥ — (oW
pt ar  or P ar p f az(p )

9
+or - p(wW)v — pFDy — p\_/F(l):“ =0, (8.4.49)
— energy equation,
3 [ pv2 dp2 9 1 —= _
Iy Bt .z —FD.
BI{Z T[az2+ar 2Py v

2
1 - 0
- E'OUZF(D:“ - {pF(l) V= r*|:F(1) : (E(pV)

3
+ o P - pF(1)>] } =0, (8.4.50)

1 —- a1 a 1 ——
— A Zpv2v— | —Zpvdv ~pv2w — pFY vy
+ {zpv T |:8 2p +a pU 0
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wherep is the density of liquid, the bar over expressions depending on the own velocity
of particles is indicative of averaging over the velocity using the one-particle distribution
function.

Note in conclusion that* transforms to the value of. for rarefied gas, this pro-
viding for a “through” description of the liquid—gas system using generalized hydrody-
namic equations (8.4.48)—(8.4.50).

Write down now GHE using notations of averaged values, for example

ap 0 _
a __ x| 27 .
pl=p—1 |:8t + ar (pv)]. (8.4.51)

Then densityp® corresponds to mass containedidethe control unit volume filled
with the particles ofinite sizes. The other velocity moments have analogous physical
sense. As a result, we have for the mentioned case:

— continuity equation
0p“
at

d
+ e (pV)? =0, (8.4.52)
— momentum equation
J g\a (1)\a d T \A
5(pv) — (bFP)" + T (PW)* =0, (8.4.53)

— energy equation

0

5(,oﬁ)“ +2 (pv?2v)* = 2(pFP . v)* =0. (8.4.54)

ar

Systems of generalized hydrodynamic eipres written in form (8.4.48)—(8.4.50)
and (8.4.52)—(8.4.54) can be considered from the position of theory of super-fluidity
developed by Landau (1941b, 1947). In phenomenological theory of superfluidity, hy-
drodynamic parameters — in particular density of mass flux and density of quantum
liquid — are represented as a sum of normal and superfluid components:

j=is+tin 0 = ps + Pn. (8.4.55)

Obviously, the structure of GHE coincides with Landau equations if to correlate now
the superfluid componentcomponent) with averaged values in GHE (for example,
j¢ andp?) and normal component{component) with fluctuation parameters in GHE
(for examplg™ and ™). In this case Egs. (8.4.52)—(8.4.54) have the character of Euler
equations. In general case, the separation of normal and super-fluid components of lig-
uid is not possible, the flow of liquid helium is said to consider as non-viscous flow in
viscous media.
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As it was indicated above, the generalized Boltzmann equation in particular and
the generalized Boltzmann kinetic theory on the whole are really “working” theoreti-
cal instrument for solving applied problesnCertainly, tremendous quantity of applied
problems can be considered. But first of all the following problems can be indicated:

(1) Calculations of turbulent flows (with taking into account the explicit form of Kol-
mogorov micro turbulent fluctuations) from the first principles of physics.

(2) Calculations of the flows by the intermediate Knudsen numbers and as the conse-
guence the “through” calculations of gas dynamics flows including the structure of
shock waves.

(3) Calculations of flows in plasma devices and gas discharge devices where the particle
collisions are significant.

(4) Investigation of transport processes in ionosphere.

(5) Investigation of transport processes in semiconductors.

To conclude, the results presented here are only a part of what the generalized kinetic
theory has produced during about two dezsdf its development — the years, one is
safe to say, which have showed it to be a highly effective tool for solving many physical
problems in areas where the classical theory runs into difficulties.
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Appendices

Appendix 1. Derivation of energy equation for invariant Eq = myV.2/2 + &4

Generalized hydrodynamic Enskog energy equation for invagnt m, vj/z + &y
is written as

Ofu 0Ty 0Ty 0fo 0Ty 0Ty
g Yl T, e L I 2
/ “{ dt [ ar ¢ Tor ]+V°‘ ar [ ar Y Tor ]

+F,- af"‘ [1_8__\/&.%]

Vel ot or
oG e v 2
% %+Fa-%+z 252“(” B)
AL R (RS LA
+ Zaa\fa];}[r : vaFa] } dvy = J" (A1.1)

Transformation of the terms on the left-hand side of Eq. (Al.1) is realized in a similar
manner as it was indicated in Section 2.7. Then in transformations that follow we present
as reference source the results of integral calculations which deserve further comments.

a d — AV
Internal energy/, of particles of species (per mass unit) is defined as
neEq = paUsy. (A1.3)
Then
— 3 3 ~
neEy = EnakBTot + Eqllg = Epot + gghg = paUsq. (A14)
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For gas mixture we have
O=3r+%
= = RULE
p 2p - ato
d d ~ 9 . 0
(2) /Eotvot : o dvy = a ’ (VOanot) + a : ql— Fla- <VO‘ _>VO

ar ar
V V 0 V
IOOt o o ar o

Let us recall that flux densities of heat and mass can be written as

1 — _
QI = Epot Vazva + egng Vg

Ja =maneVe.

a
(3) /EatFot' %dvaz_paFa‘Vap

) / Egv, - 2fa ey,

ar ot
0w 8 , ~ . 31y 9Q] A7, V)
=Vq: — — U, — —= 4+ — .V —
0" r at(p" a) + or ot T ar VoUer

where pressure tensér, is

Py =puVoVa.
(5) /Eava . %(va : %) ave
— % : [aa_r : (VOVOpaﬁa)i| +or [a_r -VOQI]
2 [0 ]+ 5 [ BV

0ty [ 0 a7, 0
+ . PaVa - (VOVa : _>VO] + —:[ : |:,Oozva : (VaVO : _I'

(A1.5)

(A1.6)

(AL.7)

(A1.8)

ar ar 0 0

0ty [ ——— 0 0Ty . ad

T | Ve VaVa - 2o |+ 22 vovo - (ju - 2 v
+ ar _,Oot o VeV 8[') O:|+ ar |:O 0 <]ot 3r> O:|

0ty 0 S aT, d
= a_raﬁ ing EqVoVe + pa(a_:[ : VO[>V0( : <Vot : a)vﬂ
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(6) /Eo,(FO,-%)va-aﬂdvaz—a%-(naEaFa)

@) / Ea%va . 8& dv,

ot or

3q) 9ty 9Ty D ~ — Vo Iy
=—¢. 24 2. (vopo U VoV — —.

ot ar T ar at(op“ @)+ PaVeVe ar or

2
(®) / E, M dv,

32, ~ o\ . 0%y  _dje Vo
ZT(ana)+pa<_) _]a‘—+2£‘

312 ar ot
32
) / E, f‘: Ve Vg

92 T o 3 ,oavg
= oror [qa + Vongéq +Vo - Py + EPaVO‘I‘ TVO

82

2
V23— . puVo.
0rar PeVo

vV o° (ﬁ—i- vv)+1
0| 5rar a + PaVoVo 5

32
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aror
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(A1.10)

(A1.11)

(A1.12)

(A1.13)



342

(11)

12)

(13)

(14)

(15)

(16)

7

(18)

[
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. P,. (Al.14)

9 3
+ pu g (Fi V) + a5 [ (Ve x B) - V] (A1.15)

Fu fa g _ [2u(, OB aFPT
o Ve O Lme\ " ar T

(p U )+pavaF(1) aar Vo
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1 0 d 0
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2:001(0, or v0+ma3 [,Oa aVo X ] maar [g, x B]
1 R
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1 _
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e (r) D) -
Eag - (F 5 B) dvo = —(FP x B) - o (AL.17)
o
o a S =
agy Ve Vo = —[3paUs + o VZ + V0 ja]. (A1.18)
o
ofu 0
/EO,MVO, : gFa dv,
d ~ 0 _
= —1aVaVa | —Fo — pala~— -FO + ng 2 Fovy -rotB.  (A1.19)
ar ar My
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/Ear g‘\’/ : FoFg avg
o o

/Ea

o

2
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0 ~ 0
1 1 :
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m

Using relations (A1.2)—-(Al1.21) for transformation of energy equation (Al.1), the
following form of energy equation can be found for invaridit
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In the generalized Euler approximation (for local Maxwellian distribution function),
the following relations are valid:

9 0aV2 D
19 Vo (Vo — |Va=— Y _— .vo. Al.23
9 puVa (Ve g Vo == 25 v (A1.23)
(0) (0)
20 0Ty 0 0Ty 0
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(0) (O]
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where operaton = 82/dx? + 82/3y? + 82/dz2 is Laplacian.
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(23) arar : Pa(VaVO) Vg Vo= ot PaVoVo. (A1.27)
92 92 92 -
24 — = — L Al.2
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As a result, the generalized Euler energy equation (for non-reacting mixture of gases
(¢4 = 0) in the absence of external forces) is written as
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Eqg. (A1.31) can be simplified forrsgle-species one-dimensional case

3, ~ dvg 9 ~ 3t ©
L0+ p2 4 Z(puol) (21—
[ar(p )+t gy (oo )K a1 )
9, ~.  dw 9, 59
| (ool ) + pZ2 4 L (2p0) + 22 (& T
[ar(vop )+ por g (WerU) + 550 (ks
dvo]ar@ 32 ~ dw\> 5 92 pT
2puo s | _ @ i ovo kg
+ pvoax} ox s U)ol 50 ) + kg

32 4 32 5 3% 5 32
2 (0v0) + 45— (pvg) — vo3— (pvp) — Bvo-—5 (pvo)

32 2

(p9d) + 5-"—(pvo)
dxar L0} TG \PY0

P (p08) - 200 82 22 (pu) (A1.32)
V — U .
axor 0 09xar Oa axar PO

in this caseolU = 3 p.

Energy equation for invariamt,v2/2 + &, can be obtained from the energy equa-
tion for invariantE, as linear combination of hydrodynamic transport equations. Par-
ticularly we obtain energy of Eq. (2.7.54) after summation of Eq. (A1.32) (multiplied
by two), one-dimensional motion of Eq. (2.7.53) (multiplied term-by-term by hydrody-
namic velocityvg), and continuity equation (2.7.52), multiplied bg. Then the ques-
tion about the application of one or another form of equation is the question of easiness
of the concrete calculation.
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Appendix 2. Three-diagonal method of Gauss elimination technics
for the differential third-order equation

Let us consider a highly effective numerical method for solution of boundary problems
described by ordinary differential equation of the third order. This method is known
in the West as three-diagonal method of Gauss elimination, and in the East as “pro-
gonka” (“sweep”). “Progonka” was applied in the theory of the gas dynamic boundary
layer with chemical reactions as early as ie theginning of sixties (see, for example,
Alexeev, 1967, 1982) and introduced by the author the iterative procedure of suppres-
sion of arising oscillations is now univetsaadopted element of numerical solution of
differential equations.

The aim of this appendix is to show how to construct “progonka” method for differ-
ential equation

b1y" + b2y” + b3y’ + bay + bs=0. (A2.1)
It is assumed that coefficients (i =1,...,5) are functions only of the independent

variablex; in the following we intend to discuss how to avoid this restriction.
As an example, the boundary conditions are chosen in the form

x=a:y=a, y =8,

x=b:y=y. (A2.2)

The second-order scheme is introduceithg® uniform partition of the intervdl, 5]
with the mesh widthh (xo =a,...,x, =b), xx =x0+kh,k=0,...,n, and

;_ Ykl = Yk—1

, A2.3
Yk o ( )
Vi+1 — 2Yk + Yk—1
W= (A2.4)
-2 2Vk—1 — Vi—
V= Vk+2 )’k+12‘;l‘3 Vk—1— Yk 2‘ (A2.5)
Using (A2.1)-(A2.5), we find
b, Yht2~ 2yk+1+ 2yk—1 — Yk—2 4y 2T 2k + Yk—1
Vk+1 — Yk—-1
~+ b3y — + bagyx + bsy, =0, (A2.6)
andfork=2,...,n—2,
—b1k 2b1y + 2hboy — bayh?

e = =2 g b Y Ao — 2%
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N —2b1y + 2hbyy — bayh? N b1k
T by, — 2h%bay Y2 A hbor — 213ba
2h3b
s S (A2.7)
4hby; — 2h3bgy
Newton formula leads to the approximation function
t t(t—1) tt—D@ -2
y(xm_th)zy(xm)_EA)’m‘i‘ o 2)’m_TA3 m
tt—1D@ -2 -3
4+ =D -2 )A4ym + Rs (A2.8)

2

in the pointx,, — th, wheret is an integer or a fractional number and finite differences
can be calculated as

Aym = Ym — Ym—1,

AYm—1=Ym-1— Ym-2,

Aym—2=Ym-2 — Ym-3,

AYm—a = Ym—-4 — Ym-5,

A2y = Aym = AYm—1=Ym = 2Ym-1+ Ym-2, (A2.9)
A%yu_1=Aym-1— AYm—2=Ym-1—2Ym-2+ Ym-3.

Asym = Azym - AZYm—l =Ym — 3Ym-1+3Ym—2— Ym-3,

A3y 1= Ay 1= A% 2=Yn-1—3Ym-2+3Ym-3— Ym-a,

A4Ym = Ag)’m - ASym—l =Ym — 4Ym-1+6ym—2—4ym—3+ Ym-a.

Let us introduce the variable= x,, — th, thens = (x,, — x)/ h, andz, = —h~1. After
differentiating (A2.8) with respect to, we find

2t—1
Vi =—Ayt, + ——A%y1,

2!
V=A%)~ ?A%(d)z + 2 _ZGH—ZZMWDZ, (A2.10)
W==A%y)+ #SA‘W(I;)%
or for the pointx,,_1,
¥l op) = P2, (A2.11)
VY (tm-1) = h—lz( 29),, = Flhz( N
1 1

oy

1 1
=73 |:Ym - 2ym—l + Ym-2— 1_2y;n + é)’m—l - E)’m—Z
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. 1 1
3ym—3 Ym—4

12
1711 5 1 1 1
= | =Ym — 5Ym— =Ym— = VYm—-3— =—=Ym— A2.12
72 |:12ym 3y;n 1+ 2ym 2+ 3ym 3 12ym 4i|’ ( )
Z 13 1
Yy (Xm—1) = 3| 50m 5Ym-1+6ym—2 —3ym-3+ SVm—4|. (A2.13)

After substitution of (A2.11)—(A2.13) into (A2.1) we have:

Y[ 18b1m—1+ 11hbp y—1 + 6h2b3 1]
+ Ym—1[—60b1 y—1 — 20hbp -1 + 121%b4 1 —1]
+ Vm—2[72b1 -1 + 6hbo m—1 — 6h%b3 1]
+ Ym—3[—36b1,1m 1+ 4hb2 ;1]
+ Yim—al6b1.m—1— hb2 1]+ 12h%bs ;1 = 0. (A2.14)

Three point difference equation is written as

Vi = agk)yk_,_l + aék)yk_,_z + aék), (A2.15)

whereaik), ag‘), ag‘) are (“progonka”) coefficients which should be calculated in every

pointk. On the left boundaryk = 0) we haveyg = «, then

yo= a;(LO)M + aéo)yz + aéo),
©) ) 0) (A2.16)
a,” =0, a,”=0, a3’ =a.
Fork =1 (m = 2), from Egs. (A2.9), (A2.10) it is found
,_ —Y2+4y1—3y0
S A A2.17
Yo o ( )
or
1 1
=- -(2h 3a).
y1= 72 + 4( B + 3a)
Then,
1 1
a’=7.  ay’=0.  ag’=7Ca+2p). (A2.18)

Let us find the values;.1 andy,_2, using the corresponding “progonka” coefficients
andyx+1, yk+2. After substitution of expressiong—_1 andyx—2, we find using (A2.7)
and (A2.15)
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k—1) (k k k—1) (k
)’k—lzai )a() +a1 )aé)y +a§ )a:(g)
+af Py +adP, (A2.19)
k—2) (k—1) (k k—2) (k—1 k—2) (k
Vi 2—)’k+1(11§ ) ( )ai)-l-ai ) ( )+aé ) ())

k=2) (k—=1) (k k=2) (k k=2) (k=1 k=2) (k
+)’k+2(( )( )()+( )())-i-ai )aé )+a§ )a:(g)

+a§k 2)+a<k 2, (k b, (k) (A2.20)

o= seral [l P Ve afl2alf 1 o Pafh)]

x (4hby — 2h3ba) ™"

+ (@ Yal? + af D) (26w + 2hbo — byeh?)
+ (—2b1 + 2hbo + bach?)](8hbo — 21°bay) )
+ yk+2[_b1k( (k— 2) (k 1)a§k) + aék 2) (k))

+al Da® (2b1x + 2hby — byh?) + bu] (Ahby — 2h%by)

+[2h3b5k_b1k( (k— 2) (k 1)a:(3k)+a§k 2) (k 1

+ay ™ ?) ] (4hbar — 21%ba) "t + (0 Pag? +agY)

_"_aék 2) (k)

X (2b1x + 2hbo, — bach?)](4hbo — 2h3ba) ™ (A2.21)
But relation (A2.21) is an identity and as a result the following are valid:
2 —Mka(k H —2b1i + 2hboy + baih?
a, = 2 , (A2.22)
Myaq +b 1kdy + Ahboy, — 2h3bay
a® = bu (A2.23)
“2 M;, a(k H + blkaék_z) + 4hboy — 2h3byy ’
(k=1) (k=2 3
—-M —-b + 2h°b

o) — kd3 Lkdg Sk (A2.24)

M 4 bal? + Ahby — 213by
where
M = —2by — 2hby + h2b3k + blkagk_z).

On the right side of the interval the system of two equations for definitioy, of,
ya—2 can be written. Really, the first equation of this system is
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(n—2) (n—2)

Yn-2=0ay “Yn-1+dy T Yn +a§n 2)’ (A2.25)

andy, =y.
But from (A2.14), it follows

yn[18b10—1+ 11hbp -1 + 6h%b3 1]
+ Vu—1[—60b14—1 — 20hbp y—1 + 12hb4 1]
+ Vn—2[72b1n—1+ 6hbz u—1 — 6h2b3 1]
+ yn—3[—36b1,n—1+ 4hb2 n—11 + yn—-al6b1n—1 — hb2,—1]

+12h%bs,,_1 =0, (A2.26)

and
vz =ay" Vyu2t+ay Vya1+ad ", (A2.27)
yn_4=a§ D Vu—z+ay” D Y2 +a(" 9, (A2.28)

Substitution of (A2.27), (A2.28) into (A2.26) leads to the second equation we need:

Ayn—2=By,—1+C, (A2.29)

A=T2b1 1+ 6hbg 1 — 6h%bg u—1 — 36b1 510\ + 4hby ,_1al" ™
+ (@ 0" 4 af" ™) Bbru-1 — hbau-1), (A2.30)

B =60b1 1+ 20hlp ,—1 — 12h°b4 n1+ a3~ > (36b1, 1 — bhb 1)
—ay" Pay" "% (6b1,-1— hba 1), (A2.31)

C =—y(18byy—1+ 11hb 1 + 6h%b3 1)
+ a2 (361,41 — 4hb 1)
_ (ain—4)a§n—3) +a (n 4))(6b1n 1— thn 1) — 12h3b5’n_1. (A2.32)

Practical application of the “progonka” method can be realized as follows:

(a) From relations (A2.16), (A2.18), (A2.22)—(A2.24) the Gauss (“progonka”) coeffi-
cients should be found forQ £ < n.

(b) From the system of two Egs. (A2.25), (A2.29), we find 1, y,—2.

(c) From the equation (backward “progonka”)

(k=2) (k=2)

vicz=al Py 1 +a Py +al ), (A2.33)

we find the rest of discrete functions fok3k < n — 1.
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For non-linear equations the formulated procedure can be realized after linearization
of corresponding differential equation and introduction of iterative calculation. But as
it was written in Alexeev (1967): “The formated procedure led to increasing oscilla-
tions of numerical solutions. The way to avoid this non-stability consists in very simple
but effective consideration, i.e., introduction of suppressive coefficiefi®aempfer
coefficients,” in the Eastern SC|ent|f|c literature). For constructiomof 1) |terat|on
the outlet numerical massif ath |terat|on<p( ") was used in corrected formj , which
was connected by the
The coefficients was selected by way of experiment during the process of numerical
calculations. In many cases is sufficient to 8se0.1.”

Appendix 3. Someintegral calculationsin the generalized Navier—Stokes
approximation

Some integrals should be calculated in the generalized Navier—Stokes approximation
connected with the distribution function

fa= 10+ 1,

where

ainT &
925%}% _%-wmmipmd}

Here the results of calculations are presented:

[ d 92
1 VaVo)lVeg = —| — - (pVi 2——:V S A3.1
&) araer WV = 3| a5 (10| =250 v (A3.1)
wherein accordance with the definitiagf,/ar or : vouS is vector with components,
92 - 3. 92 1/ovoe  dve\ 1. 9
—:vouS | = il 5 — S8ki— Vo ¢,
[arar okt ]k Z ariarj{“v°’[2< o T Brk> 3% oy 0“

i,j=1
k=123 (A3.2)

92 aT aT
2 VoVl =—2— . (K Ny et
& aror Zp( ) arar ( ar) < ar>
2o [ Zmﬁ wp — ;ﬂ)dﬂ:|
pn 1
A<7 Zmﬁ(Daﬂ - Daﬂ) dﬂ), (A3.3)
a’ﬂ
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whereA is LaplaciankK =}, K,. See also (5.3.22), (5.3.27), (5.3.28).

(3) 92
arar

— pa) 112 92 fe ro
_5kBA<T;ma> ST [SkBT;ma(ua MQ)}

Pa(VaVa) VE
o

353

280 9°
T A3.4
27 orar [ ks Z } ( )
whereD is a tensor with components
av,
Di: =&: Z 0
A orj’
and viscosity and “the first” viscosity are defined by the relations
1
o = Eana Tbyo, (A3.5)
1 1
Hy = EanaTbal, (A3.6)
32 S 32 o
4 — VoVo)Vy - Vo= —— : pVoVo — 2——— : u(Vovo - S ). (A3.7
(4) arar " A pa (Ve Vo) 0= 5ot PVovo — 25 n(vVovo- §). (A3.7)
5) 92 —
— VoV0) V2
31’3!’ _ Pa(VaVo)
32 aT 32
= — WKE 0+5m:;2mﬂ(Daﬁ—Daﬂ)dﬂvo (A38)
a.p
(6) 92 — 92 oT
— VoVa)(Vy -V —2—— :Kvop—
31’3!’ . Pa( a)Vg - Vo) = aror Oar
aT
A(Kkve- ) 22 P2y, d
( 0 8r> arar "~ p ozmamﬂ up = Dag) dp
Al Pv- 3 Dop — DL,)d A3.9
Vo 2 mamp(Des = Dog)ds |. (A3.9)

a’ﬂ
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Appendix 4. Three-diagonal method of Gauss elimination technique for the
differential second-order equation

Let us consider the solution of the ordinary differential equation of the second-order of
the three-diagonal method of Gauss elimination technics,

c1y” +c2y’ +c3y +c4=0. (A4.1)
The boundary conditions are chosen in the form

X =a, =a, A4.2)
y (

The second-order scheme/) is introduced using the following approximation in the
nodek:

2
’ Vk+1— k-1 | h "
_ kT Ykl BT A4.4
v, ot l"®, (A4.4)
_1— 2V + Vi—1 h2
y =% hyz" Nty /@ (A4.5)

for the uniform partition of the intervak, b].
Aa=xX0<X1<-+<Xp_1<Xp,=nb.

Therefore

b—a

Xk — Xj—1 = (A4.6)

Using (A4.4), (A4.5), we find the finite-difference approximation for Eq. (A4.1)

Vi+1 — 2Vk + Yk-1 Vi+1 = Yk—1
Clk + cox

3 o 4+ c3ry + c4, = 0. (A4.7)

Egs. (A4.7) — together with boundary conditions= «, y, = y — constitutes a coupled
system of linear algebraic equations @f+ 1)-order for obtaining unknown values
of Vk-

Eq. (A4.7) in the poink is written as:

2—2y1+ Yo 2 — Y0
1y hyz Y +621y Zhy + c31y1 +ca1=0. (A4.8)

c1
Becauseyg is a known value, Eq. (A4.8) can be transformed as:

yi=aVy2+as, (A4.9)
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wherea%, a% are known coefficients. The analogue relations can be written for every
step of calculations. Therefore

Yk = agk)yk+1 + aék). (A4.10)
CoefficientSaik), a§k> are Gauss coefficients in the three-diagonal method of elimi-
nation technique for the differential second-order equation (“progonka” coefficients, in
the Eastern scientific literature).
It is convenient to formulate recurrence formulae. With this aim first of all let us find
vk—1 as a function ofy; 41

(k— (k—1)
k—-1=4a kt+a )
’ %k y (i) (k— 1) (k) (k—1) (A4.11)
Yk—1=ayq yk+1a +a; +ay, .
After substitution ofy;_1, yx from (A4.10), (A4.11) into (A4.8), we have
k k k—1 k k—1) (k
CLYVk+1 — 2C1ka§_ Vi1 — 201ka§ )4+ cwai )yk+1ai )4 01ka( a ( )
h h - h -1 «&
+Clka§ )+02k2yk+1—02k2a§ Vi+ 1a§)_C2k261( ) ()
h
- Eag + cah?a yiia + cah®al’ + hPeq =0 (A4.12)

or

h h
Yi+1 <C1k - 2C1ka +c1ka(k 1) (k) +C2k§ C2k Zaik 1) (k) + c3r hzaik))

h
+<—2cu<a2 +cw aik b (k)+C1k ;" b —c2%5a ik Dag‘)
h k-1 2 (k) 2
c2k2a2 + c3h“ay ’ + hebgr | = 0. (A4.13)

But relation (A4.13) is an identity which is valid for evepy,1. Then:

a® = Cu F cakh/2 (A4.14)
ik_l)[—qk + cokh /2] + 2c1x — c3rh?
(k—1) 2
— + corh/2) + carh
aék) ay (—c1k + c2kh/2) + cax (A4.15)

(k Y(—cu + caxh/2) + 2c1 — carh?

It is not difficult to find the first pair of coefficienf@io), aéo). Really, if boundary con-
dition (k = 0) has the formyg = «, then from

0 0
)’O_Cli )y1+a§)



356 Generalized Boltzmann Physical Kinetics

we have

a®=0 ¥ =a (A4.16)

Appendix 5. Characteristic scalesin plasma physics

The fundamental feature of plasma physicéieséxistence of a multgticle interaction

in the system under study. Consequently, care must be exercised when choosing typical
scales for describing the evolution of a plasma volume. The Landau I&ogér which

the characteristic kinetic energy T of thermal motion equals the potential energy of
interaction between chargess determined by the relation

2 1.67x 10°°
= = m,
AmeokpT T

(A5.1)

wheregg is the electrical permittivity of vacuum, arkg is the Boltzmann constant.

Binary collisions for which impact parameters are less than or equal to the Landau
length are said to be “close”. It is useful to introduce the ratio of the Landau length to
the average distanee /3 between plasma particles:

B=InY3=167x 101311, (A5.2)

wheren is the number density of particles, inTh While the interaction parametgr

is usually small in laboratory plasma, the solar corona and the solar atmosphere, in the
ionosphere and interstellar gas but forefrelectrons in a metal it can reach a value of

~ 10°. The cross sectiosy, for close collisions is determined by the relation

op =7l (A5.3)
and the mean free path of a probe particle between binary close collisions is

1 1 T2
A== =11x10°— m. A5.4
wnl?2  wnl/3p2 x n ( )

The pair interaction between particles in a plasma effectively extends to the distance
determined by the Debye—Hueckel radigsdefined as follows:

eokpT 1 T
=,/ = =0.69x 10%,/— m. A5.5
D ne2 nl/3. /4B x n (AS.5)

It can be argued that collective plasma properties disappear in systems lesg than
size. The following relationship between the characteristic plasma lengths should be
noted:

1 1

[:n~ 13, A=p:1: ——: —.
R N AT,

(A5.6)
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Eq. (A5.6) should be complemented by the hydrodynamic stddeing the character-
istic size of the system; usuallyis much larger than.

The above list of characteristic plasma scales is not exhaustive, though for processes
in rapidly alternating fields, when the distance a particle travels over a period of the field
oscillation is less than the range of the forces involved. Additional scales may appear in
the problem.

Appendix 6. Dispersion relationsin the generalized Boltzmann kinetic theory
neglecting theintegral collision term

We are concerned with developing (within the GBE framework) the dispersion relation
for plasma in the absence of a magnetic field. We make the same assumptions used in
developing this relation within the BE model, namely:

(a) the integral collision term is neglected;

(b) the evolution of electrons and ions in a self-consistent electric field corresponds to
a one-dimensional, unsteady model;

(c) distribution functions for iong; and electrong, deviate only slightly from their
respective equilibrium valueg; and fo.:

fi = foi(u) +8fi(x,u,1), (A6.1)
Je = foe(u) +fe(x,u,1); (A6.2)
(d) we consider a wave mode corresponding to a certain wave nunanera complex
frequencyw, so that the solution of the GBE can be written in the form
8f; = (8f;)d®x—en, (A6.3)
8fe = (8f.) €*< =, (A6.4)
(e) the quadratic terms in the GBE, determining the deviation from the equilibrium

DFs, are neglected, and
(f) the self-consistent forcels andF, are small:

9
Fi=—222 (A6.5)
m; 0x
9
F=-22 (A6.6)
Mme 0X

wheree is the absolute electron charge, are the ion masses, the electron mass,
and finally

¢ = (p)dkr=en, (A6.7)
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Under these assumptions, the GBE is written as follows (we seek the solution for the
ion plasma component, to be specific):

afi | dfi dfi 9 f; 2f  ,0%f; 92 f;
LRIV AR A 2 2F;
ar T ax T T a2 T aax T a2 T rou
dF; of; af;  OF; df; 292 fi 32 f;
— 4+ F,— — + F; 2uF; =0. A6.8
T T T e T e T s (A6.8)
Using the assumptions listed above, we find the relations
af; . afi .
a—];lz—la)(sﬁ, ua—];lzlku(Sfi,
af; 3¢ dfoi 32 f;
Rl e D00a By
du m; 9x du 912
82 : 82 :
/i = 2wuksf;, uz—f’ = —u?k2s f;,
dtox 9x2 (A6.9)
82 f; OF ofi _ e dfoi '
2F; =0, — = ——uwky ,
ouot ot Jdu m; ou
af; af; oF; dfoi
Fii=0, ui ! zikZM(pﬂ’
0x du dx m; ou
82 : 82 :
F? i =0, /i 2uF; =0,
I 9u? Qudx
which when substituted into Eq. (A6.8) yield
. . e dfoi
G — ) (3,) — 1~k () L2
m; ou
ek 0fo;
—(ku—w)ri{—(ku—w)(Sfi)+((p)— fo } =0, (A6.10)
mi ou
giving the ion density fluctuation
dfoi /0
<ani>=_i<<p>k/ foi/9u o, (A6.11)
m; w—ku
and the electron density fluctuation
a d
(Snp) = i(go)k/ dfoe/ou (A6.12)
e w—ku

Egs. (A6.11) and (A6.12) are identical teeihBE analogues. Substituting Egs. (A6.11)
and (A6.12) into the Poisson equation

cok’p = e(8n; — n,) (A6.13)
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we arrive at the classical dispersion relation (see, for instance, Artsimovich and Sagdeev,
1979)

2 00 00 .
e {1 /+ afoe/audu+i/+ afo,/audu}_ (A6.14)

ok \me J_oe w—ku mi J_oo ®—ku

Although Egs. (A6.11) and (A6.12) are a cogaence of the general statement that in
the absence of the integral collision term the relation

Dfy
Dt

=0 (A6.15)

(the Vlasov equation) is the solution of the equation

Dfa D( Dfa)

-—| =
Dt Dt\® Dt

-0, (A6.16)

the above argument shows that the GBE can produce correct and expected results, when
treated perturbatively.
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