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Preface

For about 130 years the Boltzmann equation has belonged to the fundamental equations
of physics. The destiny of this equation is as dramatic as that of its great creator. Even
in Boltzmann’s days there was a complete awareness that his equation acquires a fun-
damental importance for physics and that itsrange of validity stretches from transport
processes and hydrodynamics all the way to cosmology – thus fully justifying the keen
attention it attracted and debates it provoked. Both sides of the dispute have exhausted
their arguments. Thus, the development of Boltzmann kinetic theory has turned out to be
typical of any revolutionaryphysical theory – from rejection to recognition and further
to a kind of “canonization”.

About twenty years ago it was shown by the author of this book that taking into
account the variation of the distribution function over times of the order of the colli-
sion time led to additional terms in the Boltzmann equation, which were proportional to
mean timebetweencollisions of particles and therefore to the Knudsen number and vis-
cosity in the hydrodynamic limit of the theory. Moreover, it turns out that these terms –
whose influence grows with an increase in the Knudsen number – cannot be omitted
in the case of small Knudsen numbers because these terms contain small parameters in
front of senior derivatives. Then these terms should be conserved in the theory in the
whole diapason of evolution of Knudsen numbers. I have been working in the kinetic
theory for more than 40 years and this conclusion was dramatic first and foremost for
myself.

Therefore, the case in point is of unprecedented situation in physics, when the fun-
damental physical equation is revised. During my stay in Marseille as an Invited Pro-
fessor A.J.A. Favre reminded me Henri Poincaré’s phrase after the death of a great
Austrian physicist: “Boltzmann was wrong, but his mistake is equal to zero”. It’s a pity,
but the situation in the kinetic theory is more serious. Obviously, changing the funda-
mental equation leads – to some extent – to possible changes of the known results in the
modern transport theory of physics. This book reflects the scale of these alterations. It
is safe to say – as the main result of the generalized Boltzmann kinetic theory – that this
theory has showed it to be a highly effective tool for solving many physical problems in
the areas where the classical theory runs into difficulties.

The author is deeply indebted to V.L. Ginzburg and F. Uhlig for their interest in this
work and in the subject in general. I am thankful to V. Mikhailov and A. Fedoseyev for
their cooperation.

October, 2003

vii
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Historical Introduction and the Problem Formulation

“Alles Vergängliche
ist nur ein Gleichniss!”

Boltzmann’s epigraph
for his “Vorlesungen über Gastheorie”

In 1872 L. Boltzmann, then a mere 28 years old, published his famous kinetic equation
for the one-particle distribution functionf (r,v, t) (Boltzmann, 1872). He expressed the
equation in the form

Df

Dt
= J st(f ), (I.1)

whereJ st is a collision (“stoß”) integral, and

D

Dt
= ∂

∂t
+ v · ∂

∂r
+ F · ∂

∂v
(I.2)

is a substantial (particle) derivative,v andr being the velocity and the radius-vector of
the particle, respectively.

Eq. (I.1) governs the transport processes in a one-component gas which is sufficiently
rarefied so that only binary collisions between particles are of importance. While we are
not concerned here with the explicit form of the collision integral (which determines the
change of the distribution functionf in binary collisions), note that it should satisfy the
conservation laws. For the simplest case of elastic collisions in a one-component gas,
we have ∫

J stψi dv = 0 (i = 1,2,3), dv = dvx dvy dvz, (I.3)

whereψi are collisional invariants (ψ1 =m, ψ2 =mv, ψ3 =mv2/2,m is the mass of
the particle) related to the laws of conservation of mass, momentum, and energy.

Integrals of the distribution function (i.e., its moments) determine the macroscopic
hydrodynamic characteristics of the system, in particular, the number density of parti-
cles

n=
∫
f dv (I.4)

and the temperatureT :

3

2
kBT n= 1

2
m

∫
f (v − v0)

2 dv. (I.5)

1



2 Generalized Boltzmann Physical Kinetics

HerekB is the Boltzmann constant, andv0 is the hydrodynamic flow velocity. It follows
then that, multiplying the Boltzmann integro-differential equation term by term by the
collisional invariantsψi , integrating over all particle velocities, and using the conserva-
tion laws (I.3), we arrive at the differential equations of fluid dynamics, whose general
form is known as the hydrodynamic Enskog equations.

The Boltzmann equation (BE) is not of course as simple as its symbolic form above
might suggest, and it is in only a few special cases that it is amenable to solution. One
example is that of a Maxwellian distribution in a locally, thermodynamically equilib-
rium gas in the event, where no external forces are present. In this case, the equality

J st = 0 (I.6)

is met, giving the Maxwellian distribution function

f (0) = n
(

m

2πkBT

)3/2

exp

(
− mV

2

2kBT

)
, (I.7)

whereV = v − v0 is the thermal velocity.
It was much later, years after Boltzmann’s death in 1906, that an analytic method for

solving the Boltzmann equation was developed for the purpose of calculating transport
coefficients. This method, developed in 1916–1917 by Chapman (1916, 1917) and En-
skog (1917, 1921a), led to explicit expressions for the coefficients of viscosity, thermal
conductivity, diffusion, and later thermal diffusion in a system with a small parameter
(which, for Chapman and Enskog’s particular problem of a nonreacting gas, was the
Knudsen number, the ratio of the particle’s mean free path to a characteristic hydrody-
namic dimension).

However, even in Boltzmann’s days there was a complete awareness that his equation
acquires a fundamental importance for physics and that its range of validity stretches
from transport processes and hydrodynamics all the way to cosmology – thus fully
justifying the keen attention it attracted and debates it provoked.

Of the many results L. Boltzmann derived from his kinetic equation, one of the most
impressive is the molecular-kinetic interpretation of the second principle of thermody-
namics and, in particular, of the statistical meaning of the concept of entropy. It turned
out that it was possible to define the function

H =
∫
f lnf dv (I.8)

(H is the first letter in the English wordheatand German wordHeizung) which behaves
monotonically in a closed system.

If the relation betweenS, the entropy per unit volume of an ideal gas, and theH -
function is written in the form

S = −kH + const, (I.9)
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then one can prove the inequality

∂S

∂t
� 0. (I.10)

The laconic formula

S = k lnW, (I.11)

connecting the entropyS and the thermodynamic probabilityW , is inscribed on Boltz-
mann’s tombstone.

Ever since their creation, Boltzmann’s physical kinetics and the Boltzmann equation
have received severe criticism, much of which remains of interest even today. Let us
elaborate on this.

To begin with, Boltzmann’s contemporaries were very much in the dark regarding the
relation between the Boltzmann equation and classical mechanics – in particular, with
the Newton equation. The Boltzmann equation was obtained in a phenomenological
manner, based on convincing physical arguments, and reflects the fact that the distri-
bution function does not change along the particle’s trajectory between collisions but
rather changes as a result of an “instantaneous” interaction between colliding particles.

J. Loschmidt noted in 1876 that the Boltzmann equation underlying theH -theorem
includes only the first time derivative whereas the Newton equation contains the second
one (“square of time”) and hence the equations of motion are reversible in time. This
means that if a system of hard-sphere particles starts a “backward” motion due to the
particles reversing their direction of motion at some instant of time, it passes through
all its preceding states up to the initial one, and this will increase theH -function whose
variation is originally governed by reversible equations of motion. The essential point
to be made here is that the observer cannot prefer one of the situations under study, the
“forward” motion of the system in time, in favor of the second situation, its “backward”
motion. In other words, the problem of the reversibility of time arises here.

Although somewhat differently formulated, essentially the same objection was made
in 1896 by Planck’s student E. Zermelo, who noted that theH -theorem was inconsistent
with the Poincare’s “recurrence” theorem proved in 1890, and stated that any physical
system, even with irreversible thermodynamic processes operating in it, had a nonzero
probability of returning to its original state. Boltzmann himself fully aware of this pos-
sibility, wrote in the second part of his Lectures on the Theory of Gases (see Boltzmann,
1912, p. 251): “As a result of the motion of gas molecules, theH -function always de-
creases. The unidirectional nature of this process does not follow from the equations
of motion, which the molecules obey. Indeed, these equations do not change if time
changes sign.”

There is a well-known example from the probability theory, which Boltzmann em-
ployed as an argument in his discussions – sometimes very heated ones – with Zermelo,
Planck, and Ostwald. If a six-sided die is thrown 6000 times, one expects each side to
turn up about 1000 times. The probability of, say, a six turning up 6000 times in succes-
sion has a vanishing small value of(1/6)6000. This example does not clear up the matter,
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however. Nor do the two papers which Boltzmann’s student P. Ehrenfest wrote in co-
authorship with T. Afanas’eva-Ehrenfest after the death of the great Austrian physicist.

Their first model, reported by Afanas’eva-Ehrenfestat the February 12, 1908 meeting
of the Russian Physico-Chemical Society, involved the application of theH -theorem
to the “plane” motion of gas (Ehrenfest, 1972). SupposeP -molecules, nontransparent
to one another, start moving normally to the axisy and travel with the same velocity
in the direction of the axisx. Suppose further that in doing so they undergo elastic
collisions withQ-particles, squares with sides at an angle of 45◦ to the axisy, which
are nontransparent to the molecules and are all at rest.

It is readily shown that shortly after, all the molecules will divide themselves into four
groups, and it is a simple matter to write down the change in the number of molecules
P in each group in a certain time�t and then to define a “planar-gas”H -function

H =
4∑
i=1

fi lnfi, (I.12)

wherefi is the number of molecules of theith kind, i.e., of those moving in one of
the four possible directions. If all the velocities reverse their direction, theH -function
starts to increase and reverts to the value it had when theP -molecules started their
motion from they axis. While this simple model confirms the Poincare–Zermelo the-
orem, it does not at all guarantee that theH -function will decrease when the far more
complicated Boltzmann model is used.

P. and T. Ehrenfest’s second model (Ehrenfest, 1979), known as the lottery’s model,
features two boxes,A andB, andN numbered balls to which there correspond “lottery
tickets” placed in a certain box and which are all in boxA initially. The balls are then
taken one by one fromA and transferred toB according to the number of a lottery ticket,
drawn randomly. Importantly, the ticket is not eliminated after that but rather is returned
to the box. In the event that the newly drawn ticket corresponds to a ball contained inB,
the ball is returned toA. As a result, there will be approximatelyN/2 balls in either
box.

Now suppose one of the boxes containsn balls – and the other accordinglyN − n
balls – at a certain steps in the drawing process. We can then define�, a function,
which determines the difference in the number of balls between the two boxes:� =
n−(N−n)= 2n−N . In “statistical” equilibrium,�= 0 and n=N/2, the dependence
�(s) will imitate the behavior of theH -function in a Boltzmann gas.

This example is also not convincing enoughbecause this “lottery” game will neces-
sarily lead to the fluctuation in the� function, whereas the Boltzmann kinetic theory
completely excludes fluctuations in theH -function. By the end of his life, Boltzmann
went over to the fluctuation theory, in which the decrease of theH -function in time was
only treated as the process the system is most likely to follow. This interpretation, how-
ever, is not substantiated by his kinetic theory since the origin of the primary fluctuation
remains unclear (the galactic scale of such fluctuation included).

One of the first physicists to see that the Boltzmann equation must be modified in
order to remove the existing contradictions was J. Maxwell. Maxwell thought highly of
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the results of Boltzmann, who, in his turn, did much to promote Maxwell electrodynam-
ics and its experimental verification.

We may summarize Maxwell’s ideas as follows. The equations of fluid dynamics
are a consequence of the Boltzmann equation. From the energy equation, limiting our-
selves to one dimension for the sake of simplicity and neglecting some energy transfer
mechanisms (in particular, convective heat transfer), we obtain the well-known heat
conduction equation

∂T

∂t
= a2∂

2T

∂x2
. (I.13)

The fundamental solution of Eq. (I.13) up to the dimensional constant is

T (x, t)= 1

2
√
πa2t

exp

(
− x2

4a2t

)
(I.14)

and represents the temperature at the pointx at the instantt provided at timet = 0,
an amount of heatcρ, with ρ the density anda the thermal diffusivity of the medium,
evolved at the origin of coordinates. Defining an argument of the functionT asθ = a2t

with the dimension of a coordinate squared, we obtain

T = 1

2
√
πθ

exp

(
−x

2

4θ

)
. (I.15)

The temperature distribution given by this equation is unsatisfactory physically. For
small values ofθ , the temperature at the heat evolution pointx = 0 is indefinitely large.
On the other hand, at any arbitrarily distant pointx the temperature produced by an
instantaneous heat source will be differentfrom zero for arbitrarily small times. While
this difference may be small, it is a point of principal importance that it has a finite
value.

As Landau and Lifshitz noted in their classicalCourse of Theoretical Physics(Lan-
dau and Lifshitz, 1988, p. 283), “The heat conduction process described by the equa-
tions obtained here has the property that any thermal perturbation becomes instanta-
neously felt over all space”. This implies an infinitely fast propagation of heat, which
is absurd from the point of view of molecular-kinetic theory. In the courses of math-
ematical physics, this result is usually attributed to the fact that the heat conduction
equation is derived phenomenologically, neglecting the molecular-kinetic mechanism
of heat propagation. However, as already noted, the parabolic equation (I.13) follows
from the Boltzmann equation. Some of Maxwell’s ideas, phenomenological in nature
and aimed at the generalization of the Boltzmann equation, are discussed in Woods’
monograph (Woods, 1993).

Although the examples above are purely illustrative and the exhaustive list of dif-
ficulties faced by the Boltzmann kinetic theory would, of course, be much longer, it
should be recognized that after the intense debates of the early 20th century, the search
for an alternative kinetic equation for a one-particle distribution function has gradually
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levelled off or, perhaps to be more precise, has become of marginal physical importance.
Both sides of the dispute have exhausted their arguments. On the other hand, the Boltz-
mann equation has proven to be successful in solving a variety of problems, particularly
in the calculation of kinetic coefficients. Thus, the development of Boltzmann kinetic
theory has turned out to be typical of any revolutionary physical theory – from rejection
to recognition and further to a kind of “canonization”.

Work on the hyperbolic equation of heat conduction was no longer directly related to
the Boltzmann equation, but rather was ofa phenomenological nature. Without expand-
ing into details of this approach, we only point out that the idea of the improvement
of Eq. (I.13) was to introduce the second derivative with respect to time thus turning
Eq. (I.13) into the hyperbolic form

τrel
∂2T

∂t2
+ ∂T

∂t
= a2∂

2T

∂x2 , (I.16)

whereτrel is treated as a certain relaxation kinetic parameter with the dimensions of
time. For the first time in modern physics this idea was formulated by Davydov (1935)
(see also an interesting discussion on the priority between Cattaneo (1948, 1958) and
Vernotte (1958b, 1958a)). The wave equation (I.16) leads to final propagation velocities
for a thermal perturbation – although it should be remarked parenthetically that the
quasi-linear parabolic equations may also produce wave solutions.

A breakthrough period in the history of kinetic theory occurred in the late 1930s
and early 1940s, when it was shown through efforts of many scientists – of which
Bogolyubov certainly tops the list – how, based on the Liouville equation for the
multiparticle distribution functionfN of a system ofN interacting particles, one
could obtain a one-particle representation by introducing a small parameterε = nvb ,
where n is the number of particles per unit volume andvb is the interaction vol-
ume (Bogolyubov, 1946; Born and Green, 1946; Green, 1952; Kirkwood, 1947;
Yvon, 1935). This hierarchy of equations isusually referred to as the Bogolyubov or
BBGKY (Bogolyubov–Born–Green–Kirkwood–Yvon) chain.

We do not present the technical details in Introduction but refer the reader to the
classical works cited above or, for example, to Alekseev (1982). Some fundamental
points of the problem are worth mentioning here, however.

(1) Integrating the Liouville equation

∂fN

∂t
+

N∑
i=1

vi · ∂fN
∂ri

+
N∑
i=1

Fi · ∂fN
∂vi

= 0 (I.17)

subsequently over phase volumes dΩs+1, . . . ,dΩN (dΩj ≡ drj dvj ), one obtains a
kinetic equation for thes-particle distribution function, with the distribution func-
tion fs+1 in the integral part of the corresponding equation.

In other words, the set of integro-differential equations turns out to be a linked
one, so that in the lowest-order approximation the distribution functionf1 depends
on f2. This means formally that, strictly speaking, the solution procedure for such
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a set should be as follows. First find the distribution functionfN and then solve the
set of BBGKY equations subsequently for decreasingly lower-order distributions.
But if we know the functionfN , there is no need at all to solve the equations forfs
and it actually suffices to employ the definition of the function

fs =
∫
fN(t,Ω1, . . . ,ΩN)dΩs+1 · · ·dΩN. (I.18)

We thus conclude that the rigorous solution to the set of BBGKY equations is
again equivalent to solving Liouville equations. On the other hand, the seemingly
illogical solution procedure involving a search for the distribution functionf1 is of
great significance in the kinetic theory and in nonequilibrium statistical mechanics.
This approach involves breaking the BBGKY chain by introducing certain addi-
tional assumptions (which have a clear physical meaning, though). These assump-
tions are discussed in detail below.

(2) For a nonreacting gas, the Boltzmann equation is valid for two time scales of dis-
tribution functions: one of the order of the mean free time of the particles, and
the other the hydrodynamic flow time. The Boltzmann equation is invalid for time
lengths of the order of the collision times. Notice that a change from the time scale
to the length scale can of course be made if desired.

(3) After the BBGKY chain has been broken andf2 represented as a product of one-
particle distribution functions (which is quite reasonable for a rarefied gas), the
Boltzmann equation cannot be written in the classical form with only one small
parameterε and it reduces instead to the Vlasov equation in a self-consistent field.

(4) Since the Boltzmann equation does not work at distances of the order of the par-
ticle interaction radius (or at therb scale), Boltzmann particles are pointlike and
structureless, and it is one of the inconsistencies of the Boltzmann theory that the
resulting collision cross sections of the particles enter the theory by the collision
integral.

(5) Usually the one-particle distribution function is normalized to the number of parti-
cles per unit volume. For Boltzmann particles the distribution function is “automat-
ically” normalized to an integer, becausea point-like particle may only be either
inside or outside a trial contour in a gas – unlike finite-diameter particles which
of course may overlap the boundary of the contour at some instant of time. An-
other noteworthy point is that the mean free path in the Boltzmann kinetic theory is
only meaningful for particles modelled by hard elastic spheres. Other models face
difficulties related, though, to the level of one-particle description employed. The
requirement for the transition to a one-particle model is that molecular chaos should
exist prior to a particle collision.

The advent of the BBGKY chain led to the recognition that whatever generalization
of the Boltzmann kinetic theory is to be made, the logic to be followed should involve all
the elements of the chain, i.e., the Liouville equation, the kinetic equations fors-particle
distribution functionsfs , and the hydrodynamic equations. This logical construction
was not generally adhered to.
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In 1951, N. Slezkin published two papers (Slezkin, 1951b, 1951a) on the deriva-
tion of alternative equations for describing the motion of gas. The idea was to employ
Meshcherskii’s variable-mass point dynamics theory (Meshcherskii, 1897), well known
for its jet propulsion applications.

The assumption of a variable-mass particleimplies that, at each point, a liquid parti-
cle, close to this point and moving with a velocityv, adds or loses a certain mass, whose
absolute velocity vectorU differs, as Slezkin puts it, by a certain appreciable amount
from the velocity vectorv of the particle itself. Since there are different directions for
this mass to come or go off, an associated mass flux density vectorQ is introduced.

By applying the laws of conservation of mass, momentum, and energy in the usual
way, Slezkin then proceeds to formulate a set of hydrodynamical equations, of which
we will here rewrite the continuity equation for a one-component nonreacting gas:

∂ρ

∂t
+ ∂

∂r
· (ρv + Q)= 0. (I.19)

The mass flux densityQ is written phenomenologically in terms of the density and
temperature gradients.

Thus, the continuity equation is intuitively modified to incorporate a source term
giving

∂ρ

∂t
+ ∂

∂r
· ρv = ∂

∂r
·
(
D
∂ρ

∂r
+ β ∂T

∂r

)
, (I.20)

where the coefficientD is that of self-diffusion, andβ is related to thermal diffusion.
Thus, we now have fluctuation terms on the right-hand side of Eq. (I.20), which are
generally proportional to the mean free timeτ and, hence, after Eq. (I.20) has been
made dimensionless, to the Knudsen number which is small in the hydrodynamic limit.

At very nearly the time of publication of Slezkin’s first paper (Slezkin, 1951a), Val-
lander (1951) argued that the standard equations of motion were ill grounded physically
and should therefore be replaced by other equations, basedon the introduction of addi-
tional massQi and energyti fluxes(i = 1,2,3):

Qi =D1
∂ρ

∂ri
+D2

∂T

∂ri
, ti = k1

∂ρ

∂ri
+ k2

∂T

∂ri
,

where, to quote, “D1 is the density self-diffusion coefficient,D2 is the thermal self-
diffusion coefficient,k1 is the density heat conductivity, andk2, the temperature heat
conductivity”.

Heuristic and inconsistent with Boltzmann’s theory, the work of Slezkin and Vallan-
der came under sufficiently severe criticism. Shaposhnikov (1951) noted that in these
papers, “which are almost identical in content. . . the essential point is that instead of
the conventional expressionρv0, additional effects – “concentration self-diffusion” and
“thermal self-diffusion” – are introduced into the mass flux density which, in addition
to the macroscopic mass transfer, cause a molecular mass transfer, much as the macro-
scopic energy and momentum transfer in a moving fluid goes in parallel with analogous
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molecular transport (heat conduction and viscosity)”. Shaposhnikov then proceeds to
derive the equation of continuity from theBoltzmann equation for a one-component
gas and shows that the hydrodynamic equationsof Slezkin and Vallander are in conflict
with the Boltzmann kinetic theory.

Note that Slezkin and Vallander also modified the equations of motion and energy
for a one-component gas in a similar way (by including self-diffusion effects). Possible
consequences of additional mass transfer mechanisms for the Boltzmann kinetic theory
were not analyzed by these authors.

Boltzmann’s “fluctuation hypothesis” was repeatedly addressed by Ya. Terletskii
(see, for instance, Terletskii, 1952, 1994) whose idea was to estimate fluctuations by
using the expression of the general theorems of Gibbs (see, for example, Gibbs, 1934,
pp. 85–88) yield for the mean-square deviation of an arbitrary generalized coordinate.
To secure that fluctuations in statistical equilibrium be noticeable, Terletskii modifies
the equation of the perfect gas state by introducing a gravitational term, which imme-
diately extends his analysis beyond the Boltzmann kinetic theory, leaving the question
about the irreversible change of the BoltzmannH -function unanswered.

In recent years, possible generalizationsof the Boltzmann equation have been widely
discussed in the scientific literature. Since the term “generalized Boltzmann equation”
(GBE) has usually been given to any new modification published, we will only apply
this term to the particular kinetic equation derived in Alexeev (1994, 1995c, 2000b) to
avoid confusion.

L. Woods (see, e.g., Woods, 1990), following the ideas dating back to Maxwell
(1860), introduces in his theory a phenomenological correction to the substantial first
derivative on the left-hand side of the Boltzmann equation to take account of the further
influence of pressure on transport processes. It is argued that the equation of motion
of a liquid particle may be written aṡv = F + P, whereP is a certain additional force,
proportional to the pressure gradient:P = −ρ−1∂p/∂r, with the result that the left-hand
side of the Boltzmann equation becomes

Df

Dt
≡ ∂f

∂t
+ v · ∂f

∂r
+

(
F − 1

ρ

∂p

∂r

)
· ∂f
∂v
, (I.21)

whereas the collisional term remains unchanged. The phenomenological equation (I.21)
has no solid foundation and does not fall intothe hierarchy of Bogolyubov kinetic equa-
tions.

At the heart of the kinetic theory of neutral and ionized gases is the Boltzmann equa-
tion (BE) which describes how the one-particle distribution functionf1 changes over
times in the order of the mean time between collisions and in the order of the gas dy-
namic flow time. Despite certain difficulties in the theory long-positioned as classical,
the Boltzmann equation, now 130 years old (Boltzmann, 1872, 1912), has had no alter-
natives until recently as the basis for physical kinetics.

A weak point of the classical Boltzmann kinetic theory is the way it treats the dy-
namic properties of interacting particles. On the one hand, as the so-called “physical”
derivation of the BE suggests (Boltzmann, 1872, 1912; Chapman and Cowling, 1952;
Hirschfelder, Curtiss and Bird, 1954), Boltzmann particles are treated as material points;
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on the other hand, the collision integral in the BE brings into existence the cross sections
for collisions between particles. A rigorous approach to the derivation of the kinetic
equation forf1 (KEf1) is based on the hierarchy of the Bogolyubov–Born–Green–
Kirkwood–Yvon (BBGKY) equations. A KEf1 obtained by the multi-scale method
turns into the BE if one ignores the change of the distribution function (DF) over a
time in the order of the collision time (or, equivalently, over a length in the order of the
particle interaction radius). It is important to note (Alexeev, 1994, 1995c, 2000b) that
accounting for the third of the scales mentioned above has the consequence that, prior
to introducing any approximations destined to break the Bogolyubov chain, additional
terms, generally of the same order of magnitude, appear in the BE. If the method of cor-
relation functions is used to derive KEf1 from the BBGKY equations, then a passage to
the BE implies the neglect of nonlocal and time delay effects. Given the above difficul-
ties of the Boltzmann kinetic theory (BKT), the following clearly interrelated questions
arise.

First, what is a physically infinitesimal volume and how does its introduction (and,
as a consequence, the unavoidable smoothing out of the DF) affect the kinetic equation
(Alexeev, 1994)?

And second, how does a systematic account for the proper diameter of a particle in
the derivation of the KEf1 affect the Boltzmann equation? In the theory we develop
here, we will refer to the corresponding KEf1 as the generalized Boltzmann equation,
or GBE.

Accordingly, our purpose in this introduction is first to explain the essence of physi-
cal generalization of the BE and then to take a look at the specifics of derivation of the
GBE, when (as is the case in plasma physics) the self-consistent field of forces must
of necessity be introduced. As the Boltzmann equation is the centerpiece of the theory
of transport processes (TTP), the introduction of an alternative KEf1 leads in fact to an
overhaul of the entire theory, including its macroscopic (for example, hydrodynamic)
aspects. Conversely, a change in the macroscopic description will inevitably affect the
kinetic level of description. Because of the complexity of the problem, this interrela-
tion is not always easy to trace when solving a particular TTP problem. The important
point to emphasize is that at issue here is not how to modify the classical equations of
physical kinetics and hydrodynamics to include additional transport mechanisms (in re-
acting media, for example), rather we face a situation in which, those involved believe,
we must go beyond the classical picture if we wish the revised theory to describe the
experiment adequately. The alternative TTPs can be grouped conventionally into the
following categories:

(1) theories that modify the macroscopic (hydrodynamic) description and neglect the
possible changes of the kinetic description;

(2) those changing the kinetic description at the KEf1 level without bothering much
whether these changes are consistent with the structure of the entire BBGKY chain,
and

(3) kinetic and hydrodynamic alternative theories consistent with the BBGKY hierar-
chy.

One of the pioneering efforts in the first line of research was a paper by Davydov
(1935), which stimulated a variety of studies (see, for instance, Sobolev, 1993) on the
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hyperbolic equation of thermal conductivity. Introducing the second derivative of tem-
perature with respect to time permitted a passage from the parabolic to the hyperbolic
heat conduction equation, thus allowing for a finite heat propagation velocity. How-
ever, already in his 1935 paper B.I. Davydov points out that his method “cannot be
extended to the three-dimensional case” and that “here the assumption that all the par-
ticles move at the same velocity would separate out a five-dimensional manifold from
the six-dimensional phase space, suggesting that the problem cannot be limited to the
coordinate space alone”. We note, however, that quasi-linear parabolic equations can
also produce wave solutions.

Therefore, to hyperbolize the heat conduction equation phenomenologically (Cat-
taneo, 1958) is not valid unless a rigorous kinetic justification is given. The hyper-
bolic heat conduction equation appears when the BE is solved by the Grad method
(Zhdanov and Roldugin, 2002), retaining a term which involves a derivative of the heat
flow with respect to time and to which, in the context of the Chapman–Enskog method,
no particular order of approximation can be ascribed. Following its introduction, stable
and high-precision computational schemes were developed for the hyperbolic equa-
tion of heat conduction (Jarzebski and Thulli, 1986), whose applications included, for
example, two-temperature nonlocal heat conduction models and the study of the tele-
graph equation as a paradigm for possible generalized hydrodynamics (Sobolev, 1993;
Rosenau, 1993).

Major difficulties arose when the issue of existence and uniqueness of solutions to
the Navier–Stokes equations was addressed. O.A. Ladyzhenskaya has shown for three-
dimensional flows that, under smooth initial conditions, a unique solution is only pos-
sible over a finite time interval. Ladyzhenskaya even introduced a “correction” into the
Navier–Stokes equations in order that its unique solvability could be proved (see the
discussion in Klimontovich, 1995). It turned out that, in this case, the viscosity coeffi-
cient should be dependent on transverse flow-velocity gradients – with the result that
the very idea of introducing kinetic coefficients should be overhauled.

G. Uhlenbeck, in his review of the fundamental problems of statistical mechanics
(Uhlenbeck, 1971), examines in particular the Kramers equation (Kramers, 1940) de-
rived as a consequence of the Fokker–Planck equation

∂f

∂t
+ v · ∂f

∂r
+ a · ∂f

∂v
= β

[
∂

∂v
· (vf )+ kBT

m

∂

∂v
· ∂f
∂v

]
, (I.22)

wheref (r,v, t) is the distribution function of Brownian particles,a is the acceleration
due to an external field of forces, andmβ is the coefficient of friction for the motion of
a colloid particle in the medium. What intrigues Uhlenbeck is how Kramers goes over
from the Fokker–Planck equation (I.22) to the Einstein–Smoluchowski equation

∂ρ

∂t
+ ∂

∂r
·
(

a
β
ρ − kBT

mβ

∂ρ

∂r

)
= 0 (I.23)

(ρ is the density) which has the character of the hydrodynamic continuity equation. In
Uhlenbeck’s words, “the proof of this change-over is very interesting, it is a typical
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Kramers-style proof. It is in fact very simple, but at the same time some tricks and
subtleties it involves make it very hard to discuss”. The velocity distribution of colloid
particles is assumed to be Maxwellian. The “trick”, however, is that Kramers integrated
along the line

r + v
β

= r0, (I.24)

and the number density of particles turned out to be given by the formula

n(r0, t)=
∫
f

(
r0 − v

β
,v, t

)
dv. (I.25)

So what exactly did H. Kramers do? Let us consider this change from the point of
view of the generalized Boltzmann kinetic theory (GBKT) using, wherever possible,
qualitative arguments to see things more clearly.

The structure of the KEf1 is generally as follows

Df1

Dt
= JB + J td, (I.26)

whereD/Dt is the substantial (particle) derivative,JB is the (local) Boltzmann colli-
sion integral, andJ td is a nonlocal integral term incorporating the time delay effect. The
generalized Boltzmann physical kinetics, in essence, involves a local approximation

J td = D

Dt

(
τ
Df1

Dt

)
(I.27)

for the second collision integral, hereτ being the mean timebetweenthe particle colli-
sions. We can draw here an analogy with the Bhatnager–Gross–Krook (BGK) approxi-
mation forJB :

JB = f
(0)
1 − f1

τ
, (I.28)

whose popularity as a means to represent the Boltzmann collision integral is due to the
huge simplifications it offers.

The ratio of the second to the first term on the right-hand side of Eq. (I.20) is given
in the order of magnitude as

J td

JB
≈ O

(
Kn2)

(I.29)

and at large Knudsen numbers these terms become of the same order of magnitude. It
would seem that, at small Knudsen numbers answering the hydrodynamic description,
the contribution from the second term on the right-hand side of Eq. (I.26) is negligible.
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This is not the case, however. When one goes over to the hydrodynamic approximation
(by multiplying the kinetic equation by collision invariants and then integrating over
velocities), the Boltzmann integral part vanishes, and the second term on the right-hand
side of Eq. (I.26) gives a single-order contribution in the generalized Navier–Stokes
description. Mathematically, we cannot neglect a term with a small parameter in front
of the higher derivative. Physically, the appearing additional terms are due to viscosity
and they correspond to the small-scale Kolmogorov turbulence (Alexeev, 1994, 2000b).
The integral termJ td, thus, turns out to be important both at small and large Knudsen
numbers in the theory of transport processes.

The important methodical issue to be considered is how classical conservation laws
fit into the GBE picture. Continuum mechanics conservation laws are derived on the
macroscopic level by considering a certain reference volume within the medium, which
is enclosed by an infinitesimally thin surface. Moving material points (gas particles)
can be either within or outside the volume, and it is by writing down the corresponding
balance equations for mass, momentum flux,and energy that the classical equations
of continuity, motion, and energy are obtained. In particular, we obtain the continuity
equation in the form

∂ρa

∂t
+ ∂

∂r
· (ρv0)

a = 0, (I.30)

whereρa is the gas density,va0 is the hydrodynamic flow velocity, and(ρv0)
a is the

momentum flux density obtained by neglecting fluctuations.
Thus, Boltzmann particles are fully “packed” in the reference volume. It would ap-

pear that in continuum mechanics the idea of discreteness can be abandoned altogether
and the medium under study be consideredas a continuum in the literal sense of the
word. Such an approach is of course possible and indeed leads to Euler equations in
hydrodynamics. But when the viscosity and thermal conductivity effects are to be in-
cluded, a totally different situation arises. As it is well known, the dynamical viscosity
is proportional to the mean timeτ between the particle collisions, and a continuum
medium in the Euler model withτ = 0 implies that neither viscosity nor thermal con-
ductivity are possible. The appearance of finite size particles in the reference contour
leads to new effects.

Let a particle of finite radius be characterized, as before, by the position vectorr and
velocity v of its center of mass at some instant of timet . Then the fact that its center of
mass is in the reference volume does not mean that all of the particles are there. In other
words, at any given point in time there are always particles which are partly inside and
partly outside of the reference surface, unavoidably leading to fluctuations in mass and
hence in other hydrodynamic quantities.

There are two important points to be made here. First, the fluctuations will be pro-
portional to the mean time between the collisions (rather than the collision time). This
fact is rigorously established in Alexeev (1994, 1995c, 2000b), but it can also be made
evident by means of quite simple arguments. Suppose we have a gas of hard spheres
kept in a hard-wall cavity as shown in Figure I.1. Consider a reference contour drawn
at a distance of the order of a particle diameter from the cavity wall. The mathemati-
cal expectation of the number of particles moving through the reference surface strictly
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Fig. I.1. Closed cavity and the reference contour containing particles of a finite diameter.

perpendicular to the hard wall is zero. Therefore, in the first approximation, fluctuations
will be proportional to the mean free path (or, equivalently, to the mean time between
the collisions). As a result, the hydrodynamic equations will explicitly involve fluctua-
tions proportional toτ . For example, the continuity equation changes its form and will
contain terms proportional to viscosity (Alexeev, 1994). On the other hand – and this is
the second point to be made – if the reference volume extends over the whole of the cav-
ity, then the classical conservation laws should be obeyed, and this is exactly what the
paper (Alexeev, 1994) proves. However, we will attempt here to “guess” the structure
of the generalized continuity equation, using the arguments outlined above.

Neglecting fluctuations, the continuityequation should have the classical form (I.25)
with

ρa = ρ − τA, (I.31)

(ρv0)
a = ρv0 − τB. (I.32)

Strictly speaking, the factorsA and B can be obtained from the generalized kinetic
equation, in our case, from the GBE. Still, we can guess their form without appeal to
the KEf1.

Indeed, let us write the generalized continuity equation

∂

∂t
(ρ − τA)+ ∂

∂r
· (ρv0 − τB)= 0 (I.33)

in the dimensionless form usingl, the distance from the reference contour to the hard
wall (see Figure I.1) as a length scale. Then, instead ofτ , the (already dimensionless)
quantitiesA andB will have the Knudsen numberKnl = λ/l as a coefficient. In the
limit

l→ 0, Knl → ∞
the contour embraces the entire cavity contained within hard walls, and there are no
fluctuations on the walls. In other words, the classical equations of continuity and mo-
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tion must be satisfied at the wall. Using hydrodynamic terminology, we note that the
conditions

A= 0, B = 0 (I.34)

correspond to a laminar sublayer in a turbulent flow. Now, if a local Maxwellian distrib-
ution is assumed, then the generalized equation of continuity in the Euler approximation
is written as

∂

∂t

{
ρ − τ

[
∂ρ

∂t
+ ∂

∂r
· (ρv0)

]}
+ ∂

∂r
·
{
ρv0 − τ

[
∂

∂t
(ρv0)+ ∂

∂r
· ρv0v0 + I↔ · ∂p

∂r
− ρa

]}
= 0, (I.35)

whereI
↔

is the unit tensor.
In the hydrodynamic approximation, the mean timeτ between the collisions is re-

lated to the dynamic viscosityµ by

τp =Πµ, (I.36)

where the factorΠ depends on the choice of a collision model and isΠ = 0.8 for the
particular case of neutral gas comprising hard spheres (Chapman and Cowling, 1952).
The generalized equations of energy and motion are much more difficult to guess in this
way, making the GBE indispensable. It is worthwhile though to say a few words about
the treatment of the GBE (I.20) in the spirit of the fluctuation theory:

Df a

Dt
= JB(f ), (I.37)

whereJB is the Boltzmann collision integral, and

f a = f − τ Df
Dt
. (I.38)

Thus,τDf /Dt is the distribution function fluctuation, and writing Eq. (I.37) without
taking into account Eq. (I.38) makes the BE nonclosed. From the viewpoint of the fluc-
tuation theory, Boltzmann employed the simplest possible closure procedure:

f a = f. (I.39)

Now, having in mind the Kramers method, let us compare the generalized continuity
equation (I.35) and the Einstein–Smoluchowski equation (I.23). Eq. (I.35) reduces to
Eq. (I.23) if

(a) the convective transfer corresponding to the hydrodynamical velocityv0 is ne-
glected;
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(b) the temperature gradient is less important than the gradient of the number density
of particles,n∂T /∂r ≺≺ T ∂n/∂r, and

(c) the temporal part of the density fluctuations is left out of account.

By integrating with respect to velocityv from −∞ to +∞ along the line

r + v
β

= r0. (I.40)

Kramers (see also Eq. (I.25)) introduced nonlocal collisions without accounting for the
time delay effect. In our theory, the coefficient of frictionβ = τ−1, which corresponds
to the binary collision approximation. If the simultaneous interaction with many parti-
cles is important and must be accounted for, additional difficulties associated with the
definition of the coefficient of frictionβ arise, and the Einstein–Smoluchowski theory
becomes semi-phenomenological. Overcoming these difficulties may require the use of
the theory of non-Markov processes for describing Brownian motion (Morozov, 1996).

Note that the application of the above principles also leads to the modification of the
system of Maxwell equations. While the traditional formulation of this system does not
involve the continuity equation, its derivation explicitly employs the equation

∂ρa

∂t
+ ∂

∂r
· ja = 0, (I.41)

whereρa is the charge per unit volume, andja is the current density, both calculated
without accounting for the fluctuations. As aresult, the system of Maxwell equations
written in the standard notation, namely,

∂

∂r
· B = 0,

∂

∂r
· D = ρa,

∂

∂r
× E = −∂B

∂t
,

∂

∂r
× H = ja + ∂D

∂t

(I.42)

contains

ρa = ρ − ρfl, ja = j − jfl . (I.43)

The ρfl , jfl fluctuations calculated using the GBE are given, for example, in Alexeev
(1994, 2000b).

We shall now turn to approaches in which the KEf1 can be changed in a way that is
generally inconsistent with the BBGKY hierarchy. It has been repeatedly pointed out
that using a wrong distribution function for charged particles may have a catastrophic
effect on the macro-parameters of a weakly ionized gas.

Let us have a look at some examples of this. As it is well known, the temperature
dependence of the density of atoms ionized in plasma to various degrees was first stud-
ied by Saha (1920) and Eggert (1919). For a system in thermodynamic equilibrium they
obtained the equation

nj+1ne

nj
= sj+1

sj

(2πmekBT )3/2

h3
e−εj /(kBT ), (I.44)
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wherenj is the density number ofj -fold ionized atoms,ne is the number density of
free electrons,me is the electron mass,kB is the Boltzmann constant,h is the Planck
constant,sj is the statistical weight for aj -fold ionized atom (Fowler and Guggen-
heim, 1939), andεj is thej th ionization potential. The Saha equation (I.44) is derived
for the Maxwellian distribution and should necessarily be modified if another veloc-
ity distribution of particles exists in the plasma. This problem was studied in Dewan
(1961), in which, for illustrative purposes, the values ofnj+1ne/nj calculated by the
Maxwell distribution function are compared with those obtained by the Druyvesteyn
distribution function, the average energies for both distributions being assumed equal.
Let T = 104 K, ne = 1014 cm−3, εj = 10 eV, the charge numberZ = 1, sj+1/sj = 1.
Then one arrives at Dewan (1961)

nj+1ne

nj
= 6× 102 (calculation using the Druyvesteyn distribution),

nj+1ne

nj
= 4.53× 1016 (calculation using the Maxwellian distribution

function; by the Saha formula).

As E. Dewan explained, “the discrepancy in fourteen orders of magnitude obtained
above is clearly due to the fact that, unlike Maxwellian distribution, the Druyvesteyn
distribution does not have a ‘tail”’.

In our second example, two quantities – the ionization rate constant and the ioniza-
tion cross section – were calculated by Gryzinski, Kunc and Zgorzelski (1973), using
the two above-mentioned distributions. The ionization cross sectionσi is defined by the
following interpolation formula known to match satisfactorily the experimental data

σi = σ0

ε2
i

Gi(ξ, ς), (I.45)

whereσ0 = 6.56× 10−14 cm2 (eV)2, εi is the ionization potential of the atom, andξ is
a dimensionless parameter characterizing the atomic electron shell:

ξ = W

εi
, (I.46)

whereW is the average kinetic energy of the atomic electrons, given by the formula

W = 1

Ne

Ne∑
j=1

εj , (I.47)

in whichNe is the number of electrons in the atom, andεj are the ionization potentials
for the atom successively stripped of its electrons. The parameterς is defined by the
expression

ς = Ue

εi
, (I.48)
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whereUe is the energy of the electrons bombarding the atom. The neutral particle ve-
locities are assumed to be much lower than the average electron velocity, and the plasma
is taken to be uniform. The average value of the ionization cross section is then given
by

σ̄i =
∫ ∞

0
σi(ve)f (ve)dve, (I.49)

and the ionization rates are evaluated by the formula

σive =
∫ ∞

0
σi(ve)vef (ve)dve, (I.50)

provided the functionGi(ξ, ς), defined as in Gryzinski, Kunc and Zgorzelski (1973),

Gi(ξ, ς)=
(ς − 1)(1+ 2

3ξ)

(ς + 1)(1+ ξ + ς) (I.51)

is known.
Table I.1 illustrates in the dimensionless form the calculated values ofσ̄i andσive for

ξ = 1 and variouŝT = kBTe/εi . It can be seen that the results obtained with different
DFs can differ considerably, indeed, catastrophically so even for relatively small values
of T̂ . Thus, the reliable computation of DFs remains a topic of intense current interest
in plasma physics problems, the weak effect of the DF form on its moments being rather
an exception than the rule.

The use of collision cross sections which are “self-consistent” with kinetic equations
is also suggested by the well-known Enskog theory of moderately dense gases (Enskog,
1921b). Enskog’s idea was to describe the properties of such gases by separating the
nonlocal part out of the essentially local Boltzmann collision integral. The transport
coefficients, obtained in this way for the hard-sphere model, yielded an incorrect tem-
perature dependence on the system’s kinetic coefficients. To remedy this situation, the
model of “soft” spheres was introduced to fit the experimental data (see, for instance,
Koremans and Beenaker, 1960).

In the theory of the so-called kinetically consistent difference schemes (Chetverush-
kin, 1999), the DF is expanded in a power series of time, which corresponds to using an
incomplete second approximation in the “physical” derivation of the Boltzmann equa-
tion (see the discussion in Klimontovich, 1995, 1997). The result is that the difference
schemes obtained contain only an artificial ad hoc viscosity chosen specially for the
problem at hand. Some workers followed the steps of Davydov by adding the term
∂2f /∂t2 to the kinetic equations for fast processes.

Bakai and Sigov (1996) suggest using such a term in the equation for describing DF
fluctuations in a turbulent plasma. The so-called “ordering parameter” they introduce
alters the very type of equation. To describespatial nonlocality, Bakai and Sigov com-
plement the kinetic equation with the∂2f /∂x2 term and higher derivatives, including
mixed time-coordinate partial derivatives– a modification which can possibly describe
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Table I.1

Comparison of ionization cross sectionsσ̄i and ionization ratesσive calculated with the Maxwellian and

Druyvesteyn DF

T̂ Maxwellian DF Druyvesteyn DF

σ̄i σive σ̄i σive

0.1 4.206× 10−6 1.184× 10−5 1.278× 10−27 4.077× 10−27

0.2 8.262× 10−4 1.184× 10−3 4.382× 10−9 1.011× 10−8

0.3 5.029× 10−3 9.251× 10−3 2.128× 10−5 4.135× 10−5

0.4 1.259× 10−2 2.103× 10−2 5.403× 10−4 9.405× 10−4

0.5 2.194× 10−2 3.415× 10−2 2.773× 10−3 4.466× 10−3

0.6 3.180× 10−2 4.687× 10−2 7.305× 10−3 1.110× 10−2

0.7 4.143× 10−2 5.842× 10−2 1.376× 10−2 1.998× 10−2

0.8 5.047× 10−2 6.857× 10−2 2.145× 10−2 3.001× 10−2

0.9 5.875× 10−2 7.733× 10−2 2.973× 10−2 4.033× 10−2

1 6.624× 10−2 8.482× 10−2 3.813× 10−2 5.039× 10−2

2 1.079× 10−1 1.171× 10−1 9.918× 10−2 1.132× 10−1

3 1.195× 10−1 1.190× 10−1 1.233× 10−1 1.312× 10−1

4 1.209× 10−1 1.137× 10−1 1.311× 10−1 1.717× 10−1

5 1.185× 10−1 1.069× 10−1 1.320× 10−1 1.298× 10−1

6 1.146× 10−1 9.992× 10−2 1.299× 10−1 1.243× 10−1

7 1.102× 10−1 9.326× 10−2 1.263× 10−1 1.184× 10−1

8 1.056× 10−1 8.704× 10−2 1.222× 10−1 1.125× 10−1

9 1.010× 10−1 8.123× 10−2 1.179× 10−1 1.069× 10−1

10 9.662× 10−2 7.589× 10−2 1.137× 10−1 1.017× 10−1

non-Gaussian random sources in the Langevin equations (Reshetnyak and Shelepin,
1996). It is interesting to note that the GBE also makes it possible to include higher
derivatives of the DF (see the approximation (5.8) in Alexeev, 2000b).

Clearly, approaches to the modification of the KEf1 must be based on certain prin-
ciples, and it is appropriate to outline these in brief here. Of the approaches we have
mentioned above, the most consistent one is the third, which clearly reveals the relation
between alternative KEf1’s and the BBGKY hierarchy. There are general requirements
which the generalized KEf1 must satisfy.

(1) Since the artificial breaking of the BBGKY hierarchy is unavoidable in changing to
a one-particle description, the generalized KEf1 should be obtainable by the known
methods of the theory of kinetic equations, such as the multiscale approach, the
correlation function method, iterative methods, and so forth, or their combinations.
In each of these, some specific features of the particular alternative KEf1 are high-
lighted.

(2) There must be an explicit link between the KEf1 and the way we introduce the phys-
ically infinitesimal volume – and hence with the way the moments in the reference
contour with transparent boundaries fluctuate due to the finite size of the particles.

(3) In the nonrelativistic case, the KEf1 must satisfy the Galileo transformation.
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(4) The KEf1 must ensure a connection with the classicalH -theorem and its general-
izations.

(5) The KEf1 should not lead to unreasonable complexities in the theory.

The last requirement needs some commentary. The integral collision terms – in par-
ticular, the Boltzmann local integral and especially the nonlocal integral with time delay
– have a very complex structure.

The “caricature” the BGK approximation makes of the Boltzmann collision integral
(to use Yu.L. Klimontovich’s expressive word) has turned out to be a very successful
approach, and this algebraically approximated Boltzmann collision integral is widely
used in the kinetic theory of neutral and ionized gases.

The generalized Boltzmann equation introduces a local differential approximation
for the nonlocal collision integral with time delay. Here, we are faced in fact with the
“price–quality” problem familiar from economics. That is, what price – in terms of the
increased complexity of the kinetic equation – are we ready to pay for the improved
quality of the theory? An answer to this question is possible only through experience
with practical problems.

A consistent theory meeting the above requirements is being developed, in particular,
by Klimontovich (1995, 1997) and, the present author believes, within the GBE frame-
work. One can recognize points of common ideology in the two approaches. However,
whereas in Klimontovich’s work, the treatment of the physically infinitesimal volume
is transferred to the “upper echelon” of the BBGKY hierarchy and leads to a change in
the Liouville equation, in the GBE theory, it turns out that approximated nonlocal terms
can even be introduced at the level of a one-particle description. The essential point to
be made here is that the GBE theory does well without specifying the smoothing pro-
cedure, whereas in Klimontovich’s theory altering this procedure unavoidably modifies
the alternative KEf1.

Vlasov (1978) attempted to eliminate the inconsistencies of the Boltzmann theory
through the inclusion of additional dynamical variables (derivatives of the velocity) in
the one-particle distribution functionf (r,v, v̇, v̈,

...
v , . . . , t). However, due primarily to

the reasonable complexity requirement which should be met for a theory to be useful in
practice, this approach is, in our view, too early to try until all the traditional resources
for describing the DF are exhausted.

From this perspective, fluctuation terms in the GBE are due to the fact that the refer-
ence volume as a measuring element for a system of finite-sized particles is introduced
without changing the DF form, used for describing point structureless particles.

The reader is referred to review (Alekseev, 1997) of some other theories of transport
properties. To conclude, it remains only to note that the effects listed above will always
be relevant to a kinetic theory, using a one-particle description including, in particular,
applications to liquids or plasmas, where self-consistent forces with appropriately cut-
off radius of their action are introduced to expand the capabilities of the GBE.

Other suggestions on possible generalizations of the Boltzmann equation are best
described by leaning upon the basic principles of the generalized Boltzmann physical
kinetics, developed by the present author. We now proceed to discuss these principles.



CHAPTER 1

Generalized Boltzmann Equation

1.1. Mathematical introduction. Method of many scales

In the sequel asymptotic methods will be used, but first of all, we will look at the
method of many scales. The method of many scales is so popular that Nayfeh in his
book (Nayfeh, 1972) written more than thirty years ago said that the method of many
scales (MMS) is discovered by different authors every half a year. As a result, there exist
many different variants of MMS. As a minimum four variants of MMS are considered
in Nayfeh (1972). We are interested only in the main ideas of MMS, which are used
further in the theory of kinetic equations.

From this standpoint we demonstrate MMScapabilities, using a typical example of
solving a linear differential equation which also has the exact solution for comparing the
results (Nayfeh, 1972). But in contrast to the usual consideration, which can be found
in literature, we intend to bring this example up to a table and a graph.

Therefore, let us consider the linear differential equation

δẍ + εẋ + x = 0. (1.1.1)

We begin with the special case whenδ = 1 and εis a small parameter. Eq. (1.1.1) has
the exact solution

x = a e−εt/2cos

[
t

√
1− 1

4
ε2 + ϕ

]
, (1.1.2)

wherea and ϕ are arbitrary constants of integrating. In the typical case of a small
parameter in front of a senior derivative – in this case, it would beẍ – the effects of a
boundary layer can be observed. Using the derivatives

ẋ = −1

2
εx − a e−εt/2

√
1− 1

4
ε2 sin

[
t

√
1− 1

4
ε2 + ϕ

]
,

ẍ = −1

2
εẋ − x

(
1− 1

4
ε2

)
+ 1

2
aεe−εt/2

√
1− 1

4
ε2 sin

[
t

√
1− 1

4
ε2 + ϕ

]
,

for substitution in (1.1.1), we find the identical satisfaction of Eq. (1.1.1).
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We begin with a direct expansion in smallε, using the series

x = x0 + εx1 + ε2x2 + · · · , (1.1.3)

and after differentiating

ẋ = ẋ0 + εẋ1 + ε2ẋ2 + · · · ,
ẍ = ẍ0 + εẍ1 + ε2ẍ2 + · · · .

Substitute series (1.1.3) into (1.1.1) and equalize the coefficients in front of equal pow-
ers ofε, having

ẍ0 + x0 = 0, (1.1.4)

ẍ1 + x1 = −ẋ0, (1.1.5)

ẍ2 + x2 = −ẋ1, (1.1.6)

ẍ3 + x3 = −ẋ2 (1.1.7)

and so on. The general solution of homogeneous equation (1.1.4) has the form

x0 = a cos(t + ϕ). (1.1.8)

Substitute (1.1.8) in (1.1.5):

ẍ1 + x1 = a sin(t + ϕ). (1.1.9)

General solution (1.1.1) should contain only two arbitrary constants. In this case, both
constantsa and ϕ are contained in the main term of expansion defined by relation
(1.1.8). Then we need to find only the particular solution of Eq. (1.1.9); which can
be found as follows

x1 = −1

2
at cos(t + ϕ). (1.1.10)

Really,

ẋ1 = −1

2
a cos(t + ϕ)+ 1

2
at sin(t + ϕ),

ẍ1 = 1

2
a sin(t + ϕ)− x1 + 1

2
a sin(t + ϕ).

After substituting in (1.1.9), we find the identity

a sin(t + ϕ)− x1 + x1 = a sin(t + ϕ).



Generalized Boltzmann equation 23

Eq. (1.1.6) can be rewritten as

ẍ2 + x2 = 1

2
a cos(t + ϕ)− 1

2
at sin(t + ϕ), (1.1.11)

and its solution is

x2 = 1

8
at2 cos(t + ϕ)+ 1

8
at sin(t + ϕ). (1.1.12)

Really,

ẋ2 = 1

4
at cos(t + ϕ)− 1

8
at2 sin(t + ϕ)+ 1

8
a sin(t + ϕ)+ 1

8
at cos(t + ϕ),

ẍ2 = 1

2
a cos(t + ϕ)− 5

8
at sin(t + ϕ)− 1

8
at2 cos(t + ϕ).

The substitution into the left-hand side of Eq. (1.1.11) leads to the result

1

2
a cos(t + ϕ)− 5

8
at sin(t + ϕ)− 1

8
at2 cos(t + ϕ)

+ 1

8
at2 cos(t + ϕ)+ 1

8
at sin(t + ϕ)

= 1

2
a cos(t + ϕ)− 1

2
at sin(t + ϕ).

Then we state the identical satisfaction of Eq. (1.1.11) by solution (1.1.12). In an anal-
ogous way the solution of Eq. (1.1.7) is written as a cubic polynomial int . For the first
three terms of (1.1.3) series the solution is

x = a cos(t + ϕ)− 1

2
εat cos(t + ϕ)

+ 1

8
ε2a

[
t2 cos(t + ϕ)+ t sin(t + ϕ)] + O

(
ε3)
. (1.1.13)

At our desire the variablet can be considered as a dimensionless time. Suppose, of
course, that we wish to have a solution for arbitrary time moments. But it is not possible
in the developed procedure, because the series construction regards the successive terms
of the series to be smaller than the foregoing terms; in other case, it is impossible to
speak about the series convergence. But for fixedε, the time moment can be found when
a successive term of expansion is no smaller than the foregoing term. Figure 1.1 contains
the comparison of the exact solution (1.1.2) with concrete parameters of calculations
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Fig. 1.1. Comparison of the solutions0x, 1x, 2x, obtained by the perturbation method, with the many scales
solutionmsx2 and the exact solutionexx for the casea = 1, ϕ = 0, ε = 0.1.

δ = 1, a = 1, ϕ = 0, ε = 0.2 with the approximate solutions

0x = cost,

1x = cost − 0.1t cost,

2x = cost − 0.1t cost + 0.005
[
t2 cost + t sint

]
,

exx = e−0.1t cos
(
t
√

0.99
)
.

As we could expect, the divergence of solutions2x and exact solutionexx appear when
t is of order 10; or, in the common case, ift ∼ ε−1. But as it follows from Figure 1.1,
the situation is much worse, because, for example, fort = 4π the approximate solution
1x gives a wrong sign in comparison with the exact solutionexx. For the mathematical
model of an oscillator with damping, that is reflected by Eq. (1.1.1), it means that the
approximate solution1x forecasts a deviation in the opposite direction for the mentioned
oscillator. By the way, the solution1x is also worse in comparison with the solution0x,
in this sense, the minor approximation is better than the senior ones.

This poses the question how to improve the situation while remaining in the frame of
asymptotic methods. To answer this question, let us consider the exact solution (1.1.2).
Exponential and cosine terms contained in this solution, can be expanded in the follow-
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ing series for smallε and fixedt :

e−εt/2 = 1− 1

2
εt + 1

8
(εt)2 − 1

64
(εt)3 + · · · , (1.1.14)

cos

(
t

√
1− 1

4
ε2 + ϕ

)
= cos

[
t

(
1− 1

8
ε2 − 1

128
ε4 − 1

1024
ε6 − · · ·

)
+ ϕ

]
= cos

[
t + ϕ − 1

8
tε2 − 1

128
tε4 − 1

1024
tε6 − · · ·

]
∼= cos(t + ϕ)

+
(

1

8
tε2 + 1

128
tε4 + 1

1024
tε6 + · · ·

)
sin(t + ϕ)

= cos(t + ϕ)+ 1

8
tε2 sin(t + ϕ)

+ 1

128
tε4 sin(t + ϕ)+ · · · . (1.1.15)

Obviously, the product of the first terms in expansions (1.1.14), (1.1.15) gives0x, and
retaining of terms of O(ε3) leads to the result

x ∼= a
(

1− 1

2
εt + 1

8
ε2t2

)(
cos(t + ϕ)+ 1

8
tε2 sin(t + ϕ)

)
∼= a cos(t + ϕ)− 1

2
aεt cos(t + ϕ)+ 1

8
atε2 sin(t + ϕ)

+ 1

8
aε2t2 cos(t + ϕ).

Then we state that the used construction of asymptotic solution is based indeed on the
assumption that the combinationεt is small. If it is not so (fort having the orderε−1),
then expansions (1.1.14), (1.1.15) are wrong or need to take into account all the terms
of expansions. But the asymptotic expansion can be organized in another way, using
additional variables:

T1 = εt (1.1.16)

and

T2 = ε2t . (1.1.17)

In this case,

e−εt/2 = e−T1/2, (1.1.18)
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and expansion (1.1.15) is replaced by other ones:

cos

(
t

√
1− 1

4
ε2 + ϕ

)
= cos

[
t + ϕ − 1

8
tε2 − 1

128
tε4 − 1

1024
tε6 − · · ·

]
= cos

[
t + ϕ − 1

8
T2

]
+

(
1

128
tε4 + 1

1024
tε6 + · · ·

)
sin

(
t + ϕ − 1

8
T2

)
= cos

(
t + ϕ − 1

8
T2

)
+ 1

128
tε4 sin

(
t + ϕ − 1

8
T2

)
+ 1

1024
tε6 sin

(
t + ϕ − 1

8
T2

)
+ · · · . (1.1.19)

Expansion (1.1.19) “is working” with the accuracy O(tε4) and therefore the movement
in the direction of achieving a higher andhigher accuracy leads to the appearance of
new variables of the type

Tm = εmt (m= 0,1,2, . . .) (1.1.20)

or, which is the same, to new time scalesT0, T1, T2, . . . . As a result, we obtain the
asymptotic solution of a new type

x(t, ε)= x(T0, T1, T2, . . . , TM ; ε)

=
M∑
m=0

εmxm(T0, T1, . . . , TM)+ O(εTM). (1.1.21)

The application of expansion (1.1.21) inevitably leads to the system of equations in
partial derivatives, and the time derivative should be calculated, using the rule for dif-
ferentiating a composite function:

d

dt
= ∂

∂T0
+ ε ∂
∂T1

+ ε2 ∂

∂T2
+ · · · . (1.1.22)

Then, with the accuracy O(ε2), we have:

dx

dt
∼= ∂

∂T0
(x0 + εx1 + ε2x2)+ ε ∂

∂T1
(x0 + εx1)+ ε2 ∂x0

∂T2

= ∂x0

∂T0
+ ε

(
∂x1

∂T0
+ ∂x0

∂T1

)
+ ε2

(
∂x2

∂T0
+ ∂x1

∂T1

)
. (1.1.23)

Using series (1.1.21) and the procedure of decomposition of the derivative (1.1.22) (see
also Nayfeh, 1972), we obtain the system of equations in partial derivatives definingx0,
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x1, andx2 in series (1.1.21). Obviously,

d2x

dt2
∼=

(
∂

∂T0
+ ε ∂
∂T1

+ ε2 ∂

∂T2

)(
∂x

∂T0
+ ε ∂x
∂T1

+ ε2 ∂x

∂T2

)
∼= ∂2x

∂T 2
0

+ ε ∂2x

∂T0∂T1
+ ε2 ∂2x

∂T0∂T2
+ ε ∂2x

∂T0∂T1
+ ε2 ∂

2x

∂T 2
1

+ ε2 ∂2x

∂T0∂T2

= ∂2x

∂T 2
0

+ 2ε
∂2x

∂T0∂T1
+ ε2

(
2
∂2x

∂T0∂T2
+ ∂2x

∂T 2
1

)
∼= ∂2x0

∂T 2
0

+ ε ∂
2x1

∂T 2
0

+ ε2∂
2x2

∂T 2
0

+ 2ε
∂2x0

∂T0∂T1
+ 2ε2 ∂2x1

∂T0∂T1

+ ε2
(

2
∂2x0

∂T0∂T2
+ ∂2x0

∂T 2
1

)

= ∂2x0

∂T 2
0

+ ε
(
∂2x1

∂T 2
0

+ 2
∂2x0

∂T0∂T1

)

+ ε2
(
∂2x2

∂T 2
0

+ 2
∂2x1

∂T0∂T1
+ 2

∂2x0

∂T0∂T2
+ ∂2x0

∂T 2
1

)
. (1.1.24)

Equating now the coefficients at the same powers ofε in Eqs. (1.1.1) and (1.1.21),
(1.1.24), we obtain a set of equations, written below, for terms containingε0, ε1, ε2.

∂2x0

∂T 2
0

+ x0 = 0, (1.1.25)

∂2x1

∂T 2
0

+ 2
∂2x0

∂T0∂T1
+ x1 = − ∂x0

∂T0
, (1.1.26)

∂2x2

∂T 2
0

+ 2
∂2x1

∂T0∂T1
+ 2

∂2x0

∂T0∂T2
+ ∂2x0

∂T 2
1

+ x2 = −
(
∂x1

∂T0
+ ∂x0

∂T1

)
. (1.1.27)

The set of Eqs. (1.1.25)–(1.1.27) is not linked, it means, that equations served for obtain-
ing the minor coefficients of expansion (1.1.21) do not contain the senior coefficients of
the mentioned expansion. To underline this fact, the next system of equations contains
on the right-hand sides only the terms known from the previous approximations:

∂2x0

∂T 2
0

+ x0 = 0,

∂2x1

∂T 2
0

+ x1 = − ∂x0

∂T0
− 2

∂2x0

∂T0∂T1
, (1.1.26′)
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∂2x2

∂T 2
0

+ x2 = − ∂x0

∂T1
− 2

∂2x0

∂T0∂T2
− ∂2x0

∂T 2
1

− ∂x1

∂T0
− 2

∂2x1

∂T0∂T1
. (1.1.27′)

The following step consists in a successive solution of Eqs. (1.1.25), (1.1.26′), (1.1.27′)
and the corresponding next equations of this type. It is just this type of procedure, but
only for kinetic equations, that will be realized in Section 1.3.

For linear equation (1.1.1) chosen as an example, these is no reason to use this rather
complicated procedure and it is better to avoid expansion (1.1.21). For this aim it suf-
fices to suppose that

x = x(T0, T1, T2) (1.1.28)

and calculate the first and second derivatives in (1.1.1) as in (1.1.23), (1.1.24), i.e.,

dx

dt
= ∂x

∂T0
+ ε ∂x
∂T1

+ ε2 ∂x

∂T2
, (1.1.29)

d2x

dt2
=

(
∂

∂T0
+ ε ∂
∂T1

+ ε2 ∂

∂T2

)(
∂x

∂T0
+ ε ∂x
∂T1

+ ε2 ∂x

∂T2

)
∼= ∂2x

∂T 2
0

+ 2ε
∂2x

∂T0∂T1
+ ε2

(
∂2x

∂T 2
1

+ 2
∂2x

∂T0∂T2

)
. (1.1.30)

As a result, we have

∂2x

∂T 2
0

+ 2ε
∂2x

∂T0∂T1
+ ε2

(
∂2x

∂T 2
1

+ 2
∂2x

∂T0∂T2

)
+ x

= −ε
(
∂x

∂T0
+ ε ∂x
∂T1

)
. (1.1.31)

After the procedure of term equating described above, we obtain the system of equations

∂2x

∂T 2
0

+ x = 0, (1.1.32)

2
∂2x

∂T0∂T1
= − ∂x

∂T0
, (1.1.33)

2
∂2x

∂T2∂T0
= − ∂

2x

∂T 2
1

− ∂x

∂T1
. (1.1.34)

A general solution of (1.1.32) has the form

x =A(T1, T2)eiT0 +A∗(T1, T2)e−iT0. (1.1.35)
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Obviously,

∂x

∂T0
= iAeiT0 − iA∗ e−iT0, (1.1.36)

∂2x

∂T0∂T1
= i
∂A

∂T1
eiT0 − i

∂A∗

∂T1
e−iT0. (1.1.37)

Substitute (1.1.36), (1.1.37) in (1.1.33):(
2
∂A

∂T1
+A

)
eiT0 −

(
2
∂A∗

∂T1
+A∗

)
e−iT0 = 0. (1.1.38)

Equality (1.1.38) should be fulfilled for arbitrary values of the independent variableT0,
butA andA∗ are functions of another variables (T1 andT2). It can be realized only if
the following relations are identities:

2
∂A

∂T1
+A= 0, (1.1.39)

2
∂A∗

∂T1
+A∗ = 0 (1.1.40)

whence it follows that

A= b(T2)e
−T1/2, A∗ = b∗(T2)e

−T1/2. (1.1.41)

We use (1.1.34) for the definition ofb(T2) andb∗(T2). Since now

x = b(T2)e−T1/2+iT0 + b∗(T2)e−T1/2−iT0, (1.1.42)

we have

∂x

∂T1
= −1

2
x,

∂2x

∂T 2
1

= 1

4
x, (1.1.43)

∂2x

∂T0∂T2
= i

∂

∂T2

[
b(T2)e−T1/2+iT0 − b∗(T2)e−T1/2−iT0

]
= i

[
∂b

∂T2
e−T1/2+iT0 − ∂b∗

∂T2
e−T1/2−iT0

]
(1.1.44)

and (1.1.34) after substituting (1.1.42)–(1.1.44) takes the form(
2i
∂b

∂T2
− 1

4
b

)
e−T1/2+iT0 −

(
2i
∂b∗

∂T2
+ 1

4
b∗

)
e−T1/2−iT0 = 0. (1.1.45)
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Relation (1.1.45) should be fulfilled for allT1 andT0 (with a depending on another
variableT2). Then the terms in round brackets are equal to zero. Thus,

2i
∂b

∂T2
− 1

4
b= 0,

2i
∂b∗

∂T2
+ 1

4
b∗ = 0,

(1.1.46)

and

b = b0 e−iT2/8, b∗ = b∗
0 e+iT2/8. (1.1.47)

As a result, we have the solution

x = b0 e−T1/2+i(T0−T2/8) + b∗
0 e−T1/2−i(T0−T2/8). (1.1.48)

For convenienceb0 will be written as

b0 = 1

2
a eiϕ. (1.1.49)

Then

x = 1

2
a e−T1/2 ei(T0−T2/8+ϕ) + 1

2
a e−T1/2 e−i(T0−T2/8+ϕ). (1.1.50)

Another form of this solution is:

x = a e−T1/2 cos

(
T0 − T2

8
+ ϕ

)
, (1.1.51)

or, using the variablet and the parameterε, we get

x = a e−εt/2cos

(
t − 1

8
ε2t + ϕ

)
. (1.1.52)

In the previous variant of MMS, which leads to system (1.1.25), (1.1.26′), (1.1.27′), the
solutionmsx2 obtained with the accuracy of O(ε2t), can be written in the same form.

For the above example (ε = 0.2, a = 1,ϕ = 0)

msx2 = e−0.1t cos(0.995t). (1.1.53)

The comparison of the exact solutionexx with the approximate solution obtained by
MMS msx2 in the region of a “claimed” accuracy O(ε2t) shows (see Table 1.1 and
Figure 1.1) that in the considered range oft (0÷ 8π ) the MMS-solution is coincidental
with the exact solution withthe accuracy as the rule of three ciphers in spite of the
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Table 1.1
Comparison of the solutions0x, 1x, 2x, obtained by the perturbation method, with the many scales solution
msx2 and the exact solutionexx for the casea = 1, ϕ = 0, ε= 0.2, δ = 1

t 0x 1x 2x msx2
exx

0 1 1 1 1 1
π/4 0.707 0.652 0.656 0.656 0.656
π/2 0 0 0.00785 0.00671 0.00673

3/4π −0.707 −0.540 −0.552 −0.552 −0.552
π −1 −0.686 −0.735 −0.730 −0.730

1.25π −0.707 −0.429 −0.498 −0.487 −0.487
1.5π 0 0 −0.0236 −0.0147 −0.0147
1.75π 0.707 0.318 0.406 0.397 0.397

2π 1 0.372 0.569 0.533 0.533
2.25π 0.707 0.207 0.409 0.361 0.361
2.5π 0 0 0.0393 0.0179 0.0179
2.75π −0.707 −0.0962 −0.329 −0.285 −0.285

3π −1 −0.0575 −0.502 −0.389 −0.389
3.25π −0.707 0.0149 −0.390 −0.267 −0.267
3.5π 0 0 −0.0550 −0.0183 −0.0183
3.75π 0.707 −0.126 0.323 0.204 0.204

4π 1 −0.257 0.533 0.284 0.284
4.25π 0.707 −0.237 0.440 0.198 0.198
4.5π 0 0 0.0707 0.0172 0.0172
4.75π −0.707 0.348 −0.386 −0.147 −0.147

5π −1 0.571 −0.663 −0.207 −0.207
5.25π −0.707 0.459 −0.561 −0.147 −0.147
5.5π 0 0 −0.0864 −0.0153 −0.0154
5.75π 0.707 −0.570 0.520 0.105 0.105

6π 1 −0.885 0.892 0.151 0.151
6.25π 0.707 −0.681 0.751 0.108 0.108
6.5π 0 0 0.102 0.0133 0.0133
6.75π −0.707 0.792 −0.722 −0.0754 −0.0753

7π −1 1.199 −1.219 −0.110 −0.110
7.25π −0.707 0.903 −1.011 −0.0803 −0.0803
7.5π 0 0 −0.118 −0.0111 −0.0112
7.75π 0.707 1.015 0.995 0.0540 0.0539

8π 1 −1.513 1.645 0.0804 0.0804

0x = cost , 1x = cost (1− 0.1t), 2x = cost (1− 0.1t)+ 0.005t (tcost + sint),
exx = e−0.1t cos(t

√
0.99)= e−0.1t cos(t · 0.99498744), msx2 = e−0.1t cos(t · 0.995).

fact thatε = 0.2 is not really very small parameter. This result significantly exceeds the
accuracy of the traditional asymptotic method (Table 1.1 contains also solutions0x, 1x,
2x). Since

cos(t
√

0.99)− cos(t
√

0.995)= 2 sin(t · 0.994993719)sin(t · 0.000006281),

the divergence O(1) could appear onlyt ≈ 105, but, in this case, the difference of
cosines is completely suppressed by the exponential term e−104

. Then, the growth of
relative error(exx − msx2)/

exx is of no significance. The evolution of the solutionmsx2
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is not shown in Figure 1.1 due to actual coincidence of the exact and many scales solu-
tions.

We can recollect another analogy. In the kinetic theory of reacting gases, the cal-
culation of kinetic coefficients (by explicit taking into account inelastic collisions) is
connected with the investigation of convergence of Sonine polynomial expansions. In
the region, where we can wait for a bad convergence, the perturbation effects are small,
because they are suppressed by the exponential function e−E with largeE, whereE is
dimensionless activation energy. Only in the theory of reactions with high energy barri-
ers it is not unreasonable to consider the mentioned effects, but of course it is better on
the basis of the generalized Boltzmann physical kinetics because, as it will be shown,
the traditional Boltzmann physical kinetics leads to significant errors in calculations of
high energetic “tails” of distribution functions.

Let us consider now Eq. (1.1.1) for the case 0< δ� 1, ε ≈ 1. After substitution

x = u(t)e−(ε/(2δ))t (1.1.54)

one obtains

ü+
(

1

δ
− ε2

4δ2

)
u= 0 (1.1.55)

or in the mentioned case

ü= ε2

4δ2u. (1.1.56)

For conditionsu(0)= 1, u(∞)= 0 we have

u= e−(ε/(2δ))t (1.1.57)

and

x = e−(ε/δ)t . (1.1.58)

Let us omit now the first term in the left-hand side of Eq. (1.1.1), which is from the
first glance is small as containing small coefficientδ:

εẋ + x = 0 (1.1.59)

and

x = e−(1/ε)t . (1.1.60)

Solutions (1.1.58) and (1.1.60) have the same asymptoticx → 0 if t → ∞. But func-
tion x corresponding to Eq. (1.1.58) is decreasing very fast in comparison with function
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(1.1.60). It means that coefficient in front of senior derivative leads to formation of
“boundary layer” with very fast function’s change.

Then terms with small coefficients in front of senior derivatives cannot be omitted.
It remains only to notice that the MMS has many variants and the efficiency of MMS

application is related with specificity of the problem.

1.2. Hierarchy of Bogolubov kinetic equations

Let us consider a closed physical system that consists ofN particles. We investigate
non-relativistic gas motion that adheres to the laws of classical mechanics. Introduce
theN -particle distribution function (DF)fN in a 6N -dimensional space, in such a way

dW = fN (t; r̂1, . . . , r̂N ; v̂1, . . . , v̂N)dr̂1 · · ·dr̂N dv̂1 · · ·dv̂N

= fN dΩ1 · · ·dΩN = fN dΩ, (1.2.1)

where

dΩi = dr̂i dv̂i , dr̂i ≡ dri1 dri2 dri3, dv̂i ≡ dvi1 dvi2 dvi3, (1.2.2)

dΩ = dΩ1 · · ·dΩN, (1.2.3)

as to dW there is a probability to find the mentioned system at the time momentt

in the element dΩ of phase space. The Liouville equation is valid for theN -particle
distribution function,

∂fN

∂t
+

N∑
i=1

vi · ∂fN
∂ri

+
N∑
i=1

Fi · ∂fN
∂pi

= 0, (1.2.4)

wherevi , pi are the velocity and momentum of a particle numberedi, Fi is the force
acting on theith particle whose mass is equal tomi .

Consider the physical sense of Eq. (1.2.4). Let at a time momentt there be
a unit volume in the considered phase space defined by positions of the vectors
r1, . . . , rN ; v1, . . . ,vN . As it has written, the probability to find the system of this vol-
ume at the time momentt is fN . Phase points – at the time momentt consisting on
the surface that encloses the mentioned volume – change their positions in the time
interval�t; as a result, the position and form of the volume is also changing. At the
time momentt + �t , the volume will be found in the position in the vicinity of the
6N -component vector with the coordinates

(r1 +�r1, . . . , rN +�rN ; v1 +�v1, . . . ,vN +�vN),

and the probability to find the system in this state is the same as at the time momentt ,
because the distribution function (DF)fN does not change along the phase trajectory.
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Then

fN (t; r1, . . . , rN ; v1, . . . ,vN)

= fN (t +�t; r1 +�r1, . . . , rN +�rN ; v1 +�v1, . . . ,vN +�vN),
(1.2.5)

where the evolution ofri andvi (i = 1, . . . ,N ) is defined by the equations of mechan-
ical motion. Obviously, Eq. (1.2.4) is also valid for multi-component mixture of gases
when the system contains the particles of different masses. But the mixture should be
a non-reacting one. Really, if chemical reactions take place, the number of particles
can be changed in the system. This fact can lead to the appearance of a source term in
Eq. (1.2.4). Another treatment is also valid when molecules are considered as bounded
states of atoms whose total number is the same during the system evolution. This ap-
proach is not simpler for the description of evolution on the kinetic level because, strictly
speaking, the laws of classical mechanics arenot sufficient for the calculation of react-
ing gases. As a result, on the lowest levelcharacterized by the one-particle DF, the
problem arises in explicit form for the integral of inelastic collisions (Alekseev, 1982).
We begin with the set of kinetic equations for non-reacting gases.

Introduce ans-particle distribution function in accordance with the definition:

fs =
∫
fN dΩs+1 · · ·dΩN

=
∫
fN (t,Ω1, . . . ,ΩN)dΩs+1 · · ·dΩN. (1.2.6)

Integrate Eq. (1.2.4) with respect toΩs+1, . . . ,ΩN with the aim of obtaining the equa-
tion for the s-particle distribution function (see Bogolyubov, 1946; Born and Green,
1946; Green, 1952; Kirkwood, 1947; Yvon, 1935)∫ (

∂fN

∂t
+

N∑
i=1

vi · ∂fN
∂
ri +

N∑
i=1

Fi · ∂fN
∂pi

)
dΩs+1 · · ·dΩN = 0. (1.2.7)

Generally speaking, on the right-hand side of Eq. (1.2.7) there could be a function
ψ(t,Ω1, . . . ,Ωs), but obviouslyψ(t,Ω1, . . . ,Ωs) = 0. Suppose that gas is kept in a
vessel whose volume is known. This restriction is not of principal significance and can
be removed at the final stage of consideration.

Consider∫
∂fN

∂t
dΩs+1 · · ·dΩN. (1.2.8)

We can change the order of integrating and differentiating because the limits of integra-
tion do not depend on time:∫

∂fN

∂t
dΩs+1 · · ·dΩN = ∂

∂t

∫
fN dΩs+1 · · ·dΩN = ∂fs

∂t
. (1.2.9)
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Precisely in the same manner we change the order of operations in the second term for
i � s:

∫ s∑
i=1

vi · ∂fN
∂ri

dΩs+1 · · ·dΩN =
s∑
i=1

vi · ∂
∂ri

∫
fN dΩs+1 · · ·dΩN,

(1.2.10)

and fori � s one obtains

∫ s∑
i=1

vi · ∂fN
∂ri

dΩs+1 · · ·dΩN =
s∑
i=1

vi · ∂fs
∂ri
. (1.2.11)

For i � s + 1 we have∫
vi · ∂fN

∂ri
dΩs+1 · · ·dΩN

=
∫

vi · ∂fs+1(t,Ω1, . . . ,Ωs,Ωi)

∂ri
dΩi

=
∫ [ ∫ (

∂fs+1vi1

∂ri1
+ ∂fs+1vi2

∂ri2
+ ∂fs+1vi3

∂ri3

)
dri1 dri2 dri3

]
dvi

=
∫ [ ∫

fs+1vi · n ds

]
dvi . (1.2.12)

In the last equality the Gauss–Ostrogradskii theorem is used; the external – to the
gas – direction is accepted as positive. The physical sense of the integral on the right
side of Eq. (1.2.12) consists in the probability definition of theith particle penetration
through the wall of the vessel whens particles are in the statesΩ1, . . . ,Ωs , respectively.
However, the walls of the vessel are accepted as impermeable for the gas molecules and
this probability and, as a consequence, this integral are equal to zero. This integral is
also equal to zero in the case where the gas is found in a restricted area of space, but the
integration is realized over an infinitely distant surface.

Let us consider now the last term in Eq. (1.2.7). Leti � s + 1, then∫
Fi · ∂fN

∂pi
dΩs+1 · · ·dΩN

= Fi · ∂
∂pi

∫
fN dΩs+1 · · ·dΩN = Fi · ∂fs

∂pi
. (1.2.13)

Suppose further that forceFi does not depend on the velocity of theith particle or
depends in accordance with the Lorentz law. Then, fori � s + 1, the following trans-
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formation is true∫
Fi · ∂fN

∂pi
dΩs+1 · · ·dΩN =

∫
∂

∂pi
· (FifN )dΩs+1 · · ·dΩN

=
∫ [ ∫

∂

∂pi
· (Fifs+1)dvi

]
dri . (1.2.14)

The last integral is equal to zero. Really, theinternal integral can be transformed from
the volume form to the surface one in the velocity space. Taking into account that the
gas energy is finite, we conclude that the probability densityfN should tend to zero,
if vi → ∞. Then the surface – integral over an infinite distant surface in the velocity
space – turns into zero.

Denote the external force acting on thei-particle asFbi . We have

Fi = Fbi +
N∑
j=1

Fij (Fii = 0), (1.2.15)

whereFij (ri , rj ) is the force acting on theith particle from the particlej . Taking into
account (1.2.13)–(1.2.15), the third term of the integrand in relation (1.2.7) is written as
follows: ∫ N∑

i=1

Fi · ∂fN
∂pi

dΩs+1 · · ·dΩN

=
∫ s∑

i=1

Fi · ∂fN
∂pi

dΩs+1 · · ·dΩN

=
s∑
i=1

Fbi · ∂fs
∂pi

+
s∑
i=1

∫ s∑
j=1

Fij · ∂fN
∂pi

dΩs+1 · · ·dΩN

+
s∑
i=1

∫ N∑
j=s+1

Fij · ∂fN
∂pi

dΩs+1 · · ·dΩN. (1.2.16)

Consider the terms in (1.2.16)

s∑
i=1

∫ s∑
j=1

Fij · ∂fN
∂pi

dΩs+1 · · ·dΩN =
s∑

i,j=1

Fij · ∂fs
∂pi
. (1.2.17)

We transform the term

s∑
i=1

∫ N∑
j=s+1

Fij · ∂fN
∂pi

dΩs+1 · · ·dΩN, (1.2.18)

at first for the particular case of one-species gas.
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With this aim write down the integral∫
Fij fs+1(t,Ω1, . . . ,Ωs,Ωj )dΩj, j � s + 1, i = 1, . . . , s. (1.2.19)

The physical sense of this integral relates to the averaged force acting on thei-particle
from the particlej whens particles are in the statesΩ1, . . . ,Ωs . For one-species gas in
the force of the particle identity, the value of this integral fori � s + 1 does not depend
on the numberj , and we obtain the relation∫

Fij fs+1(t,Ω1, . . . ,Ωs,Ωj)dΩj =
∫

Fi,s+1fs+1(t,Ω1, . . . ,Ωs+1)dΩs+1

( j � s + 1, i = 1, . . . , s). (1.2.20)

Now transform (1.2.18) using the derived relation (1.2.20):

s∑
i=1

∫ N∑
j=s+1

Fij · ∂fN
∂pi

dΩs+1 · · ·dΩN

=
s∑
i=1

∂

∂pi
·
∫ N∑
j=s+1

Fij fs+1 dΩj

=
s∑
i=1

(N − s) ∂
∂pi

·
∫

Fi,s+1fs+1 dΩs+1. (1.2.21)

Pay attention now to multi-component gas.In accordance with the chemical kinds of
molecules,η groups of particles stand out. Within of each group all the particles are
considered as identical. The transformation, analogous to (1.2.20), can be realized for
the conditions�N :

N∑
j=s+1

∫
Fij fs+1(t,Ω1, . . . ,Ωs,Ωj )dΩj

=
η∑
δ=1

Nδ

∫
Fi,j∈Nδfs+1(t,Ω1, . . . ,Ωs,Ωj∈Nδ)dΩj∈Nδ

(i = 1, . . . , s). (1.2.22)

Some comments on the relation (1.2.22). Let, in a mixture consisting ofN particles,Nδ
particles belong to the same species of particles so thatδ = 1, . . . , η, andN = ∑η

δ=1Nδ .
In every group all the particles are identical, therefore when integrating over the entire
physical space and the velocity space it does not matter what number of particles is,
used in every group. The integration over allΩj∈Nδ means that integration is realized
over all the phase volume of one of the particles belonging to the groupNδ .
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As a result, for one-species gas, the following hierarchy of Bogolyubov–Born–
Green–Kirkwood–Yvon kinetic equations (BBGKY-equations) takes place:

∂fs

∂t
+

s∑
i=1

vi · ∂fs
∂ri

+
s∑
i=1

Fbi · ∂fs
∂pi

+
s∑

i,j=1

Fij · ∂fs
∂pi

= −
s∑
i=1

(N − s) ∂
∂pi

·
∫
fs+1(t,Ω1, . . . ,Ωs+1)Fi,s+1 dΩs+1. (1.2.23)

The internal forcesFij that do not depend on the velocity can be factored out of the
derivative by momentumpi .

The BBGKY-1 equation (s = 1)

∂f1

∂t
+ p1

m
· ∂f1

∂r1
+ Fb1 · ∂f1

∂p1
= (1−N) ∂

∂p1
·
∫

F12f2 dΩ2. (1.2.24)

The BBGKY-2 equation (s = 2)

∂f2

∂t
+

(
p1

m
· ∂f1

∂r1
+ p2

m
· ∂f2

∂r2

)
+ Fb1 · ∂f2

∂p1
+ Fb2 · ∂f2

∂p2

+ Fb12 · ∂f2

∂p1
+ Fb21 · ∂f2

∂p2

= (2−N)
(
∂

∂p1
·
∫

F13f3 dΩ3 + ∂

∂p2
·
∫

F23f3 dΩ3

)
. (1.2.25)

For multi-species gas, in the absence of chemical reactions, we have

∂fs

∂t
+

s∑
i=1

vi · ∂fs
∂ri

+
s∑
i=1

Fbi · ∂fs
∂pi

+
s∑

i,j=1

Fij · ∂fs
∂pi

= −
s∑
i=1

N∑
j=s+1

Fij · ∂
∂pi
fs+1(t,Ω1, . . . ,Ωs,Ωj )dΩj

(s = 1, . . . ,N). (1.2.26)

If s�N it is reasonable to write down Eq. (1.2.26) with an explicit extraction of species
of particles in a multi-species mixture of gases:

∂fs

∂t
+

s∑
i=1

vi · ∂fs
∂ri

+
s∑
i=1

Fbi · ∂fs
∂pi

+
s∑

i,j=1

Fij · ∂fs
∂pi

= −
s∑
i=1

η∑
δ=1

Nδ

∫
Fi,j∈Nδ · ∂

∂pi
fs+1(t,Ω1, . . . ,Ωs,Ωj∈Nδ )dΩj∈Nδ.

(1.2.27)
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For reacting gases, Eqs. (1.2.26) should be corrected taking into account an addi-
tional source integral term related to chemical reactions. Possible approximations for
this term are discussed in Alekseev (1982), but, generally speaking, the form of this
term should be based on the quantum theory of inelastic collisions.

The used assumption that, for the convenience of consideration, the gas is taken
as bounded in a vessel of volumeV , is not significant. It is possible to use the limit
V → ∞, N → ∞ under the conditionn = N/V = const. In this case, hierarchy of
equations has no changes.

The set of integro-differential equations turns out to be a linked one, so that in the
lowest-order approximation the distribution functionf1 depends onf2. This means for-
mally that, strictly speaking, the solution procedure for such a set should be as follows.
First find the distribution functionfN and then solve the set of BBGKY equations sub-
sequently for decreasingly lower-order distributions. But if we know the functionfN ,
there is no need at all to solve the equations forfs and it actually suffices to employ the
definition (1.2.6) of the functionfs .

We thus conclude that the rigorous solution to the set of BBGKY equations is again
equivalent to solving Liouville equations. On the other hand, the seemingly illogical
solution procedure involving a search for the distribution functionf1 is of great sig-
nificance in the kinetic theory and in non-equilibrium statistical mechanics. This ap-
proach involves breaking the BBGKY chain by introducing certain additional assump-
tions (which have a clear physical meaning, though). These assumptions are discussed
in detail below.

1.3. Derivation of the generalized Boltzmann equation

We now proceed with the derivation of the generalized Boltzmann equation (GBE)
(Alexeev, 1988, 1994, 1995c) by applying Bogolyubov’s procedure and writing down
once more Eq. (1.2.26), introducing the forces acting on the unit of mass of the particles.
We conserve the previous notation for the kind of forces that cannot lead to misunder-
standings.

∂fs

∂t
+

s∑
i=1

vi · ∂fs
∂ri

+
s∑
i=1

Fbi · ∂fs
∂vi

+
s∑

i,j=1

Fij · ∂fs
∂vi

= −
s∑
i=1

N∑
j=s+1

∫
Fij · ∂

∂vi
fs+1 dΩj, (1.3.1)

where dΩj = drj dvj , fN is normalized on a unit. It means that the probability to
find all N particles of a physical system at some points of physical space with some
velocities is equal to a unit,∫

fN dΩ1 dΩ2 · · ·dΩN = 1. (1.3.2)



40 Generalized Boltzmann Physical Kinetics

We now write down a dimensionless equation for the one-particle distribution func-
tion. In doing so, we follow the multi-scale method and introduce three groups of scales:

– at therb level – the particle interaction radiusrb, rb = (Vb)1/3, whereVb is the vol-
ume of particle interaction, which could be non-spherical in the general case; the
characteristic collision velocityv0b, and the characteristic collision timerb/v0b;

– at theλ level – the mean free pathλ, the mean free-flight velocityv0λ, and the char-
acteristic time scaleλ/v0λ, and

– at theL level – the characteristic hydrodynamic dimensionL, the hydrodynamic
velocity,v0L and the hydrodynamic timeL/v0L.

Other notation:V is the character volume of a physical system,F0 is the scale of
internal forces of molecular interaction,F0λ is the scale of external forces.

A hat “ ˆ ” over a symbol means that the quantity labelled like this is made dimension-
less. From the normalizing condition (1.3.2) it follows that the dimensionlesss-particle
distribution functionf̂s can be written as

f̂s = fsv3s
0bV

s . (1.3.3)

For other values, we have

F̂ij = Fij

F0
, t̂b = t

rbv
−1
0b

, r̂ib = ri
rb
, F̂i = Fi

F0λ
.

Eq. (1.3.1) can be rewritten in the form:

v0b

rb

∂f̂s

∂ t̂b
+ v0b

rb

s∑
i=1

v̂ib · ∂f̂s
∂ r̂b

+ F0λ

v0b

s∑
i=1

F̂i · ∂f̂s
∂ v̂ib

+ F0

v0b

s∑
i,j=1

F̂ij · ∂f̂s
∂ v̂ib

= − F0

v0b

(
v−3

0b V
−1)
r3
b v

3
0b

s∑
i=1

N∑
j=s+1

∫
F̂ij · ∂

∂ v̂ib
f̂s+1 dΩ̂j (1.3.4)

and after dividing of both sides of equations byv0b/rb, we find

∂f̂s

∂ t̂b
+

s∑
i=1

v̂ib · ∂f̂s
∂ r̂b

+ F0λ

v2
0b/rb

s∑
i=1

F̂i · ∂f̂s
∂ v̂ib

+ F0

v2
0b/rb

s∑
i,j=1

F̂ij · ∂f̂s
∂ v̂ib

= − r
3
b

V

F0

v2
0b/rb

s∑
i=1

N∑
j=s+1

∫
F̂ij · ∂

∂ v̂ib
f̂s+1 dΩ̂j . (1.3.5)

As a scale for the force of molecular interaction – recall that this force is related to the
unit of mass – choose the valuev2

0b/rb, connected with the scale of collision velocity;
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F0 = v2
0b/rb and then

∂f̂s

∂ t̂b
+

s∑
i=1

v̂ib · ∂f̂s
∂ r̂ib

+ α
s∑
i=1

F̂i · ∂f̂s
∂ v̂ib

+
s∑

i,j=1

F̂ij · ∂f̂s
∂ v̂ib

= −β
s∑
i=1

N∑
j=s+1

∫
F̂ij · ∂

∂ v̂ib
f̂s+1 dΩ̂j , (1.3.6)

where the dimensionless parameters are introduced

α = F0λ

F0
, β = r3

b

V
= Vb

V
. (1.3.7)

For a one-particle DF, thêf1 equation is valid

∂f̂1

∂t̂b
+ v̂1b · ∂f̂1

∂ r̂1b
+ αF̂1 · ∂f̂s

∂ v̂1b

+ β
N∑
j=2

∫
F̂1j · ∂

∂ v̂1
f̂2(Ω1,Ωj , t)dΩ̂j = 0. (1.3.8)

If effects of the particle correlations could be completely omitted, the simplest approx-
imation for a two-particle DF is valid

f̂2(Ω1,Ωj , t)= f̂1(Ω1, t)f̂1j (Ωj , t), (1.3.9)

wherej is the number of particle,j = 2, . . . ,N . From (1.3.8) it follows that

∂f̂1

∂t̂b
+ v̂1b · ∂f̂1

∂ r̂1b
+ αF̂1 · ∂f̂1

∂ v̂1b

+ β ∂f̂1

∂ v̂1b
·
N∑
j=2

∫
F̂1j f̂1j (Ωj , t)dΩ̂j = 0. (1.3.10)

The integral term in Eq. (1.3.10) is connected with the averaged forceF̂a1, acting on the
first particle from all the other particles of the system:

F̂a1 =
N∑
j=2

∫
F̂1j f̂1,j (Ωj , t)dΩ̂j . (1.3.11)
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The relation for the averaged force can be rewritten for a multi-component system con-
sisting ofη species, as follows

F̂a1 =
η∑
δ=1

Nδ

∫
F̂1, j∈Nδ f̂1, j∈Nδ(Ωj , t)dΩ̂j∈Nδ . (1.3.12)

Using (1.3.11), (1.3.12), one obtains from (1.3.10)

∂f̂1

∂t̂b
+ v̂1b · ∂f̂1

∂ r̂ib
+ F̂sc

1 · ∂f̂1

∂ v̂ib
= 0, (1.3.13)

where the self-consistent forcêFsc
1 , acting on the particle numbered one, is introduced

F̂sc
1 = αF̂1 + βF̂a1. (1.3.14)

Kinetic equation (1.3.13) is a Vlasov equation widely used in plasma physics to-
gether with electrodynamics equations, which close the system of equations. In mole-
cular dynamics of neutral gases the self-consistent forces are significant only on the
rb-scale – usually the smallest ones from all possible kinetic scales – and Eq. (1.3.13)
is the same as the free molecular limit of the Boltzmann equation.

In what follows, we intend to construct the generalized Boltzmann physical kinetics
outlining the statistical features of so called, “rarefied” gases. Under the term “rarefied
gases” we understand the physical systems for the description of which one-particle
distribution functionf1 is sufficient.

For multi-component mixture, Eq. (1.3.8) can be written as

∂f̂1

∂t̂b
+ v̂1b · ∂f̂1

∂ r̂1b
+ αF̂1 · ∂f̂1

∂ v̂1b

= − r
3
bN

V

η∑
δ=1

Nδ

N

∫
F̂ij∈Nδ · ∂

∂ v̂b
f̂2,j∈Nδ (Ωj , t)dΩ̂j∈Nδ . (1.3.15)

For rarefied gas, the value

ε = r3
bN

V
= nr3

b = nVb, (1.3.16)

defining the particle number in the volume of interaction, is a small parameter and the
ratioNδ/N is the number density of species in the physical system is given.

In the kinetic theory, other conditions of normalization of the DFfs apart from
(1.3.2), first of all the DF, are normalized to number density. Consider this question
in detail.

Let ∫
f̃N dΩ1 · · ·dΩN =NN, (1.3.2′)
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whereN is the total number of particles in the system which occupies the volumeV ,
dΩi = dvi dri .

For thes-particles distribution function∫
f̃s dΩ1 · · ·dΩs =Ns, (1.3.17)

and finally for the one-particle DF, we have∫
f̃1 dΩ1 =N. (1.3.18)

Since ∫
ndr =N, (1.3.19)

wheren is the number density, we get∫ ( ∫
f̃1 dv1

)
dr =N (1.3.20)

and ∫
f̃1 dv1 = n. (1.3.21)

With the help of the DFf̃s Eq. (1.3.1) is written as

∂f̃s

∂t
+

s∑
i=1

vi · ∂f̃s
∂ri

+
s∑
i=1

Fi · ∂f̃s
∂vi

+
s∑

i,j=1

Fij · ∂f̃s
∂vi

= − 1

N

s∑
i=1

N∑
j=s+1

∫
Fij · ∂

∂vi
f̃s+1 dΩs+1, (1.3.1′)

becausef̃s =Nsfs .
Write down Eq. (1.3.1′) in a dimensionless form; introduce the same scale, however

recall that the DFf̃s was normalized is another way (compare with (1.3.3)):

ˆ̃
f s = f̃s v

3s
0

ns
. (1.3.3′)

Write down the analogue of Eq. (1.3.4)

ns

v3s
0

v0

rb

{
∂

ˆ̃
f s

∂t̂b
+

s∑
i=1

v̂i · ∂
ˆ̃
f s

∂ r̂ib
+ α

s∑
i=1

F̂i · ∂
ˆ̃
f s

∂ v̂i
+

s∑
i,j=1

F̂ij · ∂
ˆ̃
f s

∂ v̂i

}
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= −F0

v0

ns+1

v3s+3
0

1

N

s∑
i=1

N∑
j=s+1

∫
F̂ij · ∂

∂ v̂ib
ˆ̃
f s+1 dΩ̂s+1v

3
0r

3
b (1.3.4′)

or, after cancelling the factor before the curly brackets, we find

∂
ˆ̃
f s

∂t̂b
+

s∑
i=1

v̂ib · ∂
ˆ̃
f s

∂ r̂ib
+ α

s∑
i=1

F̂i · ∂
ˆ̃
f s

∂ v̂i
+

s∑
i,j=1

F̂ij · ∂
ˆ̃
f s

∂ v̂i

= −nr3
b

F0

v2
0/rb

1

N

s∑
i=1

N∑
j=s+1

∫
F̂ij · ∂

∂ v̂ib
ˆ̃
f s+1 dΩ̂s+1. (1.3.22)

As before, the valuev2
0/rb is chosen as the scale for the forceF0 and for multi-

component mixture we find the analogue of Eq. (1.3.15)

∂
ˆ̃
f s

∂t̂b
+ v̂1b · ∂

ˆ̃
f 1

∂ r̂1b
+ αF̂1 · ∂

ˆ̃
f 1

∂ v̂1b

= −ε
η∑
δ=1

Nδ

N

∫
F̂i, j∈Nδ · ∂

∂ v̂ib
ˆ̃
f 2, j∈Nδ(Ω1,Ωj∈Nδ , t)dΩ̂j∈Nδ . (1.3.23)

In the following transformation of Eq. (1.3.23), for simplicity we omit the sign∼
from DF returning to the details of normalization in case of necessity.

Of the numerous scales involved in the gas kinetics problems, three major groups of
scales pertaining to length,time, and velocity deserve a special consideration. In this
case, the particle interaction scalerb presents only one of the scales (and the shortest
one) in the scale hierarchy in molecular systems, where theλ scale, related to the particle
mean free path, and the hydrodynamicL scale – for example, the length or the diameter
of the flow channel, the characteristic size of the streamlined body, etc. – always exist.

In gas dynamics, the conditions

rb � λ� L (1.3.24)

are usually satisfied. If desired, inequalities (1.3.24) can be rewritten in terms of para-
meters such as the characteristic collision time, mean free time, and hydrodynamic flow
time. Since the Boltzmann equation is valid only on theλ andL scales, a fundamental
problem arises here how to adequately describe kinetic processes at all the three scales
of a system’s evolution.

In Section 1.1, we were able to ascertain that standard perturbation methods cannot
present satisfactory results, if the system’sevolution were investigated on very different
time scales. In this case, it is natural to apply the method of many scales.

We assume that the arguments of thes-particle functionf̂s are the above three groups
of scaled variables and the mentioned small parameterε = nr3

b (compare with (1.1.21)):

f̂s = f̂s
(
t̂b, r̂ib, v̂ib; t̂λ, r̂iλ, v̂iλ; t̂L, r̂iL, v̂iL; ε

)
. (1.3.25)
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As it has been indicated, a hat over a symbol means that the quantity labelled like this
is made dimensionless. We now write down an asymptotic series for the functionf̂s :

f̂s =
∞∑
ν=0

f̂ νs
(
t̂b, r̂ib, v̂ib; t̂λ, r̂iλ, v̂iλ; t̂L, r̂iL, v̂iL

)
εν, (1.3.26)

which should be used for solving the equation

∂f̂s

∂ t̂b
+

s∑
i=1

v̂ib · ∂f̂s
∂ r̂ib

+
s∑

i,j=1

F̂ij · ∂f̂s
∂ v̂ib

+ α
s∑
i=1

F̂i · ∂f̂s
∂ v̂ib

= −ε 1

N

s∑
i=1

N∑
j=s+1

∫
F̂ij · ∂

∂ v̂ib
f̂s+1

(
t̂ , Ω̂1, . . . , Ω̂s, Ω̂j

)
dΩ̂j . (1.3.27)

Let us take the derivatives on the left-hand side of thesth BBGKY equation according
to the rules intended for taking the derivatives of composite functions (compare with
(1.1.22)):

df̂s
dt̂b

= ∂f̂s

∂ t̂b
+ ∂f̂s

∂ t̂λ

∂ t̂λ

∂ t̂b
+ ∂f̂s

∂ t̂L

∂t̂L

∂t̂λ

∂ t̂λ

∂ t̂b
, (1.3.28)

df̂s
dr̂ib

= ∂f̂s

∂ r̂ib
+

3∑
k=1

∂f̂s

∂r̂iλ,k

∂r̂iλ,k

∂ r̂ib
+

3∑
k,l=1

∂f̂s

∂r̂iL,k

∂r̂iL,k

∂r̂iλ,l

∂ r̂iλ,l

∂ r̂ib
, (1.3.29)

df̂s
dv̂ib

= ∂f̂s

∂ v̂ib
+

3∑
k=1

∂f̂s

∂v̂iλ,k

∂v̂iλ,k

∂ v̂ib
+

3∑
k,l=1

∂f̂s

∂v̂iL,k

∂v̂iL,k

∂v̂iλ,l

∂v̂iλ,l

∂ v̂ib
. (1.3.30)

Introduce the following parameters as a ratio of the scale factors. No limitations are
introduced here for these parameters.

ε1 = λ

L
(Knudsen number), (1.3.31)

ε2 = v0λ

v0b
, ε3 = v0L

v0λ
. (1.3.32)

Then the approximated derivatives can be rewritten as follows:

df̂s
dt̂b

= ∂f̂s

∂ t̂b
+ ∂f̂s

∂ t̂λ
εε2 + ∂f̂s

∂ t̂L
εε1ε2ε3, (1.3.33)

df̂s
dr̂ib

= ∂f̂s

∂ r̂ib
+ ∂f̂s

∂ r̂iλ
ε+ ∂f̂s

∂ r̂iL
εε1, (1.3.34)

df̂s
dv̂ib

= ∂f̂s

∂ v̂ib
+ ∂f̂s

∂ v̂iλ
εε2

F0

F0λ
+ ∂f̂s

∂ v̂iL
εε2

F0

F0λ
ε−1

3 , (1.3.35)
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because, for example,

∂t̂λ

∂ t̂b
= Mtb

Mtλ
= rb

v0b

v0λ

λ
= ε2 rb

λ
= ε2 rb

(nr2
b )

−1
= εε2,

∂ t̂L

∂t̂λ
= Mtλ

MtL
= voLλ

v0λL
= ε1ε3,

∂v̂iλ,k

∂vib,k
= Mv0b

Mv0λ

= εMtλ
Mtb

= ε v0λ

F0λ

F0

v0b
= εε2 F0

F0λ
,

(1.3.36)

whereM denotes the scales of values written as the index. The scales of the free mean
path and radius of interaction are associated with the known relation

λ= (
nr2
b

)−1; (1.3.37)

the following relations are written for scales on internal forcesF0 related to the mass
unit and the scale of velocityv0b

F0 = v2
0b

rb
(1.3.38)

and, analogously,

F0λ = v0λ

tλ
. (1.3.39)

Substitute now the series (1.3.26) in the approximated derivations (1.3.33)–(1.3.35) and
the obtained relations in Eq. (1.3.27). Furthermore, we use the expression forf̂s+1 on
the right side of Eq. (1.3.27) as the mentioned series. Equating the coefficients ofε0 and
ε1, ε2 now yields

− at ε0:

∂f̂ 0
s

∂ t̂b
+

s∑
i=1

v̂ib · ∂f̂
0
s

∂ r̂ib
+

s∑
i,j=1

F̂ij · ∂f̂
0
s

∂ v̂ib
+ α

s∑
i=1

F̂i · ∂f̂
0
s

∂ v̂ib
= 0, (1.3.40)

− at ε1:

∂f̂ 1
s

∂ t̂b
+

s∑
i=1

v̂ib · ∂f̂
1
s

∂ r̂ib
+

s∑
i,j=1

F̂ij · ∂f̂
1
s

∂ v̂ib
+ α

s∑
i=1

F̂i · ∂f̂
1
s

∂ v̂ib

+ ε2∂f̂
0
s

∂ t̂λ
+

s∑
i=1

v̂ib · ∂f̂
0
s

∂ r̂iλ
+ ε2 F0

F0λ

s∑
i,j=1

F̂ij · ∂f̂
0
s

∂ v̂iλ
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+ ε2
s∑
i=1

F̂i · ∂f̂
0
s

∂ v̂iλ
+ ε1ε2ε3∂f̂

0
s

∂ t̂L
+ ε1

s∑
i=1

v̂ib · ∂f̂
0
s

∂ r̂iL

+ ε2

ε3

F0

F0λ

s∑
i,j=1

F̂ij · ∂f̂
0
s

∂ v̂iL
+ ε2

ε3

s∑
i=1

F̂i · ∂f̂
0
s

∂ v̂iL

= − 1

N

s∑
i=1

N∑
j=s+1

∫
F̂ij · ∂

∂ v̂ib
f̂ 0
s+1 dΩ̂j , (1.3.41)

− at ε2:

∂f̂ 2
s

∂ t̂b
+

s∑
i=1

v̂ib · ∂f̂
2
s

∂ r̂ib
+

s∑
i,j=1

F̂ij · ∂f̂
2
s

∂ v̂ib
+ α

s∑
i=1

F̂i · ∂f̂
2
s

∂ v̂ib

+ ε2∂f̂
1
s

∂ t̂λ
+

s∑
i=1

v̂ib · ∂f̂
1
s

∂ r̂iλ
+ ε2 F0

F0λ

s∑
i,j=1

F̂ij · ∂f̂
1
s

∂ v̂iλ

+ ε2
s∑
i=1

F̂i · ∂f̂
1
s

∂ v̂iλ
+ ε1ε2ε3∂f̂

1
s

∂ t̂L
+ ε1

s∑
i=1

v̂ib · ∂f̂
1
s

∂ r̂iL

+ ε2

ε3

F0

F0λ

s∑
i,j=1

F̂ij · ∂f̂
1
s

∂ v̂iL
+ ε2

ε3

s∑
i=1

F̂i · ∂f̂
1
s

∂ v̂iL

= − 1

N

s∑
i=1

N∑
j=s+1

∫
F̂ij ·

{
∂f̂ 1
s+1

∂ v̂ib
+ F0

F0λ
ε2
∂f̂ 0
s+1

∂ v̂iλ
+ ε2

ε3

F0

F0λ

∂f̂ 0
s+1

∂ v̂iL

}
dΩ̂j .

(1.3.42)

The next approximations are organized in an analogous way.
At s = 1 one obtains (F11 ≡ 0)

∂f̂ 0
1

∂t̂b
+ v̂ib · ∂f̂

0
1

∂ r̂ib
+ αF̂1 · ∂f̂

0
1

∂ v̂ib
= 0, (1.3.43)

∂f̂ 1
1

∂t̂b
+ v̂1b · ∂f̂

1
1

∂ r̂1b
+ αF̂1 · ∂f̂

1
1

∂ v̂1b
+ ε2∂f̂

0
1

∂t̂λ
+ v̂1b · ∂f̂

0
1

∂ r̂1λ
+ ε2F̂1 · ∂f̂

0
1

∂ v̂1λ

+ ε1ε2ε3∂f̂
0
1

∂t̂L
+ ε1v̂1b · ∂f̂

0
1

∂ r̂1L
+ ε2

ε3
F̂1 · ∂f̂

0
1

∂ v̂1L

= −
η∑
δ=1

Nδ

N

∫
F̂1, j∈Nδ · ∂

∂ v̂1b
f̂ 0

2, j∈Nδ dΩ̂j∈Nδ , (1.3.44)
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∂f̂ 2
1

∂t̂b
+ v̂1 · ∂f̂

2
1

∂ r̂1b
+ αF̂1 · ∂f̂

2
1

∂ v̂1b
+ ε2∂f̂

1
1

∂t̂λ
+ v̂1b · ∂f̂

1
1

∂ r̂1λ
+ ε2F̂1 · ∂f̂

1
1

∂ v̂1λ

+ ε1ε2ε3∂f̂
1
1

∂t̂L
+ ε1v̂1b · ∂f̂

1
1

∂ r̂1L
+ ε2

ε3
F̂1 · ∂f̂

1
1

∂ v̂1L

= −
η∑
δ=1

Nδ

N

∫
F̂1, j∈Nδ ·

{
∂f̂ 1

2

∂ v̂1b
+ F0

F0λ
ε2
∂f̂ 0

2

∂ v̂1λ
+ ε2

ε3

F0

F0λ

∂f̂ 0
2

∂ v̂1L

}
dΩ̂j∈Nδ .

(1.3.45)

Some conclusions can be drawn at this step of investigation.
It follows from Eq. (1.3.40) that on therb-scale the functionf̂ 0

s has no change along
the phase trajectory or, otherwise, after integrating on therb-scale

f̂ 0
s = f̂ 0

s

(
t̂λ, v̂iλ, r̂iλ; t̂L, v̂iL, r̂iL

)
. (1.3.46)

If function (1.3.46) is known, the function̂f 1
s has to be found from Eq. (1.3.41). This

is possible if certain additional assumptions are posed on the functionf̂ 0
s+1 entering the

integral right-hand side of expression (1.3.41). Eq. (1.3.42) can be used for calculat-
ing f̂ 2

s if not only the functionsf̂ 0
s , f̂ 1

s are known from the preceding equations, but
also f̂ 1

s+1. Thus, we see that the system of equations contains linked terms and if, in

Eq. (1.3.41), we need to introduce assumptions concerning the functionf̂ 0
s+1, then in

Eq. (1.3.42) – concerninĝf 1
s+1.

In real life, the dependence (1.3.46) is unknown beforehand. Then Eq. (1.3.41) can
serve to determinêf 0

s on λ- andL-scales, but, in this case, it becomes doubly linked,
with respect to both the lower indexs+1 and the upper index 1. As a result, the problem
of breaking the linked terms arises.

In what follows, we intend to deal with systems admitting the one-particle descrip-
tion by means of Eqs. (1.3.43)–(1.3.45). To this ends we transform the integral term in
(1.3.44).

Let us write Eq. (1.3.40) ats = 2 for two particles “1” and “j ”.

∂f̂ 0
2

∂t̂b
+ v̂1b · ∂f̂

0
2

∂ r̂1b
+ v̂j∈Nδ, b · ∂f̂ 0

2

∂ r̂j∈Nδ, b
+ F̂1, j∈Nδ · ∂f̂

0
2

∂ v̂1b

+ F̂j∈Nδ,1 · ∂f̂ 0
2

∂ v̂j∈Nδ
+ αF̂1 · ∂f̂

0
2

∂v1b
+ αF̂j∈Nδ · ∂f̂ 0

2

∂ v̂j∈Nδ, b
= 0. (1.3.47)

Introducing a new variablêx1, j∈Nδ = r̂1b − r̂j∈Nδ, b, we find from Eq. (1.3.47) that

−F̂1, j∈Nδ · ∂

∂ v̂1b
f̂ 0

2, j∈Nδ

= ∂f̂ 0
2

∂t̂b
+ v̂1b · ∂f̂

0
2

∂ r̂1b
+ (v̂1b − v̂j∈Nδ, b) ·

∂f̂ 0
2

∂ x̂1, j∈Nδ
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+ F̂j∈Nδ,1 · ∂f̂ 0
2

∂ v̂j∈Nδ
+ αF̂1 · ∂f̂

0
2

∂v1b
+ αF̂j∈Nδ · ∂f̂ 0

2

∂ v̂j∈Nδ, b
. (1.3.48)

Using the last equation, we obtain the following representation for the integral in
Eq. (1.3.44)

−
∫

F̂1, j∈Nδ · ∂

∂ v̂1b
f̂ 0

2, j∈Nδ dΩ̂j∈Nδ =
∫ (

v̂1b − v̂j∈Nδ, b
) · ∂f̂ 0

2

∂ x̂1, j∈Nδ
dΩ̂j∈Nδ

+
∫ (

∂f̂ 0
2

∂t̂b
+ v̂1b · ∂f̂

0
2

∂ 
̂r1b
+ αF̂1 · ∂f̂

0
2

∂ v̂1b
+ αF̂j∈Nδ · ∂f̂ 0

2

∂ v̂j∈Nδ, b

)
dΩ̂j∈Nδ

+
∫

F̂j∈Nδ,1 · ∂f̂ 0
2

∂ v̂j∈Nδ
dΩ̂j∈Nδ . (1.3.49)

The last integral on the right-hand side of Eq. (1.3.49) can be written in the form

∫
F̂j∈Nδ,1 · ∂f̂ 0

2

∂ v̂j∈Nδ
dΩ̂j∈Nδ

=
∫ [ ∫

∂

∂ v̂j∈Nδ
· (

F̂j∈Nδ,1f̂ 0
2

)
dv̂j∈Nδ

]
dr̂j∈Nδ . (1.3.50)

But the inner integral can be transformed by the Gauss theorem into an integral over
an infinitely distant surface in the velocity space, which vanishes becausef̂ 0

2 → 0 as
v̂j → ∞.

Let us introduce an assumption for rarefied gas of neutral particles that, on theλ- and
L-scales, the positions and velocities of particles 1 andj are not correlated, i.e.,

f̂ 0
2

(
t̂ , Ω̂1, Ω̂j

) = f̂ 0
1

(
t̂ , Ω̂1

)
f̂ 0
j∈Nδ

(
t̂ , Ω̂j∈Nδ

)
. (1.3.51)

This assumption is discussed in detail in Chapter 8.

∫ (
∂f̂ 0

2

∂t̂b
+ v̂1b · ∂f̂

0
2

∂ r̂1b
+ αF̂1 · ∂f̂

0
2

∂v1b
+ αF̂j∈Nδ · ∂f̂ 0

2

∂ v̂j∈Nδ, b

)
dΩ̂j∈Nδ

=
∫ [
f̂ 0
j∈Nδ

(
∂f̂ 0

1

∂t̂b
+ v̂1b · ∂f̂

0
1

∂ r̂1b
+ αF̂1 · ∂f̂

0
1

∂v1b

)]
dΩ̂j∈Nδ

+
∫
f̂ 0

1

∂f̂ 0
j∈Nδ
∂t̂b

dΩ̂j + α
∫

∂

∂vj∈Nδ
· (

F̂j∈Nδ f̂ 0
1 f̂

0
j∈Nδ

)
dΩ̂j∈Nδ .

(1.3.52)

In expression (1.3.52), the first integral on the right is zero, because relation (1.3.43)
and the third integral is zero for the same reasons as in Eq. (1.3.50). The second integral
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is equal to zero only if the influence of a self-consistent field can be ignored in compar-
ison with the external forces acting in the physical system. This problem is investigated
in Chapter 8, devoted to applications of the generalized Boltzmann physical kinetics in
plasma physics.

The integral term in (1.3.49) is written as

−
∫

F̂1, j∈Nδ · ∂

∂ v̂1b
f̂ 0

2, j∈Nδ dΩ̂j∈Nδ

=
∫
(v̂1b − v̂j∈Nδ, b) ·

∂f̂ 0
2

∂ x̂1, j∈Nδ
dΩ̂j∈Nδ

=
∫
(v̂1b − v̂j∈Nδ, b) ·

∂f̂ 0
2

∂ x̂1, j∈Nδ
dr̂j∈Nδ, b dv̂j∈Nδ, b. (1.3.53)

Using x̂1, j∈Nδ as an integrating variable, we arrive at the expression for the collision
term Ĵ st,0

Ĵ st,0 = −
η∑
δ=1

Nδ

N

∫
F̂1, j∈Nδ · ∂

∂ v̂1b
f̂ 0

2, j∈Nδ dΩ̂j∈Nδ

=
η∑
δ=1

Nδ

N

∫
ĝ1, j∈Nδ · ∂f̂ 0

2

∂ x̂1, j∈Nδ
dx̂1, j∈Nδ, b dv̂j∈Nδ, b, (1.3.54)

where the relative velocity of particles 1 andj is introduced:

ĝj∈Nδ,1 = v̂j∈Nδ, b − v̂1b. (1.3.55)

Introduce the cylindrical coordinate system̂l, b̂, ϕ with the origin of coordinates
at the point̂r1b and the axiŝl, parallel to the relative velocity of encountered particlesi

andj ; corresponding the dimensionless impact parameterb̂ and the azimuth angleϕ,

Ĵ st,0 =
η∑
δ=1

Nδ

N

∫
ĝj∈Nδ,1

[∫ +∞

−∞
∂f̂ 0

2

∂l̂
dl̂

]
b̂db̂dϕ̇ dv̂j∈Nδ, b

=
η∑
δ=1

Nδ

N

∫ [
f̂ 0

2 (+∞)− f̂ 0
2 (−∞)]ĝj∈Nδ,1b̂db̂dϕ̇ dv̂j∈Nδ, b, (1.3.56)

where integration is realized on therb-scale, i.e., the functionŝf 0
2 (+∞) andf̂ 0

2 (−∞)
are calculated for velocitieŝv′

j∈Nδ , v̂′
1 andv̂j∈Nδ , v̂1, when particles are placed out of the

interaction zone. As usual the particle velocities after collision are indicated by prime.
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Using the assumption that the condition of molecular chaos is valid on theλ-scale for
encountering particles – and, as a consequence, relation (1.3.51) – we obtain

Ĵ st,0 =
η∑
δ=1

Nδ

N

∫ [
f̂ 0′

1 f̂
0′
j∈Nδ − f̂ 0

1 f̂
0
j∈Nδ

]
ĝj∈Nδ,1b̂db̂dϕ dv̂j∈Nδ (1.3.57)

the Boltzmann collision integral is written for the multi-component gas.
By manipulating Eq. (1.3.44), we obtain

D1f̂
1
1

Dt̂b
+ d1f̂

0
1

dt̂λ,L
= Ĵ st,0, (1.3.58)

where we have introduced the notation

D1f̂
1
1

Dt̂b
= ∂f̂ 1

1

∂t̂b
+ v̂1b · ∂f̂

1
1

∂ r̂1b
+ αF̂1 · ∂f̂

1
1

∂ v̂1b
, (1.3.59)

d1f̂
0
1

dt̂λ,L
= ε2∂f̂

0
1

∂t̂λ
+ v̂1b · ∂f̂

0
1

∂ r̂1λ
+ ε2F̂1 · ∂f̂

0
1

∂ v̂1λ
+ ε1ε2ε3∂f̂

0
1

∂t̂L

+ ε1v̂1b · ∂f̂
0
1

∂ r̂1L
+ ε2

ε3
F̂1 · ∂f̂

0
1

∂ v̂1L
. (1.3.60)

The following remarks are of fundamental importance in connection with the theory
being developed.

(1) Until now no restrictions are imposed on the values ofε1, ε2, ε3, including the
Knudsen numberε1.

(2) Eq. (1.3.58) contains linking not only with respect to the lower, but also to the upper
index, implying that in order to employ the kinetic equation, additional assumptions
should be made to reduce the equation to one dependent variable.

(3) The collision integral̂J st,0 transforms to the Boltzmann collision integral if the pair
correlation functions in the zero-orderε-expansion vanish and if one can ignore,
at therb-scale, the explicit effect, on a given trial particle, of the self-consistent
force of internal origin. We shall address this point in more detail below, when
discussing the relationship between the generalized Boltzmann equations and al-
ternative derivations of kinetic equations. The zero-order two-particle distribution
function entering the Boltzmann collision integral is calculated at theλ-scale and
is presented, as usual, as a product of zero-order one-particle functions; this means
that interacting particles are not correlated prior to a collision.

(4) The use of this representation makes it possible to express the collision integralĴ st,0

in the Boltzmannian form. The presence of superscript “0” inĴ st,0 is physically
meant that even though the variation of the distribution function on therb-scale is
taken into account [the first term on the right-hand side of Eq. (1.3.58)], the form of
the Boltzmann collision integral containing the functionf 0

1 remains unchanged.
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(5) It is crucial that the termD1f̂
1
1 /Dt̂B in Eq. (1.3.58), accounting for the variation

of the distribution function on therb-scale, is of the same order of magnitude as
the λ- andL-scale terms. This has nothing to do with whatever approximations
for D1f̂

1
1 /Dt̂B may later be made to break the Bogolyubov chain. The (unjusti-

fied) formal neglect of the termD1f̂
1
1 /Dt̂B reduces Eq. (1.3.58) to the Boltzmann

equation. This means, in turn, that therb-scale distribution function is left out of
consideration in the Boltzmann kinetic theory; particles featuring in the Boltzmann
kinetic theory are point-like and structureless. The system can be described in terms
of the independent variablesr, p, t , and the change in the distribution function due
to collisions is instantaneous and is accounted for by the source termĴ st,0.

We intend to employ Eq. (1.3.58) for describing the evolution of the distribution
functionf̂ 0

1 onλ- andL-scales. But kinetic equation (1.3.58) contains the linking term
D1f̂

1
1 /Dt̂b with respect to the upper index, implying that in order to employ the kinetic

equations, a problem arises concerning the approximation of this term, in a definite
sense, analogous to the problem, which led us to approximations (1.3.9) or (1.3.51).

We now proceed to break the Bogolyubov chain on therb-scale with respect to the
superscript inD1f̂

1
1 /Dt̂b. This term allows the exact representation, using the series

(1.3.26).

D1f̂
1
1

Dt̂b
= D1

Dt̂b

[
∂f̂1

∂ε

]
ε=0
. (1.3.61)

Note, however, that in the “field” description, the distribution functionf1 in the inter-
action on therb-scale depends onε through the dynamical variablesr, v, t , interrelated
by the laws of classical mechanics. Wecan therefore use the approximation

D1

Dt̂b

[(
∂f̂1

∂ε

)
ε=0

]
∼= D1

D(−t̂b)
[
∂f̂1

∂(−t̂b)
(
∂(−t̂b)
∂ε

)
ε=0

+ ∂f̂1

∂ r̂b
· ∂ r̂b
∂(−t̂b)

(
∂(−t̂b)
∂ε

)
ε=0

+ ∂f̂1

∂ v̂b
· ∂ v̂b
∂(−t̂b)

(
∂(−t̂b)
∂ε

)
ε=0

]

= − D1

Dt̂b

[(
∂t̂b

∂ε

)
ε=0

D1f̂1

Dt̂b

]
∼= − D1

Dt̂b

[(
∂t̂b

∂ε

)
ε=0

D1f̂
0
1

Dt̂b

]
. (1.3.62)

The approximation introduced here proceeds against the course of time and corre-
sponds to the condition that there be no correlations as tot0 → −∞, where there is
some instant of timet0 on therb-scale at which the particles start to interact with each
other. In the Boltzmann kinetic theory, the condition of correlation weakening has the
form (Bogolyubov, 1946)

lim
t0→−∞W2

[
r1 − v1(t − t0),v1; r2 − v2(t − t0),v2; t0

] = 0, (1.3.63)

whereW2 is the pair correlation function. Ast0 → −∞ (but not for t0 → +∞!), the
condition (1.3.63) of correlation weakening, together with the approximation (1.3.62),



Generalized Boltzmann equation 53

single out a time direction and lead to the time irreversibility in real physical processes
(Alexeev, 1995c). The next section of this paper discusses this point in detail in connec-
tion with the proof of the generalizedH -theorem. In the sequel, we will turn back to
the chain of relations (1.3.62) discussingthis approximation from disparate positions.

Return to the dimensional form of Eq. (1.3.44) taking into account the new normal-
ization condition for the DFf1, i.e.,

˜̃
f δ = f̃1

Nδ

N
. (1.3.64)

Then ∫ ˜̃
f δ dvδ dr =

∫
f̃1 dv dr

Nδ

N
=Nδ, (1.3.65)

or ∫ ˜̃
f δ dvδ = nδ, (1.3.66)

and ∫
nδ dr =Nδ. (1.3.67)

The DF normalization introduced for multi-component mixture allows us to treat

the function ˜̃
f δ as the mathematical expectation of a number of particles (speciesδ) for

which centers of mass at the time momentt are localed in the unit volume in the vicinity
of r, and velocities belong to the unit interval in the vicinity ofvδ. This condition will
be used in what follows as a rule, and as a consequence of this fact, we omit the upper
sign ≈. But the lower index “1” in the DFf1 corresponds not only to the notation
of the one-particle DF, but also to the number of particle among all the numberedN

particles of the physical multi-component system considered. The lower index will be
also omitted. As a result, for theη-species mixture, we have∫

fα dvα = nα (α = 1, . . . , η). (1.3.68)

Let a particle, indicated as number one in the system, belong to speciesα in the mix-
ture. It should be reflected by the investigation of the physical sense of the parameter
(∂ t̂b/∂ε)ε=0 in approximation (1.3.62). Introduce the corresponding dimensional para-
meter

τ1∈Nα = ε

[∂ε/∂t] ε=0
, (1.3.69)

whereε is the number of particles of all kinds that find themselves within the interac-
tion volume of a particle numbered as 1 by the instant of timet ; introducingεeq (the
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“equilibrium” particle density in the interaction volume), Eq. (1.3.69) can be written in
a typical relaxation form

∂ε

∂t
= −ε(t)− ε

eq

τα
. (1.3.70)

The denominator in Eq. (1.3.69) is interpreted as the number of particles that find
themselves within the interaction volume of a certain particle belonging to theαth com-
ponent per unit time; the derivative iscalculated under the additional conditionε = 0.

Clearly, this number is equal to the number of collisions occurring in the interaction
volume per unit time. Hence, the parameterτ1∈Nα = ε/[∂ε/∂t]ε=0 is the mean time
betweencollisions of a particle of theαth sort with particles of all other sorts, and will
be specified in the following asτα .

Reverting now to the dimensional form of Eq. (1.3.44) which becomes

Dfα

Dt
− D

Dt

(
τα
Dfα

Dt

)
=

η∑
β=1

∫ [
f ′
αf

′
β − fαfβ

]
gβαbdbdϕdvβ

(α = 1, . . . , η), (1.3.71)

where

D

Dt
= ∂

∂t
+ vα · ∂

∂r
+ Fα · ∂

∂vα
. (1.3.72)

Heregβα is the relative velocity of the colliding particles (α andβ), b is the impact
parameter, andϕ is the azimuth angle.

It is extremely important that the parameterτα is the mean timebetweenthe succes-
sive collisions of theα particle with particles of all kinds, defined by

τα = nα∑η
β=1Nαβ

. (1.3.73)

The numberNαβ of collisions between particles ofα andβ sorts per unit volume in
a unit time is calculated using the functionsfα andfβ . For the Maxwellian distribution
functions (Chapman and Cowling, 1952; Hirschfelder, Curtiss and Bird, 1954)

Nαβ = 2nαnβσ 2
αβ

(
2πkBT

mαβ

)1/2

, (1.3.74)

where σα is the diameter of the particleα and mαβ is the reduced massmαβ =
mαmβ/(mα +mβ). For the model of rigid spheres,

σαβ = 1

2
(σα + σβ). (1.3.75)
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For an arbitrary DF, the total number of collisions per units of volume and time for
molecules ofα andβ species can be found as follows

Nαβ =
∫
fαfβgαβbdbdϕ dvα dvβ. (1.3.76)

Thegeneralized Boltzmann kinetic equation(GBE) (1.3.71) involves the additional
integral parameter defined by the same DF.

In the hydrodynamic limit when the Knudsen numbersKnα = lα/L (lα is the mean
free path between collisions for theαth particles) are small, the mean time of the
free pathτα can be expressed as a function of dynamical viscosityµα of speciesα.
Within the hard-sphere model, the first (Maxwellian) approximation yields (Chapman
and Cowling, 1952)

τ (0)p =Πµ, (1.3.77)

wherep is the static pressure, andµ denotes the dynamic viscosity. Successive ap-
proximations connected with Sonine’s polynomials lead to a small correction of the
coefficient,Πτ = 0.786.

In multi-species gas the approximate relations can be used

Nαβ = kBT nαnβ
µαβ

, (1.3.78)

τ−1
α = kBT

∑
β

nβµαβ, (1.3.79)

µ=
∑
β

nβτβ =
∑
β

nβ

n1µ
−1
β1 + n2µ

−1
β2 + · · · . (1.3.80)

The considered theory is related to multi-species non-reacting gases. An additional
problem arises for an adequate description of the inelastic particle collisions. First of all,
the conception of “species” should be scrutinized. In chemical reactions redistribution
of atoms is realized. Then if, in the frame of the Liouville description, the motion of
every such particle is traced, so the total number of particles in an ensemble of particles
is not changing and the Liouville equation can be written in the standard form. This
approach is widely applied in statistical physics (see, for example, Semenov, 1984). But,
in the kinetic theory, this method leads to difficulties connected with expressions for
collision integrals. As a result, another approach is used based on the classical concept
of a chemical component. In this case, the inclusion of inelastic collision is realized
with the aid of approximate collision integrals satisfying the law of mass conservation
in non-relativistic chemical reactions. In fact we do not need any more, because the
exactness of those cross-sections of inelastic processes usually is not high.

The elastic collision integral̂J st,0 in GBE (1.3.71) contains only a DF of the zeroth
order in series by the density parameterε. It means that, in the generalized Boltzmann
kinetic theory (GBKT), the elastic collision integral can be used in the same form as in



56 Generalized Boltzmann Physical Kinetics

the classical BKT. This is also true with regard to the forms of inelastic collision inte-
grals. It is significant to note that these affirmations are connected with local collision
integrals. Below the effects of non-locality and time-delay will be discussed separately.

Several important remarks, which will also be discussed in detail in the following
sections from different points of view:

(1) The generalized Boltzmann equation contains not only second derivatives with re-
spect to time but also mixed (time-velocity and time-coordinate) partial derivatives.
Introducing the “averaged” distribution function

f α = f − τ Df
Dt

(1.3.81)

it assumes the form

Df α

Dt
= J st(f ) (1.3.82)

similar to the Boltzmann equation (I.1). Now it becomes clear that the Boltzmann
equation, which does not contain fluctuation terms, is not a closed one, and there
is no rigorous solution (to put it mildly) to the closure problem for the system of
moment equations in the theory of turbulence, based on hydrodynamical equations
derived from the Boltzmann equations.

(2) The parameterτ in the generalized Boltzmann equation can be assigned a
clear physical meaning and, unlike the so-called kinetically consistent difference
schemes (Chetverushkin, 1999) to be discussed later, does not lead to secular terms.

(3) The generalized Boltzmann equation (GBE) in the dimensionless form is written as

Df̂α

Dt̂
− D

Dt̂

(
Knτ̂α

Df̂α

Dt̂

)
= 1

Kn
Ĵ st
α . (1.3.83)

From this it follows that the second term is of the order of the Knudsen number
(Kn) and turns out to dominate the left-hand side of this equation as the Knudsen
number increases. Needless to say, this is not going beyond the free-molecular limit
of the equation because

D

Dt

Df̂α

Dt̂
= 0, for Kn → ∞. (1.3.84)

The solution of Eq. (1.3.84) is the equation of Knudsen flow

Df̂α

Dt
= 0, (1.3.85)

i.e., the analogue of the Liouville equation for a one-particle distribution function.
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(4) Note, however, that the second term in Eq. (1.3.83) cannot be ignored even for
small Knudsen numbers because, in that case,Kn acts as a small coefficient of
higher derivatives, with an unavoidable consequence that the effect of this term will
be strong in some regions. The neglect of formally small terms is equivalent, in par-
ticular, to dropping the (small-scale) Kolmogorov turbulence out of consideration.

Consider now possibilities for simplification of GBE.
If cross-sectionsσαβ and reduced massesmαβ are not too different, it is reasonable

to suppose that the mean free timesτα do not depend on the number of speciesα and
to use the mixture viscosity for calculation ofτ . For the model of hard spheres and
Maxwellian DF it suffices to fulfill the condition (see relations (1.3.73)–(1.3.75)) for
arbitraryα

Γα =
η∑
β=1

σ 2
αβ√
mαβ

= const (α = 1, . . . , η).

For example, for mixture N2(N1) and O2(N2) we have:σ1 = 3.7 Å, σ2 = 3.5 Å,
(Hirschfelder, Curtiss and Bird, 1954),Γ1/Γ2 = 1.09; then the approachτα = τ is ac-
ceptable.

In this case, one obtains from the equation

Dfα

Dt
− D

Dt

(
τα
Dfα

Dt

)
= J st,el

α + J st,inel
α (1.3.71′)

a simplified form

Dfα

Dt
− D

Dt

(
τ
Dfα

Dt

)
= J st,el

α + J st,inel
α . (1.3.86)

The right-hand side of (1.3.86) contains integrals of elastic and inelastic collisions writ-
ten in a symbolic form.

This equation can be simplified after omitting the terms, which are proportional to
the logarithm of hydrodynamic quantities. Really

Dfα

Dt
− D

Dt

(
τ
Dfα

Dt

)
= Dfα

Dt
− τ D

Dt

Dfα

Dt
− Dτ

Dt

Dfα

Dt

= Dfα

Dt
− τ

(
D

Dt

Dfα

Dt
+ D ln τ

Dt

Dfα

Dt

)
= Dfα

Dt
− τ

(
D

Dt

Dfα

Dt
+ D ln(µ/p)

Dt

Dfα

Dt

)
. (1.3.87)
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Usually, the derivative of the logarithm of hydrodynamic quantities is a close-to-zero
quantity, and one can ignore the second term in brackets in (1.3.87) as compared to the
first term and write the GBE in the form

Dfα

Dt
− τ D

Dt

Dfα

Dt
= J st,el

α + J st,inel
α , (1.3.88)

especially if the mean collision times for different components do not differ too much
from one another. These are the possibilities for simplifying GBE that stand out and
may be used in applications.

There exists a possibility of analytical GBE integrating if the model collision integral
can be used. For this aim, we choose the BGK-approximation for the collision integral:

J st,el = f (0) − f
kτ

, (1.3.89)

wheref (0) is the local equilibrium DF, andkτ is a time of relaxation (k � 1). Approach
(1.3.89) has been widely used in physics of ionized gases for a number of years through
the work of Bhatnagar, Gross and Krook (1954).

Let us consider a one-dimensional case in the absence of external forces,τ = const.
GBE leads to the equation

∂f

∂t
+ v ∂f

∂x
− τ

(
∂2f

∂t2
+ 2v

∂2f

∂x∂t
+ v2∂

2f

∂x2

)
= f (0) − f

kτ
. (1.3.90)

Write down (1.3.90) in the form

a11
∂2f

∂x2
+ 2a12

∂2f

∂x∂t
+ a22

∂2f

∂t2
+ b1

∂f

∂x
+ b2

∂f

∂t
= f − f (0)

kτ
, (1.3.91)

where

a11 = τv2, a12 = τv, a22 = τ, b1 = −v, b2 = −1.

Eq. (1.3.91) can be brought to the canonical form. Since∆= a2
12 − a11a22 = 0, we

obtain an equation of parabolic type and the following characteristic equation

a11(dt)2 − 2a12dt dx + a22(dx)2 = 0. (1.3.92)

This equation splits into two equations

(
dt

dx

)
1
=
a12 +

√
a2

12 − a11a12

a11
,

(
dt

dx

)
2
=
a12 −

√
a2

12 − a11a12

a11
.

(1.3.93)
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Because of∆= 0, one obtains only one characteristic equation for the parabolic equa-
tion

dt

dx
= a12

a11
= 1

v
. (1.3.94)

As a result, the following independent variables can be taken for the mentioned trans-
formation:

ξ = x − vt, ζ = t . (1.3.95)

Using (1.3.95) we find:

∂f

∂x
= ∂f

∂ξ

∂ξ

∂x
+ ∂f

∂ζ

∂ζ

∂x
= ∂f

∂ξ
(1.3.96)

and analogously the second derivatives

∂2f

∂x2 = ∂2f

∂ξ2 ,
∂f

∂t
= −v ∂f

∂ξ
+ ∂f

∂ζ
,

∂2f

∂t2
= v2∂

2f

∂ξ2
− 2v

∂2f

∂ξ∂ζ
+ ∂2f

∂ζ 2
,

∂2f

∂x∂t
= −v ∂

2f

∂ξ2 + ∂2f

∂ξ∂ζ
.

(1.3.97)

After substituting these derivatives in (1.3.91), one obtains

τ
∂2f

∂ζ 2 − ∂f

∂ζ
= f − f (0)

kτ
. (1.3.98)

Introducing a deviationf̂ = f − f (0), we find

τ f̂ ′′ − f̂ ′ − 1

kτ
f̂ = 0. (1.3.99)

Eq. (1.3.99) has the characteristic equation

τm2 −m− 1

kτ
= 0, (1.3.100)

with the roots

m1,2 = 1± √
1+ 4k−1

2τ
.
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From the physical sense of solution, the rootm= (1−√
1+ 4k−1 )/(2τ )will be chosen,

and we have

f − f0 = C(ξ)e−((
√

1+4k−1−1)/(2τ ))t. (1.3.101)

Obviously, the valueC(ξ) is defined for the time momentt = 0, and fork = 1

f = f0 +C(ξ)e−0.618t/τ. (1.3.102)

Here the exponential growth of one of possible solutions is eliminated by choosing
an arbitrary factor – which is equal to zero – ina respective solution. This situation will
be discussed from the position of the generalizedH -theorem in the next section.

Relations (1.3.101), (1.3.102) rule the process of gas relaxation in the form of a
traveling decreasing wave to the local equilibrium, defined by DFf (0).

For the space homogeneous relaxation corresponding to the equation

∂f

∂t
− τ ∂

2f

∂t2
= f (0)− f

kτ
, (1.3.103)

one obtains

f = f0 +C(v)e−0.618t/τ (k = 1), (1.3.104)

f = f0 +C(v)e−((
√

1+4k−1−1)/(2τ ))t . (1.3.105)

An analogous equation in the Boltzmann physical kinetics is

∂f

∂t
= f (0) − f

kτ
, (1.3.106)

which has the solution indicated by the upper index BE (k = 1),

f BE = f0 +C(v)e−t/τ (1.3.107)

or for k �= 1

f BE = f0 +C(v)e−t/(kτ). (1.3.108)

The next solutions are presented for Eqs. (1.3.103) and (1.3.106) ask = 5 (the upper
index GBE is used now and further for solution of the generalized Boltzmann equation):

fGBE = f0 +C(v)e−0.17t/τ,

f BE = f0 +C(v)e−0.2t/τ .

In this case, both GBE and BE solutions are very close to each other.
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1.4. Generalized Boltzmann H -theorem and the problem of irreversibility of time

The BoltzmannH -theorem is of principal importance for the kinetic theory and it pro-
vides, in fact, the kinetic substantiation of the theory. The generalizedH -theorem was
proven in 1992 (see, for example, Alexeev, 1995c); we present below the main frag-
ments of the derivation, discuss it from the standpoint of the problem of irreversibility
of time, and generalize to the case of multi-component reacting gas.

Consider first a simple gas consisting of spherical molecules. The state of the gas is
assumed to be constant, with external forces absent. Then, the GB-equation is reduced
to the form

∂f

∂t
− ∂

∂t

(
τ
∂f

∂t

)
= J st. (1.4.1)

We will introduce the BoltzmannH -function,

H =
∫
f lnf dv (1.4.2)

multiply both parts of Eq. (1.4.1) by lnf , and transform the equation to

∂f

∂t
lnf = ∂

∂t
(f lnf )− ∂f

∂t
, (1.4.3)

∂2f

∂t2
lnf = ∂2

∂t2
(f lnf )− 1

f

(
∂f

∂t

)2

− ∂2f

∂t2
. (1.4.4)

From GBE (1.4.1) and Eqs. (1.4.3), (1.4.4) it follows:

∂

∂t
(f lnf )− ∂f

∂t
− τ ∂

2

∂t2
(f lnf )+ τ 1

f

(
∂f

∂t

)2

+ τ ∂
2f

∂t2

− lnf
∂τ

∂t

∂f

∂t
= J st lnf (1.4.5)

or

∂

∂t
(f lnf )− τ ∂

2

∂t2
(f lnf )+ τ 1

f

(
∂f

∂t

)2

− ∂τ

∂t

∂

∂t
(f lnf )

= J st lnf + ∂f

∂t
− τ ∂

2f

∂t2
− ∂τ

∂t

∂f

∂t
. (1.4.6)

Using once more (1.4.1), we find

∂

∂t
(f lnf )− τ ∂

2

∂t2
(f lnf )+ τ 1

f

(
∂f

∂t

)2

− ∂τ

∂t

∂

∂t
(f lnf )

= (1+ lnf )J st. (1.4.7)
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We now integrate Eq. (1.4.7) term-by-term with respect to all the values of velocities
and use the definition of theH -function,

dH

dt
− τ d2H

dt2
− dτ

dt

dH

dt

= −τ
∫

1

f

(
∂f

∂t

)2

dv +
∫
(1+ lnf )J stdv. (1.4.8)

But the following inequality is valid

−τ
∫

1

f

(
∂f

∂t

)2

dv +
∫
(1+ lnf )J stdv � 0. (1.4.9)

Really, the first integral in (1.4.9) is obviously not positive, for the second integral Boltz-
mann’s transformation can be applied∫

(1+ lnf )J stdv =
∫
(1+ lnf )

(
f ′f ′

1 − ff1
)
gbdbdϕ dv dv1

= 1

4

∫ (
1+ lnf + 1+ lnf1 − 1− lnf ′ − 1− lnf ′

1

)
× (
f ′f ′

1 − ff1
)
gbdbdϕ dvdv1

= 1

4

∫
ln
ff1

f ′f ′
1

(
f ′f ′

1 − ff1
)
gbdbdϕ dv dv1. (1.4.10)

The second relation in the chain of Eq. (1.4.10) is obtained by formal re-notation
of forward and backward collisions by using the principle of microscopic reversibility
which can be written, for this case, in the form

dv dv1 = dv′ dv′
1. (1.4.11)

Following Boltzmann, we notice that the value ln(ff1/(f
′f ′

1)) is positive or negative
depending on whetherff1 are larger thanf ′f ′

1 or smaller. In either case, the sign of
ln(ff1/(f

′f ′
1)) is opposite to the sign of the differencef ′f ′

1 − ff1.
Then, we obtain

d

dt

(
H − τ dH

dt

)
� 0. (1.4.12)

We introduce theHa-function in accordance with the definition

Ha =H − τ dH

dt
. (1.4.13)
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Then the inequality is valid that yields the conclusion of the generalizedH -theorem,

dHa

dt
� 0. (1.4.14)

If we suppose thatτ is constant, not depending on time, then inequality (1.4.14) can
be considered as a combination of two principles: Boltzmann’s principle

dH

dt
� 0 (1.4.15)

and Prigogine’s principle (Prigogine, 1962; Nikolis and Prigogine, 1977)

d2H

dt2
� 0. (1.4.16)

For closed physical systems, theH -function is a limited function, in particular, this
function will be restricted from below. In other words, the integral

∫
f lnf dv does not

tend to−∞ asv→ ∞, i.e., integral converges.
For this aim, consider the integral∫

f
1

2
mv2 dv = 1

2
ρv2, (1.4.17)

whereρ is the density and upper line connected with averaging of the corresponding
value.

Integral (1.4.17) is the value of kinetic energy for a unit volume and therefore it is
finite. Suppose that the functionf decreases asv→ ∞ faster than e−mv2/(2kBT ), i.e.,

f < e−mv2/(2kBT ), lnf <− mv2

2kBT
.

Then
∫
f lnf dv>−∞.

If f decreases asv→ ∞ slower than e−mv2/(2kBT ), i.e.,

− lnf <
mv2

2kBT
,

the convergence of the integral
∫
f lnf dv>−∞ is defined by means of (1.4.17). Re-

ally, in this case,−f lnf < (1/(2kBT ))mv2f and the integral of this value should be
limited by virtue of (1.4.17), because the kinetic energy of a physical system is lim-
ited. In all cases, the integral in (1.4.17) – connected with the kinetic energy of a closed
system – is a limited function.

During time evolution the decreasingH -function – and therefore theHa-function –
is limited asv→ ∞.
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Fig. 1.2. Hypothetical time evolution of theH - andHa -functions.

At this stage of investigation we can state that the generalizedH -function (Ha) is
not an increasing function for all hypothetical manners of theH -function behavior.

Let us consider the possible evolution of theH -function from this point of view.
If the H -function is a decreasing function, this function is restricted from below.

Consider the time evolution ofH - andHa-functions. TheH -function is a monotoni-
cally decreasing function, as it is shown in Figure 1.2. Figure 1.2 also shows the de-
pendence dH/dt on time, as a result of graphical differentiating, and the time evolution
of Ha , as a consequence of these two mentioned graphs and definition (1.4.13). As we
see,Ha is also a monotonically decreasing function.

Maybe another situation shown in Figure 1.3 could be realized? This dependence
corresponds to the local growth of theH -function. It leads, as a result of graphical
constructions, to the growth ofHa, but it is forbidden by inequality (1.4.14).
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Fig. 1.3. Hypothetical time evolution of theH - andHa -functions.

One proves (Alexeev, 1995c) that, if

(I) dH/dt � 0, then dHa/dt � 0 as well.

If in some portion of the evolution curve

(II) dH/dt > 0, then dHa/dt > 0, as well, which is forbidden by inequality (1.4.14).

The system of inequalities (I),(II) does not forbid the evolution shown in Figure 1.4.
In this case, d2H/dt2 � 0 only in a “linear” region and entropy production (∼dH/dt)
evolve in a non-monotonic manner.

The possibility of appearance of the exponentially increasing in timeH -function in
the equilibrium state (ifHa = 0) – and infinite growth of energy of a closed system
– should be excluded by turning into zero the constant of integration. In this case, the
model of the space homogeneous physical system is not correct.
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Fig. 1.4. Hypothetical time evolution of theH -function.

Now what happens to the fluctuations that develop in the system? To see this, con-
sider the generalized equation of continuity, which was “guessed” in Introduction and
which – as it will be shown in the next chapter – is a direct consequence of GBE in the
hydrodynamic limit

∂

∂t

{
ρ − τ

[
∂ρ

∂t
+ ∂

∂r
· (ρv0)

]}
+ ∂

∂r
·
{
ρv0 − τ

[
∂

∂t

(
ρv0

) + ∂

∂r
· ρv0v0 + ↔

I · ∂p
∂r

− ρa
]}

= 0. (1.4.18)

We write here this equation in the generalized Eulerian formulation under the as-
sumption of no external forces and for the one-dimensional unsteady case:

∂

∂t

{
ρ − τ (0)

[
∂ρ

∂t
+ ∂

∂x
(ρυ0)

]}
+ ∂

∂x
(ρυ0)

= ∂

∂x

{
τ (0)

[
∂

∂t
(ρυ0)+ ∂

∂x

(
p+ ρv2

0

)]}
, (1.4.19)

whereτ (0) is the mean time between collisions calculated in the locally Maxwellian
approximation:τ (0)p = Πµ (as indicated, the factorΠ being of order unity; for the
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hard-sphere model,Π = 0.8 to the first-order approximation in Sonine polynomials
(Chapman and Cowling, 1952)).

We assume that except for shock-wave-type regions (to be discussed below within
the framework of the generalized Boltzmann equation), hydrodynamical quantities vary
not too rapidly on the scale of the order of the mean time between collisions:

ρ

τ (0)
� ∂ρ

∂t
,

ρ

τ (0)
� ∂

∂x
(ρv0),

the temperature variations are small, the convective transfer is negligible, and the
chaotic motion is highly energetic as compared to the kinetic energy of the flow, i.e.,

V
2
/v2

0 � 1 (for example, for hydrogen at normal pressures and temperatures, we have
v0 = 10 cm· s−1, giving 3.4× 108 for this ratio). Consequently, Eq. (1.4.19) becomes

∂ρ

∂t
= ∂

∂x

(
τ (0)p

ρ

∂ρ

∂x

)
(1.4.20)

or

∂ρ

∂t
= ∂

∂x

(
D
∂ρ

∂x

)
, (1.4.21)

whereD = Πµ/ρ is the self-diffusion coefficient (Hirschfelder, Curtiss and Bird,
1954). Eq. (1.4.21) is the diffusion equation, with the implication that (a) a locally
increasing density fluctuation immediately activates the diffusion mechanism which
smoothes it out, and (b) the generalized BoltzmannH -theorem proved above ensures
that the smoothed fluctuations come to equilibrium.

Relation (1.4.8) can be rewritten as:

dHa

dt
= −τ

∫
1

f

(
∂f

∂t

)2

dv

+ 1

4

∫
ln
ff1

f ′f ′
1

(
f ′f ′

1 − ff1
)
gbdbdεdv dv1. (1.4.22)

The second integral on the right-hand side of Eq. (1.4.15) is smaller or equal to zero
because of the obvious inequality

(b− a) ln a
b

� 0,

whereb= f ′f ′
1, a = ff1. Then, in a stationary state the equality

f ′
1f

′ = ff1, (1.4.23)

is valid which leads to the Maxwellian distribution function.
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If the BoltzmannH -function defined by the distribution functionf is obtained from
GBE, in the hydrodynamic limit the valueτdH/dt should be considered as fluctuation
of theH -function on the Kolmogorov level of the turbulence description; thenHa in
the relation

Ha =H − τ dH

dt
(1.4.24)

is an averaged value of theH -function.
For multi-component gas, the analog of Eq. (1.4.1) has the form

∂fα

∂t
− ∂

∂t

(
τα
∂fα

∂t

)
= J st,el

α . (1.4.25)

As a result, theH -function for the componentα is written as

Hα =
∫
fα lnfα dvα. (1.4.26)

Subsequent mathematics is analogous, and therefore, the inequality assumes the follow-
ing form:

d

dt

(
Hα − τα dHα

dt

)
� 0 (1.4.27)

or

dHaα
dt

� 0. (1.4.14′)

The summation over all the components leads to theH -function for the mixture,

H =
∑
α

∫
fα lnfα dvα,

Ha =
∑
α

(
Hα − τα dHα

dt

)
=H −

η∑
α=1

τα
dHα
dt

(1.4.28)

and to the inequality

dHa

dt
� 0,

which results from (1.4.14′).
Let chemical reactions proceed in a multi-component gas mixture, for which the

integral of bimolecular collisions has theform (Alekseev, 1982; Alekseev and Grushin,
1994) (β,γ, δ= 1, . . . , η)
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J st,nel
α = 1

2

∑
r

∑
β,γ,δ

∫ [
sαsβ

sγ sδ

(
mαmβ

mγmδ

)3

f ′
γ f

′
δ − fαfβ

]
gαβ dσγ δαβ

r dvβ,

(1.4.29)

where dσγ δαβ
r is the differential cross-section of inelastic collision in therth reaction

Aα +Aβ →Aγ +Aδ,

andsα , sβ , sγ , sδ are statistical weights of the energy state of particlesAα , Aβ , Aγ , Aδ
(Fowler and Guggenheim, 1939). Here GBE has the form:

∂fα

∂t
− ∂

∂t

(
τα
∂fα

∂t

)
=

∑
j

∫ [
f ′
αf

′
j − fαfj

]
gαj dσαjαj dvj

+ 1

2

∑
r

∑
β,γ,δ

∫ [
ξ
γ δ
αβ f

′
γ f

′
δ − fαfβ

]
gαβ dσγ δαβ

r dvβ. (1.4.30)

Now, the analog of (1.4.8), after summation overα, is written as

∑
α

[
dHα
dt

− τα d2Hα

dt2
− dτα

dt

dHα
dt

]

= −
∑
α

τα

∫
1

fα

(
∂fα

∂t

)2

dvα +
∑
α

∫
(1+ lnfα)J

st,el
α dvα

+ 1

2

∑
r,β,γ,δ,α

∫
(1+ lnfα)

(
ξ
γ δ
αβ f

′
γ f

′
δ − fαfβ

)
gαβ dσγ δαβ

r dvα dvβ.

(1.4.31)

Obviously, in the integral sum on the right-hand side of (1.4.31) indicesα, β , γ , δ are
dummy and the transformation is valid:

∑
r

∑
α,β,γ,δ

∫
(1+ lnfα)

(
ξ
γ δ
αβ f

′
γ f

′
δ − fαfβ

)
gαβ dσγ δαβ

r dvα dvβ

= 1

4

∑
r

∑
α,β,γ,δ

∫
ln
fαfβ

fγ fδ

(
ξ
γ δ
αβ f

′
γ f

′
δ − fαfβ

)
gαβ dσγ δαβ

r dvα dvβ. (1.4.32)

We use the principle of microscopic reversibility

ξ
γ δ
αβ gαβ dσγ δαβ

r dvα dvβ = g′
γ δ dσαβγ δ

′ r dv′
γ dv′

δ (1.4.33)
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and once again arrive at the formulation of theH -theorem

dHa

dt
� 0, Ha =H −

η∑
α=1

τα
dHα
dt
, (1.4.34)

although, as we can see, inequality (1.4.14′) may prove invalid in the presence of chem-
ical reactions.

In thermodynamics for equilibrium systems,entropy is introduced by the relation

S = −kB
∫
w(Ω1, . . . ,ΩN) lnw(Ω1, . . . ,ΩN)dΩ1 · · ·dΩN, (1.4.35)

wherew(Ω1, . . . ,ΩN) is the probability density for canonical distribution. For ideal gas
using the assumption about the statistical independence of molecules, the simplification
of (1.4.34) can be realized with the aid of the probability density

Ws(Ωs)=
∫
w(Ω1, . . . ,ΩN)dΩ1 · · ·dΩs−1 dΩs+1 · · ·dΩN, (1.4.36)

defining the appearance of thesth particle in the stateΩs , when other particles occupy
arbitrary states admitted by the physical system.

Then

w(Ω1, . . . ,ΩN)=
N∏
s=1

Ws(Ωs) (1.4.37)

and, after substituting in (1.4.35), we obtain

S = −kB
N∑
s=1

∫ N∏
k=1

Wk(Ωk) lnWs(Ωs)dΩ1 · · ·dΩN

= −kB
N∑
s=1

∫
Ws(Ωs) lnWs(Ωs)dΩs. (1.4.38)

Relation (1.4.37) is written for unit normalization ofWk . If we pass over to the one-
particle distribution functionsf (r,v, t) used by us, then, with an accuracy within the
non-principal constantS0 that is associated only with the level of entropy count, we
have the classical relation

S = −kBH + S0, (1.4.39)

which leads to the thermodynamic inequality

dS

dt
� 0. (1.4.40)
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We will now investigate the thermodynamic inequality (1.4.40) from the standpoint
of the existing causal relations and direction of time. To this end, one needs to answer
the question of how it happened that inequality (1.4.34), which is the one leading to the
increase in entropy (1.4.40) and to the existence of irreversible processes, appeared in
our generalized Boltzmann physical kinetics. This effect is a direct result of approxima-
tion (1.3.62), into which the motion in the direction opposite to the “time arrow” was
introduced, so that the state of the system at the given moment of time is defined in a
determinate manner by collisions that occurred in the past.

We will introduce the physical principle of causality as some operator which “cuts
out”, from all the events possible at the present moment of time, only a certain event
whose causes exist in the past, and which transfers the certain event under consideration
in the present into the class of causal relations for some possible event in the future.
Thereby, the irreversibility of time is introduced as well. In other words, one cannot
speak of the principle of causality without using the concept of irreversibility of time.

What may be the result of formal rejection of the principle of causality in this partic-
ular case? If one abandons the additional statement that the cause precedes the effect,
τ in relation (1.4.8) may be replaced by (−τ ),

dHa′

dt
− τ

∫
1

f

(
∂f

∂t

)2

dv

= 1

4

∫
ln
ff1

f ′f ′
1

(
f ′f ′

1 − ff1
)
gbdbdϕ dv dv1, (1.4.41)

where

Ha′ =H + τ dH

dt
(1.4.42)

or, to put it differently,

dHa′

dt
− τ

∫
1

f

(
∂f

∂t

)2

dv � 0. (1.4.43)

Nothing can now be said about the sign of the derivative dHa′/dt in (1.4.43). Inequality
(1.4.43) may also hold in case dHa′/dt > 0, because, from this value, the nonnegative
integral τ

∫
(1/f )(∂f /∂t)2 dv is subtracted, which does not vary whent is replaced

by (−t).
Therefore, the principle of entropy increase follows directly from the principle of

irreversibility of time. After introducing the approximation of the two-particle distribu-
tion function via the product of one-particle functions and using the fact of correlation
of the dynamic variables on therb-scale, the reversibility remains or is eliminated from
treatment, depending on the approximation of the DF with respect to the hypothetical
future or determinate past and, on the formal side, depending on the choice of sign be-
fore τ . The probability of reversible processes in closed dissipative physical systems is
vanishingly small, and one must use GBE in the form of (1.3.71) for investigating the
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transport processes in applied problems. However, as regards gigantic (in comparison
with human life) time intervals, it is of interest to investigate dissipative and, neverthe-
less, reversible systems.

In order to understand what the evolution of such a system may look like, consider
the particular case of an alternative generalized Boltzmann equation,

Df

Dt
+ D

Dt

(
τ
Df

Dt

)
= J st(f ), (1.4.44)

which corresponds to the evolution of a one-dimensional non-stationary system with
the collision integral in the BGK form. The appropriate equation has the form

∂f

∂t
+ v ∂f

∂x
+ τ

(
∂2f

∂t2
+ 2v

∂2f

∂x∂t
+ v2∂

2f

∂x2

)
= f (0) − f

kτ
. (1.4.45)

Eq. (1.4.45), like analogous equation (1.3.90), is parabolic and, with the aid of trans-
formationξ = x − vt , ζ = t , reduces to the equation

τ
∂2f̂

∂ζ 2 + ∂f̂

∂ζ
+ f̂

kτ
= 0, (1.4.46)

wheref̂ = f − f (0).
Its characteristic equation

τm2 +m+ 1

kτ
= 0, (1.4.47)

with the roots

m1,2 = −1± √
1− 4k−1

2τ
. (1.4.48)

It follows from (1.4.48) that, withk < 4, the characteristic equation permits non-
monotonic solutions. We will study one of them atk = 1,

fGBE
(+τ ) = f0 +C(ξ)e−0.5t/τ cos

(
0.866

t

τ

)
. (1.4.49)

Obviously, the valueC(ξ) is defined for the time momentt = 0, and fork = 1 the
corresponding solutions of the BE and (1.3.99) have the form

f = f0 +C(ξ)e−t/τ , (1.4.50)

f = f0 +C(ξ)e−0.618t/τ. (1.4.51)
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Fig. 1.5. Evolution of the time parts of distribution function (1.4.49)–(1.4.51): (1) e−0.5t/τ cos(0.866t/τ ),
(2) e−t/τ , (3) e−0.618t/τ.

Figure 1.5 illustrates the evolution of time parts of distribution functions (1.4.51)–
(1.4.53), namely, e−0.5t/τ cos(0.866t/τ ), e−t/τ , and e−0.618t/τ. It follows from Fig-
ure 1.5 that, given a global approximation and the state of thermodynamic equilibrium,
the DF may repeatedly assume the same values and, consequently, the system may re-
peatedly pass through the same states. Moreover, in the process of evolution the system
may find itself in the state of thermodynamic equilibrium and, nevertheless, leave the
latter state. The respective “apocalyptic” pointsA1,A2, . . . are indicated in Figure 1.6.
What happens at these points? The distribution function reaches its value corresponding
to the thermodynamic equilibrium,

H =H(0) =
∫
f (0) lnf (0) dv, (1.4.52)

however, the derivative(
∂H

∂t

)
Ai

=
∫ (

∂f

∂t

)
Ai

(
lnf (0)+ 1

)
dv (1.4.53)

is other than zero, and the sign of the integral depends on the sign of the derivative
(∂f /∂t)Ai (i = 1,2, . . .).

Consequently, the Boltzmann entropy may experience vibrations, shown in Fig-
ure 1.6, when approaching the state of equilibrium. Figure 1.6 gives, as a result of
qualitative graphic differentiation, the evolution of the derivative∂H/∂t and that of
generalized entropyHa, which also vibrationally approaches the global equilibrium.
We use (1.4.49) to readily find the values ofHa at the apocalyptic points,

HaAi =H(0)− 0.866 e−0.5ti/τ (−1)i
∫
C(v)

(
lnf (0) + 1

)
dv

(i = 1,2, . . .) (1.4.54)
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Fig. 1.6. Vibrations of the (a) Boltzmann and (c) generalized BoltzmannH -functions when approaching
the state of equilibrium, as well as (b) evolution of derivative dH/dt for the kinetic equation of the type

of (1.4.44).

because (
∂f

∂t

)
Ai

= C 0.866

τ
e−0.5ti/τ (−1)i, (1.4.55)

ti = πτ

0.866

(
i − 1

2

)
. (1.4.56)

Condition (1.4.56) follows from vanishing of cos 0.866t/τ at the apocalyptic points.
One can see now that the reversibility of processes shows up, on the level of one-

particle description as well, as the reflection of reversible processes in a physical system,
i.e., on the level of Liouville’s equation written relative to the distribution functionfN .

By analogy with the notation of difference schemas with weight, one can replace
Eqs. (1.3.71) and (1.4.44) by a generalized kinetic equation in the form

Df

Dt
− γ1

D

Dt

(
τ
Df

Dt

)
+ γ2

D

Dt

(
τ
Df

Dt

)
= J st(f ), (1.4.57)
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whereγ1, γ2 are some function ofΩ1, . . . ,Ω2 proportional and correspondingly in-
versely proportional toTret, the time of return of the system to the initial state. For real
dissipative processes, the timeTret is so great, and the functionγ2 so small, as compared
to a unity, that it suffices to use the GBE in the form of (1.3.71).

It is interesting to treat this problem also from the standpoint of the so-called “phys-
ical” derivation of the Boltzmann equation. Of course, subsequent reasoning will no
longer be rigorous, but it will be nevertheless useful for understanding the situation. For
this purpose, we will treat the variation of the number of particles of the sortα, which
were initially, at the moment of timet , found in the volume drt dvtα of the phase space.
After the interval of time dt , the particles in the absence of collisions will be found in
the volume drt+dt dvt+dt

α and in so doing, the difference

fα
[
r(t + dt),vα(t + dt), t + dt

]
drt+dt dvt+dt

α − fα(r,vα, t)drt dvtα

will go to zero. In the presence of external forcesFα such as Lorentz forces, there is no
reason, generally speaking, to assume that the elements of phase volume hold out in the
course of time. It can be shown that within the accuracy O[(dt)2] the elements of phase
volumes can be transformed as

drt+dt =
[
1+ ∂

∂r
· Fα(dt)2

]
drt . (1.4.58)

But, in the general case, a six-dimensional Jacobian should be introduced

d[rt+dt ,vt+dt
α ]

d[rt ,vtα]
.

Write the balance equation:

fα

[
r + vα dt + 1

2
Fα(dt)2,vα + Fα dt + 1

2

∂Fα
∂t
(dt)2, t + dt

]
· d[rt+dt ,vt+dt

α ]
d[rt ,vtα]

− fα(r,vα, t)= J st
α dt, (1.4.59)

containing the terms of O[(dt)2] on the left-hand side of (1.4.59).
Calculation of the indicatedJacobian leads to the result

d[rt+dt ,vt+dt
α ]

d[rt ,vtα]
= 1+

[(
qα

mα

)2

B2 − 1

2

∂

∂r
· Fα

]
(dt)2, (1.4.60)

whereqα is charge of theαth particle,B is magnetic induction,Fα is the external force,
acting on the particle of speciesα.

Expanding the distribution function as a power series and conserving the terms of
order O[(dt)2], the integro-differential difference equation is obtained (Alekseev, 1987,
1993):
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∂fα

∂t
+ vα · ∂fα

∂r
+ Fα · ∂fα

∂vα
+ τ

{
Fα · ∂fα

∂r
+ ∂Fα
∂t

· ∂fα
∂vα

+ ∂fα

∂vα
Fα : ∂

∂vα
Fα + ∂fα

∂vα
vα : ∂

∂r
Fα + ∂2fα

∂t2
+ 2

(
qα

mα

)
B2fα

− fα ∂
∂r

· Fα + ∂2fα

∂r∂r
: vαvα + ∂2fα

∂vα∂vα
: FαFα

+ 2
∂2fα

∂vα∂r
: vαFα + 2

∂2fα

∂vα∂t
Fα + 2

∂2fα

∂r∂t
· vα

}
= J st

α , (1.4.61)

whereτ =�t/2 is half a time step in the finite difference approximation.
Eq. (1.4.61) must be treated as the source of difference-differential approxima-

tions for the left-hand side of the BE. Of course, the difference-differential operator
in (1.4.61) is not the same as the differential operator of GBE (1.3.71);τ is simply the
time step of the difference schema, and withformal growth, secular terms appear on the
left-hand side of (1.4.61).

Now, letFα ≡ 0, then Eq. (1.4.47) takes the form

Dfα

Dt
+ τ D

Dt

Dfα

Dt
= J st

α , (1.4.62)

whereD/Dt = ∂/∂t + vα · ∂/∂r and the question of approximation of high accuracy
for J st

α formally remains open. In Eq. (1.4.62),τ is a constant with the opposite sign
as compared to the analogous term in (1.3.86). Is it possible to derive a difference-
differential approximation with the negative sign at the second substantial derivative?
No doubt, this is possible.

We will now treat the approximation “backward” in time in the form

fα(t, r,vα)− fα(t −�t, r −�r,vα −�vα)

=
[
Dfα

Dt

]
t

�t − (�t)2

2

[
D

Dt

Dfα

Dt

]
t

+ · · · (1.4.63)

which leads to the balance equation:

Dfα

Dt
− τ D

Dt

Dfα

Dt
= J st

α , τ = �t

2
. (1.4.64)

From the mathematical standpoint, both difference-differentialapproximations are com-
pletely equivalent, and one or the other approximation may be preferred only from the
standpoint of stability of the difference schema employed. We will now use the as-
sumptions, which have brought us to the approximate notation of the GBE in the form
of (1.3.86). In this case, the difference-differential approximation is the same in these
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assumptions as in the GBE provided, naturally, that the time step�t = constof the
difference schema from the generalized Boltzmann kinetic theory is formally used as a
doubled mean time between collisions.

Therefore, two mathematically equivalent difference approximations (1.4.59) and
(1.4.63) have a different physical meaning (see (1.3.62)). One of them corresponds to
the approximation to “predicted future”, and the other one, to “determinate past” which
is consistent with the principle of irreversibility of time.

It is significant that this fact is of no importance as regards the “physical derivation”
of the Boltzmann equation, because no consideration at all is given to the DF evolution
on therb-scale, and as a consequence, both approximations lead to one and the same
result.

So, Boltzmann’s result (treated as the effect of phenomenological derivation of BE)
dH/dt � 0 may be derived without explicitly using the assumption on the irreversibil-
ity of time, while the analogous result in the theory of GBE calls for explicit use of
the assumption on the irreversibility of time or, which is the same, of the principle of
causality. Thereby, one of the main paradoxes, providing a subject for discussions in the
Boltzmann physical kinetics, is resolved.

We will now treat the theory of kinetically consistent difference schemes (KCDS)
(see, for example, Elizarova and Chetverushkin, 1986, 1989; Elizarova, 1992). The
ideas of this theory date back to the studies by Reitz (in particular, Reitz, 1981), who
used the splitting method to solve problems of the theory of transfer to the kinetic and
hydrodynamic stages. As distinct from Reitz (1981), the KCDS theory uses the DF ex-
pansion in Taylor series with respect to the parametervτ , whereτ is some arbitrary
parameter defined by the ratioh of the network step in space to the characteristic hy-
drodynamic velocityVhyd with the accuracy within third-order terms

f j+1(
r,v, tj+1)

= f j0 − τ
3∑
α=1

∂f
j

0

∂rα
vα + τ2

2

3∑
α,β=1

∂2f
j

0

∂rα∂rβ
vαvβ + · · · . (1.4.65)

Here,f0 is Maxwell’s function, andj defines the number of step in time. In recent
studies dealing with the KCDS (see, for example, Elizarova, 1992), three parameters
have been introduced,τx = hx/(2Vhyd), τy = hy/(2Vhyd), τ z = hz/(2Vhyd), which are
defined by space steps on the coordinatesx, y, andz.

In order to derive the values of gas-dynamic parameters on the new time layer
t = tj+1, the performed expansion is multiplied by summator invariants and integrated
with respect to the velocities of molecules of one-component gas. As a result, we de-
rive a system of integro-differential equations with additional terms (on the right-hand
sides, as distinct from the classical hydrodynamic equations), which present, by virtue
of selected approximation, a combination of second space derivatives multiplied by the
time step.

This approach does not lead to a new hydrodynamic description. Moreover, as it
follows from derivation (1.4.61) (see also Alekseev, 1987, 1993), it does not even pro-
vide, in the general case, a second-order approximation for the Boltzmann equation or
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for generalized hydrodynamic equations, which in reality result directly from the GBE.
Attempts at substantiating the KCDS on the basis of modified BE with an additional
relaxation term are inadequate, because the BE “works” at times of the order of the
relaxation time. In particular, with this approximation, as compared to the generalized
hydrodynamic equations and GBE,

(a) all cross derivatives with respect to space and time are absent as well as second
time derivatives, and, as a result, the KCDS cannot be used correctly to simulate
turbulent flows;

(b) the KCDS cannot be used to construct the generalized Navier–Stokes approxima-
tion;

(c) external forces cannot be introduced in the KCDS;
(d) it is impossible to clarify the physical meaning of the parameterτ , this leading to

the appearance of secular terms in the equations;
(e) it is impossible to estimate the contribution to hydrodynamic equations due to in-

evitable modification of the collision term;
(f) as noted in Klimontovich (1992), “the common drawback of Elizarova and

Chetverushkin (1986, 1989) and Elizarova (1992) consists, in particular, in that
the introduced additional terms disturb the invariance of the kinetic equation rel-
ative to Galilean transformations. In this case as well, the additional terms were
introduced without adequate substantiation.”

The following analogy may be drawn: let the finite-difference approximation of New-
ton’s second laẅx = F/m be written; depending on the accuracy of the scheme used,
finite-difference increments of the third and higher orders may appear in the finite-
difference approximation. This does not mean, naturally, that the return to differential
notation gives a new law of nature of the type ofẍ + τ ...

x = F/m. The reason for this
situation is quite obvious: it is impossible to obtain a qualitatively new physical descrip-
tion by using a formally higher difference approximation for the classical equation.

In the approach developed by Klimontovich (1995, 1997), the Liouville equation is
replaced by another kinetic equation with a source term (or “priming” term, using the
terminology of Klimontovich (1995, p. 319)), that differs from the Liouville equation
by the source term (Klimontovich, 1995) written in theτ form as

fN (r, v, t)− f̃N (r ′, v′, t)
τph

.

According to Klimontovich, this term describes the “adjustment” of microscopic
distribution of particles to the appropriate smoothed distribution. Henceforward, the
value of τph is selected to be equal to that ofτ during transition to the one-particle
description. The resultant equation proves to be a combination of the Boltzmann and
Fokker–Planck description (the differential part of the BE remains unchanged) with an
additional “collision integral” (Klimontovich, 1995, p. 251),

I(R)(R, v, t)= ∂

∂R

[
D
∂f

∂R
− bF(R)f

]
(1.4.66)
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with due regard to smoothing over the “point” dimensions, whereD is one of the three
kinetic coefficients (kinematic viscosityυk , thermal diffusivityχ , and self-diffusionD),
andb is the mobility.

It is assumed that all the three coefficients are identical, and the difference between
them may be taken into account by using some other, more complex, smoothing func-
tion. One can perceive an analogy between the continuity equations of Slezkin (I.20)
and Klimontovich (1995). We see little point indiscussing the remaining analogous
HE.

In fact, the source term in the Liouville equation may only appear in the case of
incomplete statistical description of the reacting system, or in the presence of special
non-holonomic links and radiation, while the size of the “point” (using Klimontovich
terminology) is defined by therb-scale in the BE that has been previously not accounted
for.

In closing this section we want to emphasize the fundamental point that the intro-
duction of the third scale, which describes the distribution function variations on a time
scale of the order of the collision time, leads to the single-order terms in the Boltzmann
equation prior to Bogolyubov-chain-decoupling approximations, and to terms propor-
tional to the mean time between collisions after these approximations. It follows that
the Boltzmann equation requires a radicalmodification, which, in our opinion, is ex-
actly what the generalized Boltzmann equation provides.

1.5. Generalized Boltzmann equation and iterative construction of higher-order
equations in the Boltzmann kinetic theory

Let us consider the relation between the generalized Boltzmann equation and the itera-
tive construction of higher-order equations in the Boltzmann kinetic theory. Neglecting
external forces, the Boltzmann equation for a spatially homogeneous case, with the
right-hand side taken in the Bhatnagar–Gross–Krook (BGK) form, is given by

∂f

∂t
= −f − f0

τrel
, (1.5.1)

whereτrel is the relaxation time, andf0 is the equilibrium distribution function. From
Eq. (1.5.1) it follows that

f = f 0 − τrel
∂f

∂t
∼= f0 − τrel

∂f0

∂t
. (1.5.2)

The second iteration is constructed in a similar fashion giving

f = f0 − τ rel
∂

∂t

(
f0 − τrel

∂f

∂t

)
∼= f0 − τrel

∂f0

∂t
+ τ2

rel
∂2f0

∂t2
. (1.5.3)
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Thus, we obtain for the distribution function the series representation

f =
∞∑
i=0

(−1)i
∂if0

∂ti
τ irel, (1.5.4)

where the zero-order derivative operator corresponds to the distribution functionf0.
From Eq. (1.5.3) there follows an analogue of the kinetic equation (1.5.1) for the

second approximation:

−τrel
∂2f0

∂t2
+ ∂f0

∂t
= −f − f0

τrel
. (1.5.5)

It is important to note that the second time derivative of the distribution function in
Eq. (1.5.5) occurs with a minus sign. In the general case, we have the expansion

∞∑
i=1

τ i−1
rel (−1)i−1∂

if0

∂ti
= −f − f0

τrel
. (1.5.6)

We now proceed to show that the generalized Boltzmann equation permits an it-
erative procedure similar to that just described. To this end, we can write the second
approximation in the form (using the notation of approximation (1.3.62))

D1f̂
1
1

Dt̂b
= − D1

Dt̂b

(
τ̂
D1f̂1

Dt̂b

)
∼= − D1

Dt̂b

[
τ̂
D1

Dt̂b

(
f̂ 0

1 + f̂ 1
1

)]

= − D1

Dt̂b

(
τ̂
D1f̂

0
1

Dt̂b
+ τ̂ D1f̂

1
1

Dt̂b

)

= − D1

Dt̂b

(
τ̂
D1f̂

0
1

Dt̂b

)
+ D1

Dt̂b

[
τ̂
D1

Dt̂b

(
τ̂
D1f̂

0
1

Dt̂b

)]
. (1.5.7)

Higher approximations follow the same pattern. Thus, with the notation of relation
(1.3.62) we obtain

D1f̂
1
1

Dt̂b
= − D1

Dt̂b

(
τ̂
D1f̂

0
1

Dt̂b

)
+ D1

Dt̂b

[
τ̂
D1

Dt̂b

(
τ̂
D1f̂

0
1

Dt̂b

)]

− D1

Dt̂b

{
τ̂
D1

Dt̂b

[
τ̂
D1

Dt̂b

(
τ̂
D1f̂

0
1

Dt̂b

)]}
+ · · · . (1.5.8)

It is of interest to estimate the accuracy of substitution of the zeroth-order term of
the seriesf 0

1 instead off1 in (1.3.62)

D1

Dt̂b

[
τ̂
D1f̂1

Dt̂b

]
∼= D1

Dt̂b

[
τ̂
D1f̂

0
1

Dt̂b

]
. (1.5.9)



Generalized Boltzmann equation 81

For this aim we use the model BGK collision integral:

Df1

Dt
= −f1 − f 0

1

τrel
. (1.5.10)

The exact solution of Eq. (1.5.10) has the form of a non-local integral with the time-
delay:

f1(v, r, t)=
∫ ∞

0
f 0

1 (v − Fδt, r − vδt, t − δt) 1

τrel
exp

(
− δt

τtel

)
dδt, (1.5.11)

whereδt corresponds to the time-delay.
This result can be easily proved by using the integration in (1.5.11) by parts. Rela-

tion (1.5.11) contains a convergent infinite integral as containing exponential function
exp(−δt/τrel), which tends to zero asδt → ∞.

In a linear approximation, expandingf 0
1 (v − Fδt, r − vδt, t − δt) in powers ofδt

and neglecting(δt)2 and higher powers, we obtain

f1(v, r, t)= f 0
1 (v, r, t)− (δt)

Df 0
1 (v, r, t)

Dt
. (1.5.12)

Comparing (1.5.2) with (1.5.12), we see that in the linear approximationδt ∼ τrel.
In the next section, these results will be discussed in the general theory of correlation
functions.

Return now to a spatially homogeneous system free from forces. We obtain from
(1.5.8) withτ = constthat

∂f 1
1

∂t
=

∞∑
i=2

τ i−1(−1)i−1∂
if 0

1

∂ti
. (1.5.13)

It follows that, in this particular case, the generalized Boltzmann equation takes the
form

∞∑
i=2

τ i−1(−1)i−1∂
if 0

1

∂ti
+ ∂f 0

1

∂t
= J st,0 (1.5.14)

or, collecting the terms on the left, one finds

∞∑
i=1

τ i−1(−1)i−1∂
if 0

1

∂ti
= J st,0. (1.5.15)

The analogy between Eqs. (1.5.6) and (1.5.15) is clearly seen.
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In solid-state problems, concerning, for example, charge and energy transfer in non-
degenerate semiconductors, one solves the Boltzmann equation by iterations for a spa-
tially homogeneous system in the presence of an external electromagnetic field. For the
BGK-approximated collision integral, the Boltzmann equation becomes

F
∂f

∂vz
= −f − f0

τrel
(1.5.16)

(for a z-directed external forceF ), and the distribution function is written as

f = f0 − τrelF
∂f

∂vz
. (1.5.17)

In the first approximation, we obtain

f = f0 − τrelF
∂f0

∂vz
. (1.5.18)

The substitution of Eq. (1.5.18) into the left-hand side of Eq. (1.5.17) yields the second-
order approximation

f = f0 − τrelF
∂f0

∂vz
+ τ2

relF
2∂

2f0

∂v2
z

+ · · · , (1.5.19)

provided the external forceF , acting on the particle, is velocity-independent. The dots
in this equation indicate that the procedure of constructing the series may be continued
by this algorithm. From Eq. (1.5.19), the second-order accurate equation is

F
∂f0

∂vz
− τrelF

2∂
2f0

∂v2
z

= −f − f0

τrel
. (1.5.20)

This equation turns out to be a particular case of the generalized Boltzmann equation
if the system under study is stationary, spatially homogeneous, and if the applied field
is sufficiently weak, giving hope for the fast convergence of the mentioned series, in
which the corresponding derivatives are taken of the equilibrium distribution function.
The representation of the distribution function in a series form, Eqs. (1.5.4) or (1.5.19),
is only possible when one uses the BGK model for the Boltzmann collision integral.

Thus, the generalized Boltzmann equation automatically captures the second itera-
tion in the Boltzmann theory forτ = τrel, but it does not, of course, presuppose the
fulfillment of all the conditions listed. Note also that the appearance of the minus sign
on the right-hand sides of Eqs. (1.5.1) and (1.5.16) in the BGK approximation has a
deep physical meaning: this sign makes it possible to prove theH -theorem for the
BGK-approximated Boltzmann equation and is related directly to the approximation
proceeded against the course of time.
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1.6. Generalized Boltzmann equation and the theory of non-local kinetic
equations with time delay

It is of interest to examine the relation between the Boltzmann equation and the theory
of kinetic equations accounting for time delay effects. We resort to the Bogolyubov
equation (1.3.1′) for determining the evolution of thes-particle distribution function in
a one-component gas:

∂fs

∂t
+

s∑
i=1

vi · ∂fs
∂ri

+
s∑
i=1

Fi · ∂fs
∂vi

+
s∑

i,j=1

Fij · ∂fs
∂vi

= − 1

N

s∑
i=1

N∑
j=s+1

Fij · ∂fs
∂vi
. (1.6.1)

In writing Eq. (1.6.1), the normalization condition∫
fs dΩ1 · · ·dΩs =Ns (1.6.2)

is used and it has also been assumed that the dynamic state of the system is fully de-
scribed by the phase variablesΩi .

Introducing the correlation functionsW , the two-particle distribution function may
be written as

f2(Ω1,Ω2, t)= f1(Ω1, t)f1(Ω2, t)+W2(Ω1,Ω2, t). (1.6.3)

On therb-scale, the variablesΩ1 andΩ2 turn out to be correlated, but because of
definition (1.6.3) this effect is accounted for by the functionW2. Consequently, in this
approach, it is the integral term containingW2 which must lead to the Boltzmann (or a
more general) collision integral. The BBGKY-1 equation has the form

∂f1

∂t
+ v1 · ∂f1

∂r1
+ F1 · ∂f1

∂v1
+ 1

N

N∑
j=2

∂f1

∂v1
·
∫

F1jf1(2)dΩ2

= − 1

N

N∑
j=2

∫
F1j · ∂W2

∂v1
dΩ2. (1.6.4)

The internal forceF(in)1 exerted on a given particle 1 from the side of particle 2 at its
arbitrary location in the phase space may be written as

1

N

N∑
j=2

∫
F1jf1(2)dΩ2 = F(in)1 . (1.6.5)
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Here, as usual, symbol “2”, the argument of the one-particle distribution functionf1(2),
denotes the phase variables of particle 2. For identical particles, one finds

F(in)1 = N − 1

N

∫
F12f1(2)dΩ2 ∼=

∫
F12f1(2)dΩ2

=
∫

F1j f1(j)dΩj, j = 2,3, . . . . (1.6.6)

If the self-consistent forceF(sc,1)
1 , acting on a probe particle in the one-particle pic-

ture, is introduced as the sum

F(sc,1)
1 = F1 + F(in)1 , (1.6.7)

of the external forceF1 and the internal forceF(in)1 , defined by Eq. (1.6.5), then we
arrive at the equation

∂f1

∂t
+ v1 · ∂f1

∂r1
+ F(sc,1)

1 · ∂f1

∂v1
= − 1

N

N∑
j=2

F1j · ∂W2

∂v1
dΩ2. (1.6.8)

The BBGKY-2 equation has the form

∂f2

∂t
+ v1 · ∂f2

∂r1
+ v2 · ∂f2

∂r2
+ F1 · ∂f2

∂v1
+ F2 · ∂f2

∂v2
+ F12 · ∂f2

∂v1
+ F21 · ∂f2

∂v2

= − 1

N

N∑
j=3

∫ [
F1j · ∂f3

∂v1
+ F2j · ∂f3

∂v2

]
dΩ3. (1.6.9)

We next express the distribution functionf3 in terms of the correlation functions as

f3(Ω1,Ω2,Ω3, t) = f1(Ω1, t)f1(Ω2, t)f1(Ω3, t)+ f1(Ω1, t)W2(Ω2,Ω3, t)

+ f1(Ω2, t)W2(Ω1,Ω3, t)+ f1(Ω3, t)W2(Ω1,Ω2, t)

+W3(Ω1,Ω2,Ω3, t) (1.6.10)

and apply the theory of correlation functions to obtain the approximation for collision
integrals.

ASSUMPTION1. The correlation functionW3 may be neglected.

Using Eq. (1.6.2), Eq. (1.6.10) can be put into the form

f3(1,2,3)= f1(3)f2(1,2)+ f1(2)W2(1,3)+ f1(1)W2(2,3). (1.6.11)
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Substituting Eq. (1.6.11) into Eq. (1.6.9) and introducing self-consistent forces in the
framework of a two-particle description (j = 3,4,5, . . .), viz.

F(sc,2)
1 = F1 + F12 +

∫
F1j f1(j)dΩj, j = 3,4,5, . . . , (1.6.12)

and analogously

F(sc,2)
2 = F2 + F21 +

∫
F2j f1(j)dΩj, j = 3,4,5, . . . , (1.6.13)

we arrive at the equation forf2(1,2):

∂f2

∂t
+ v1 · ∂f2

∂r1
+ v2 · ∂f2

∂r2
+ F(sc,2)

1 · ∂f2

∂v1
+ F(sc,2)

2 · ∂f2

∂v2

= f1(2)

[
∂f1(1)

∂t
+ v1 · ∂f1(1)

∂r1
+ F(sc,1)

1 · ∂f1(1)

∂v1

]
+ f1(1)

[
∂f1(2)

∂t
+ v2 · ∂f1(2)

∂r2
+ F(sc,1)

2 · ∂f1(2)

∂v2

]
(1.6.14)

making use of the results

∂f1(1)

∂t
+ v1 · ∂f1(1)

∂r1
+ F(sc,1)

1 · ∂f1(1)

∂v1
= −

∫
F13 · ∂W2(1,3)

∂v1
dΩ3, (1.6.15)

∂f1(2)

∂t
+ v2 · ∂f1(2)

∂r2
+ F(sc,1)

2 · ∂f1(2)

∂v2
= −

∫
F23 · ∂W2(2,3)

∂v2
dΩ3. (1.6.16)

In writing Eq. (1.6.14), we have used the following assumption.

ASSUMPTION2. The polarization effects leading to the integrals

− 1

N

N∑
j=3

∫ [
F1j · ∂

∂v1

(
f1(1)W2(2,3)

)]
dΩ3,

− 1

N

N∑
j=3

∫ [
F2j · ∂

∂v2

(
f1(2)W2(1,3)

)]
dΩ3

may be ignored.

We next introduce the substantial derivatives

Df2(1,2)

Dt
= ∂f2

∂t
+ v1 · ∂f2

∂r1
+ v2 · ∂f2

∂r2
+ F(sc,2)

1 · ∂f2

∂v1
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+ F(sc,2)
2 · ∂f2

∂v2
, (1.6.17)

D1f1(1)

Dt
= ∂f1

∂t
+ v1 · ∂f1

∂r1
+ F(sc,1)

1 · ∂f1

∂v1
, (1.6.18)

D2f1(2)

Dt
= ∂f1

∂t
+ v2 · ∂f1

∂r2
+ F(sc,1)

2 · ∂f1

∂v2
(1.6.19)

which, when substituted into Eq. (1.6.14), yield

Df2(1,2)

Dt
= f1(2)

D1f1(1)

Dt
+ f1(1)

D2f1(2)

Dt
. (1.6.20)

Let us now integrate with respect to time along the phase trajectory in a six-
dimensional space:

f2(1,2)= f2,0(1,2)+
∫ t0+τ

t0

f1(2)
D1f1(1)

Dt
dτ

+
∫ t0+τ

t0

f1(1)
D2f1(2)

Dt
dt, (1.6.21)

wheref2,0(1,2) denotes the initial value of the two-particle distribution function.

ASSUMPTION 3. We resort to the Bogolyubov condition of the weakening of initial
correlations corresponding to acertain initial instant of timet0 (see Eq.(1.3.62)):

lim
t0→−∞W2

[
r1(t0 − t),v1(t0 − t); r2(t0 − t),v2(t0 − t); t0 − t] = 0. (1.6.22)

This condition implies that

(a) we are dealing with infinite motion in a two-body problem,
(b) we may speak of the condition of molecular chaos being fulfilled prior to the col-

lision of particles1 and2, which corresponds to the approximation in Eq.(1.3.62)
proceeded against the course of time, and

(c) Eq. (1.6.22)is written on therb-scale even though no scale is introduced explicitly.

Because of Assumption 3, Eq. (1.6.21) may be represented in the form

f2(1,2)= f1
[
r1(t0),v1(t0), t0

]
f1

[
r2(t0),v2(t0), t0

]
+

∫ t0+τ

t0

f1(2)
D1f1(1)

Dt
dt +

∫ t0+τ

t0

f1(1)
D2f1(2)

Dt
dt . (1.6.23)

ASSUMPTION 4. The collision of the probe particles,1 and 2, is dominated by the
forces of their internal interaction, so that(see Eqs.(1.6.7)and(1.6.12))one obtains

F(sc,2)
1 = F(sc,1)

1 , F(sc,2)
2 = F(sc,1)

2 . (1.6.24)
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Eq. (1.6.23) then becomes

f2(1,2)= f1
[
r1(t0),v1(t0), t0

]
f2

[
r2(t0),v2(t0), t0

]
+

∫ t0+τ

t0

D12

Dt
[f1f2]dt . (1.6.25)

Integrating by parts, we find

f2(1,2)= f1
[
r1(t0),v1(t0), t0

]
f2

[
r2(t0),v2(t0), t0

]
+ τ

[
D12

Dt

[
f1(r1(t0),v1(t0), t0)f1(r2(t0),v2(t0), t0)

]]
t=t0

−
∫ t0+τ

t0

t
D12

Dt

D12

Dt

[
f1(1)f1(2)

]
dt . (1.6.26)

ASSUMPTION5. Delay is sufficiently small, so that the linearization in the delay time
can be used.

The sum of the first two terms in Eq. (1.6.26) determines the productf1(1)f2(2) at
the instant of timet in the linear approximation inτ , the velocities of particles 1 and 2
corresponding to their initial values at timet0 (taken to bet0 = −∞ on therb-scale).

If we now substitutef2(1,2) from Eq. (1.6.26) into the BBGKY-1 equation, we
obtain

∂f1(1)

∂t
+ v1 · ∂f1(1)

∂r1
+ F1 · ∂f1(1)

∂v1

= −
∫

F12 · ∂
∂v1

[
f1(r1,v1(−∞), t)f1(r2,v2(−∞), t)] dΩ2

+
∫

F12 · ∂
∂v1

{∫ t0+τ

t0

t
D12

Dt

D12

Dt

[
f1(1)f1(2)

]
dt

}
dΩ2. (1.6.27)

The first integral on the right corresponds to the classical form of the Bogolyubov
collision integral and can be transformed in the usual manner to the Boltzmann collision
integral (Bogolyubov, 1946). The second collision integral accounts for the time delay
effect and is amenable to a differential approximation analogous to Eq. (1.3.62). To
obtain this approximation, the following assumption is made.

ASSUMPTION 6. For an arbitrary location of particle2 in the phase space of inter-
acting particles1 and2, the dependence on the integrand inside the braces in the time
delay integral

J st
2 =

∫
F12 · ∂

∂v1

{∫ t0+τ

t0

t
D12

Dt

D12

Dt

[
f1(1)f1(2)

]
dt

}
dΩ2 (1.6.28)

is determined by the acting internal forceF12 via the change in the particle velocities.
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This assumption was used by Bogolyubov (see Silin, 1971, p. 203).
From Eq. (1.6.28) we have

J st
2 =

∫
F12 · ∂

∂v1

{∫ t

t0

t ′D12

Dt ′
D12

Dt ′
[
f1(1)f1(2)

]
dt ′

}
dΩ2

=
∫ (

F12 · ∂
∂v1

+ F21 · ∂
∂v2

){∫ t

t0

t ′D12

Dt ′
D12

Dt ′
[
f1(1)f1(2)

]
dt ′

}
dΩ2

∼= τd
∫
D12

Dt

D12

Dt

[
f1(1)f1(2)

]
dΩ2 = τd D1

Dt

D1f1(1)

Dt
, (1.6.29)

where Assumption 5 has been used again and an effective delay timeτd introduced.
Generally speaking, integration with respect to time in Eq. (1.6.29) is “eliminated”

by the substantial derivative, which also contains spatial differentiation. However, to
the linear approximation in the delay time this contribution is negligible. It can be seen
from the relations

J st
2 =

∫ {[
F12 · ∂

∂v1
+ F21 · ∂

∂v2
+ (v2 − v1) · ∂

∂x21

]
×

∫ t

t0

t ′D12

Dt ′
D12

Dt ′
[
f1(1)f1(2)

]
dt ′

}
dΩ2

−
∫ {

(v2 − v1) · ∂

∂x21

∫ t

t0

t ′D12

Dt ′
D12

Dt ′
[
f1(1)f1(2)

]
dt ′

}
dΩ2

= τd D1

Dt

D1f1(1)

Dt

−
∫ {

(v2 − v1) · ∂

∂x21

∫ t

t0

t ′D12

Dt ′
D12

Dt ′
[
f1(1)f1(2)

]
dt ′

}
dΩ2

= τd D1

Dt

D1f1(1)

Dt
+

∫
(v2 − v1) · ∂

∂x21

[[
f1(1)f1(2)

] − [
f1(1)f1(2)

]
t0

− τd D1

Dt

[
f1(1)f1(2)

]
t0

]
dΩ2

∼= τd D1

Dt

D1f1(1)

Dt
, (1.6.30)

wherex21 = r2 − r1.
Thus, the appearance of the second substantial derivative with respect to time in the

generalized Boltzmann equation may be considered as a differential approximation to
the time delay integral that emerges in the theory of correlation functions for kinetic
equations.

It may appear that the above theory does not require at all that we apply the method of
many scales and expand the distribution function in a power series of a small parameter
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ε = nr3
b . However, this is not the case. As we have seen above, the integration on the

rb-scale must be employed anyway, and giving up theε-expansion of the distribution
function, on the other hand, makes it impossible to estimate the value ofτd . Each of the
approaches outlined above actually complements one another and is interrelated with
one another. The generalized Boltzmann equation can be treated both from the point of
view of a higher-order Boltzmann theory and as a result of differential approximations
to the collision integral accounting for time delay effects.

There is another point to be made. From Eq. (1.3.40), the equation for the distribution
functionf 0

2 accurate to the zeroth order inε is

∂f̂ 0
2

∂t̂b
+ v̂1b · ∂f̂

0
2

∂ r̂1b
+ v̂j∈Nδ · ∂f̂ 0

2

∂ r̂j∈Nδ, b
+ F̂1, j∈Nδ · ∂f̂

0
2

∂ v̂1b

+ F̂j∈Nδ,1 · ∂f̂ 0
2

∂ v̂j∈Nδ, b
+ αF̂1 · ∂f̂

0
2

∂ v̂1b
+ αF̂j∈Nδ · ∂f̂ 0

2

∂ v̂j∈Nδ, b
= 0. (1.6.31)

Comparing this with Eqs. (1.6.9) and (1.6.10) shows that the correlation functions,
accurate to the zeroth order inε, are zero and that forces exerted on the colliding parti-
cles 1 and 2 from the side of other particles are not considered in the zero-order approx-
imation on therb-scale. This result is used for transforming the collision integralĴ st,0

to the Boltzmann form in the multiscale method.
We may summarize then by saying that, the derivation of the kinetic equation in

the context of the theory of correlation functions for one-particle distribution functions,
leads to a kinetic equation of the form

Df

Dt
= JB + J td, (1.6.32)

whereJB andJ td are the Boltzmann collision integral and the collision integral ac-
counting for time delay effects, respectively.

The popularity of the BGK approximation to the Boltzmann collision integral:

JB = f (0) − f
τ

(1.6.33)

is due to the drastic simplifications it affords. Essentially, the generalized Boltzmann
physical kinetics offers a local approximation for the second collision integral

J td = D

Dt

(
τ
Df

Dt

)
. (1.6.34)

Thus, Eq. (1.6.32) in its “simplest” version takes the form

Df

Dt
= f (0) − f

τ
+ D

Dt

(
τ
Df

Dt

)
. (1.6.35)
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Since the ratio of the second to the first term on the right of this equation is
J td/JB ≈ O(Kn2), Kn being the Knudsen number, it would seem that the second term
could be neglected for the small Knudsen numbers in hydrodynamic regime. However,
in the transition to the hydrodynamic limit (after multiplying the kinetic equation by the
collision invariants and subsequently integrating over velocities), the Boltzmann inte-
gral term vanishes, while the second term on the right-hand side of Eq. (1.6.35) gives
a single-order contribution in the generalized Navier–Stokes description (let alone the
effect of the small parameter of the higher derivative).

A well-known example of a local approximation to a non-local integral term in the
kinetic theory is the Enskog theory of transport processes in a dense gas composed
of hard spheres. To obtain a local version of the theory, Enskog used the expansion
in terms of the small parameterδ/λ, where δ is the molecular diameter, andλ is the
mean free path (see Chapman and Cowling, 1952). For example, for hydrogen at normal
pressures and temperaturesδ ≈ 3× 10−8 cm andλ≈ 1.1× 10−5 cm, and the resulting
δ/λ= 2.7× 10−3 corresponds to the typical hydrodynamic-valid range of the Knudsen
number variation. In the case of the expansion in terms ofKn, δ/λ would imply L ≈
0.4 × 10−2 cm as the characteristic hydrodynamic length whereat the smoothing is
proceeding.

Finally we can state that introduction of control volume by the reduced description
for ensemble of particles of finite diameters leads to fluctuations of velocity moments
in the volume. This fact can be consideredin a definite sense as a classical analog
of Heisenberg indeterminacy principle of quantum mechanics. Successive application
of this consideration leads not only to non-local time-delay effects (connected with
molecules which centers of mass are inside of control volume) but also to “ghosts” –
particles, which are (at a time moment) partly inside in control volume without presence
of their center of mass in this volume. These “pass ahead” effects are squared inτ in
Eq. (1.5.8). In rarefied media both effects lead to Johnson’s flicker noise observed in
1925 for the first time by J.B. Johnson by the measurement of current fluctuations of
thermo-electron emission.



CHAPTER 2

Theory of Generalized Hydrodynamic Equations

2.1. Transport of molecular characteristics

Consider a mixture of gases, which consists ofη components. Notevα as molecule
velocity in an immobile coordinate system. The mean velocity of molecules ofα-species
is defined by the relation

v̄α = 1

nα

∫
vαfα(r,vα, t)dvα. (2.1.1)

Mean mass-velocityv0 of the gas mixture is

v0 = 1

ρ

∑
α

mαnα v̄α. (2.1.2)

Thermal velocityVα of particle is the velocity of this particle in a coordinate system
moving with mean mass velocity

Vα = vα − v0. (2.1.3)

Diffusive velocity�Vα is mean molecule velocity ofα-component in a coordinate system
moving with mean mass velocity

�Vα = v̄α − v0, (2.1.4)

i.e.,�Vα is mean thermal velocity ofα-molecules.
On the whole, ifψα(r,vα, t) is arbitrary scalar, vector or tensor function then the

mean value ofψα(r,vα, t) is noted asψ̄α and defined by relation

ψ̄α(r, t)= 1

nα

∫
ψα(r,vα, t)fα(r,vα, t)dvα. (2.1.5)

Now we can introduce diffusive fluxJα of α-species

Jα =mαnα�Vα, α = 1, . . . , η. (2.1.6)

91
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After summation of the left and right-hand sides of Eq. (2.1.6) over allα (α = 1, . . . , η)
and using (2.1.2), (2.1.3), one obtains

η∑
α=1

Jα =
η∑
α=1

ρα�Vα =
η∑
α=1

ρα(v̄α − v0)= 0. (2.1.7)

Consider now in the gas an elementary surface ds, moving with mean mass-velocity
v0 relatively to a chosen immovable coordinate system, and introduce in ds a positive
normal directionn. The transport of molecular characteristics across a surface can be
found with the help of distribution function (DF)fα(r,vα, t), which defines the prob-
able position of mass center of molecules in phase space. Let us obtain the number of
mass centers ofα-molecules crossing this area ds in positive directionn in time dt . Let
Θ denote the angle between the positive direction ofn and vectorVα . Because the own
velocity ofα-molecules relative to ds is Vα , in time dt the area ds will be crossed by all
molecules belonging to the volume dr = Vα cosΘ ds dt (dr ≡ dx dy dz). The number of
those particles the velocities of which belong to the intervalVα,Vα + dvα is equal to
fα(r,vα, t)Vα cosΘ dVα dt ds. Transportation of mass, momentum and energy is real-
ized by flux ofα-molecules across ds. Arbitrary functionsψα(r,vα, t) of this kind can
be called molecular markers. Flux dΓ (+)ψαn of scalar molecular marker inn-direction is
given by

dΓ (+)ψαn =ψα(r,vα, t)fα(r,vα, t)Vα cosΘ dVα dt ds.

If ψα(r,vα, t) is vector function (momentum, for example), it is convenient to consider
the fluxes of scalar components of the mentioned markerψα . Flux Γ (+)ψαn is given by
integration over all velocities groups for whichVαn > 0 (Vαn is projection ofVα on
normal directionn):

Γ (+)ψαn = ds dt
∫
Vαn>0

ψαfαVαn dVα. (2.1.8)

Similarly, the fluxΓ (−)ψαn of markers from the positive side to the negative is

Γ (−)ψαn = −ds dt
∫
Vαn<0

ψαfαVαn dVα. (2.1.9)

The full flux Γ ψαn of markerψα in positive direction ofn is

Γ ψαn = Γ (+)ψαn − Γ (−)ψαn = ds dt
∫
ψαfαVαn dVα, (2.1.10)

where integrating is realized over allVα . The specific fluxγ ψαn across the unit area in
unit time is equal to

γ ψαn =
∫
ψαfαVαn dVα. (2.1.11)
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Consider transport of mass, momentum and energy in a gas.

(1) Letψ(1)α =mα , then from (2.1.11) follows the relation for diffusive fluxJα projec-
tion on the normal directionn

Jαn =mα
∫
fαVαn dVα = ρα�Vαn. (2.1.12)

(2) If ψ(2)α =mVαi, i = 1,2,3, then relation (2.1.11) defines momentum transport in
direction ofn.

Let n be an alternate direction coinciding with positive directions of coordinate
axes in physical space. Then obviously the momentum transport is defined by sym-
metric tensor of the second range

Pα = ραVαVα, (2.1.13)

whereVαVα is diada with nine components,

Pα =


ραVα1Vα1, ραVα1Vα2, ραVα1Vα3

ραVα2Vα1, ραVα2Vα2, ραVα2Vα3

ραVα3Vα1, ραVα3Vα2, ραVα3Vα3

 . (2.1.14)

The sum of tensors of partial pressures gives pressure tensor for gas mixture

P =
∑
α

ραVαVα. (2.1.15)

Vector of pressurep for surface element cannot coincide with normal directionn
to this surface. It is easy to check that normal component of pressure for arbitrary
oriented surface element in a gas is essentially positive:

p · n =
∑
α

ραVαVαn · n =
∑
α

ραV 2
αn. (2.1.16)

By definition, the mean value of normal pressure acting on three arbitrary but recip-
rocally orthogonal planes, equals the static pressure in gas

p = 1

3

∑
α

ραV 2
αn. (2.1.17)

(3) Letψ(3)α =mαV 2
α /2+ εα , whereεα is internal energy of particle of speciesα.

Then relation (2.1.11) defines projection of heat fluxq on the normal directionn
to an element of surface, moving with the mean mass-velocityv0

qn =
∑
α

qαn = 1

2

∑
α

ραV 2
α Vαn +

∑
α

εα. (2.1.18)
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Consider the quantity of kinetic energyEk in unit volume at a time momentt

Ek =
∑
α

∫
1

2
mαv

2
αfα dvα = 1

2

∑
α

ραv2
α. (2.1.19)

Taking into account that

vα = v0 + Vα (2.1.20)

and using (2.1.7), one obtains

Ek =
∑
α

1

2
ραV 2

α + 1

2
ρv2

0 = Emicro +Emacro. (2.1.21)

Estimate the order of this value. It is known from experiments that nitrogen density
(at temperatureT = 273.16 K and mercury pressureP = 760 mm)ρ = 1.25× 10−3

g · cm−3. Then from (2.1.17) it follows that for hydrodynamic velocityv0 ≈ 1 m · s−1

the ratioEmicro/Emacro≈ 2.4× 105. It means that in this case practically all energy of

molecules corresponds to energy of chaos movement,
√
V 2 ≈ 1.5× 102 m · s−1.

But apart from energy from translation movement, molecules have, generally speak-
ing, vibration and rotation energy. Given chemical reactions, the transition of potential
energy of molecules into kinetic energyof particles should be taken into account. All
these kinds of energy including energy of chaotic movement identify as internal energy
of gas. Temperature associated with translation movement can be defined as

3

2
kBT n=

∑
α

ραV 2
α

2
, (2.1.22)

wherekB is Boltzmann constant,n the number of particles per unit volume. It is natural
to define temperatureTα of α-species as

mαV 2
α = 3kBTα. (2.1.23)

In mixtures of chemical reacting gases, temperatures of species can differ significantly
(Alekseev, 1982).

2.2. Hydrodynamic Enskog equations

Recall derivation of the Enskog hydrodynamic equations. Multiplying Boltzmann equa-
tion by molecular markerψα and integrating over allvα yields∫

ψα

(
∂fα

∂t
+ vα · ∂fα

∂r
+ Fα · ∂fα

∂vα

)
dvα
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=
η∑
j=1

∫
ψα(f

′
αf

′
j − fαfj )Pαjαj gαj bdbdεdvα dvj

+
∫
ψαJ

st,inel
α dvα, (2.2.1)

wherePαjαj is probability density of elastic collisions of particlesα andj , J st,inel
α is an

integral of inelastic collisions. The use of notation for mean values leads to relations∫
ψα
∂fα

∂t
dvα = ∂

∂t

∫
ψαfα dvα −

∫
fα
∂ψα

∂t
dvα

= ∂nαψ̄α

∂t
− nα ∂ψα

∂t
, (2.2.2)∫

ψvα · ∂fα
∂r

= ∂

∂r
· (
nαψαvα

) − nαvα · ∂ψα
∂r
. (2.2.3)

If external forces do not depend on the particle’s velocities or corresponding Lorentz
forces, the following transformations are valid∫

ψαFα1
∂fα

∂vα1
dvα =

∫
[Fα1ψαfα]vα1=+∞

vα1=−∞ dvα2 dvα3 −
∫
Fα1fα

∂ψα

∂vα1
dvα

= −nαFα1
∂ψα

∂vα1
. (2.2.4)

Hence Enskog’s equations are written as

∂nαψ̄α

∂t
+ ∂

∂r
· (
nαψαvα

) − nα
[
∂ψα

∂t
+ vα · ∂ψα

∂r
+ Fα · ∂ψα

∂vα

]
=

∑
j

∫
ψα(f

′
αf

′
j − fαfj )Pαjαj gαj bdbdεdvα dvj

+
∫
ψαJ

st,inel
α dvα. (2.2.5)

Enskog’s equations (2.2.5) are integro-differential equations and, generally speaking,
they are not more simple than initial Boltzmann equation. But for so-called summa-
tional invariants(ψ(1)α ,ψ

(2)
α ,ψ

(3)
α ), integral terms on the right-hand side of Eq. (2.2.5)

could be significantly simplified. One proves (Hirschfelder, Curtiss and Bird, 1954),
that forψ(1)α = mα , the first-mentioned term turns into zero and the second one leads
to the mass rate of formation ofα-species as a result of chemical reactions. For other
invariantsψ(2)α , ψ

(3)
α , in view of conservation laws the integral terms are equal to zero

after summation over allα (α = 1, . . . , η).
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In the generalized Boltzmann kinetic theory (GBKT), as it was shown, local collision
integrals can be written in the same form like in classical Boltzmann theory. Therefore,
GBKT does not create additional difficulties connected with collision integrals.

2.3. Transformations of the generalized Boltzmann equation

The generalized Boltzmann equation (GBE) inevitably leads to formulation of new hy-
drodynamic equations, which are called generalized hydrodynamic equations (GHE).
Classical hydrodynamic equations of Enskog, Euler and Navier–Stokes are particular
cases of these equations. For the purpose of derivation of GHE let us transform GBE to
the form convenient for further applications. Write down the second term on the left of
GBE

Dfα

Dt
− D

Dt

(
τα
Dfα

Dt

)
= J st,el

α + J st,inel
α , (2.3.1)

in explicit form

D

Dt

(
τα
Dfα

Dt

)
= Dτα

Dt

Dfα

Dt
+ τα D

Dt

Dfα

Dt
,

where

D

Dt
= ∂

∂t
+ vα · ∂

∂r
+ Fα · ∂

∂vα
, (2.3.2)

D

Dt

Dfα

Dt
= ∂2fα

∂t2
+ 2vα · ∂

2fα

∂r∂t
+ 2Fα · ∂

2fα

∂vα∂t
+ vα · ∂

∂r

(
vα · ∂fα

∂r

)
+ Fα · ∂

∂vα

(
vα · ∂fα

∂r

)
+ ∂Fα
∂t

· ∂fα
∂vα

+ vα · ∂
∂r

(
Fα · ∂fα

∂vα

)
+ Fα · ∂

∂vα

(
Fα · ∂fα

∂vα

)
. (2.3.3)

In doing so we should keep in mind that if the mean time between collisions ofα-par-
ticles does not depend on velocity, then

Dτα

Dt
= ∂τα

∂t
+ vα · ∂τα

∂r
. (2.3.4)

Transform terms in (2.3.3):

vα · ∂
∂r

(
vα · ∂fα

∂r

)
= vαvα : ∂

2fα

∂r∂r
, (2.3.5)
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Fα · ∂

∂vα

(
vα · ∂fα

∂r

)
= Fαvα : ∂

2fα

∂r∂vα
+ Fα · ∂fα

∂r
, (2.3.6)

vα · ∂
∂r

(
Fα · ∂fα

∂vα

)
= vαFα : ∂

2fα

∂vα∂r
+ ∂fα

∂vα
vα : ∂

∂r
Fα, (2.3.7)

Fα · ∂

∂vα

(
Fα · ∂fα

∂vα

)
= FαFα : ∂2fα

∂vα∂vα
+ ∂fα

∂vα
Fα : ∂

∂vα
Fα. (2.3.8)

The sign “:” in (2.3.5)–(2.3.8) denotes, as usually, the double tensor product. For exam-
ple, in (2.3.6)

Fαvα : ∂
2fα

∂r∂vα
=

3∑
i,j=1

Fαivαj
∂2fα

∂rj ∂vαi
. (2.3.9)

The derivative of external forcesFα (α = 1, . . . , η) with respect to velocity appears on
the right side of (2.3.8); forceFα – acting on the particle of speciesα – is related to the
unit of mass of this particle. IfFα does not depend on velocity, this derivative naturally
turns into zero. In the following notation, the force independent of velocity isF(1)α . If
Fα includes the Lorentz force, noted asFBα (B – magnetic induction),

Fα = F(1)α + FBα (2.3.10)

the subsequent transformations of (2.3.8) can be realized:

∂fα

∂vα
Fα : ∂

∂vα
Fα

= ∂fα

∂vα
F(1)α : ∂

∂vα
FBα + ∂fα

∂vα
FBα : ∂

∂vα
FBα

=
(
qα

mα

)2
∂fα

∂vα
· {

B(vα · B)−B2vα
} + ∂fα

∂vα
F(1)α : ∂

∂vα
FBα , (2.3.11)

because

FBα = qα

mα
[vα × B], (2.3.12)

whereqα is the charge of the particle of speciesα.
The last term on the right side of relation (2.3.11) is written as

∂fα

∂vα
F(1)α : ∂

∂vα
FBα = qα

mα

∂fα

∂vα
· (

F(1)α × B
)
. (2.3.13)

Sign “×” corresponds to a vector product. GBE can contain Umov–Pointing vector
S ∼ [E,H] (H is magnetic intensity) in explicit form because the force of non-magnetic
origin F(1)α can be connected with electric intensityE.
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As a result,

∂fα

∂vα
Fα : ∂

∂vα
Fα

=
(
qα

mα

)2
∂fα

∂vα
· {

B(vα · B)−B2vα
} + qα

mα

∂fα

∂vα
· (

F(1)α × B
)
. (2.3.14)

We reach the generalized Boltzmann equation in the form(
∂fα

∂t
+ vα · ∂fα

∂r
+ Fα · ∂fα

∂vα

)[
1−

(
∂τα

∂t
+ vα · ∂τα

∂
r
)]

− τα
[
∂2fα

∂t2
+ 2

∂2fα

∂r∂t
· vα + ∂2fα

∂r∂r
: vαvα + 2

∂2fα

∂vα∂t
· Fα

+ ∂Fα
∂t

· ∂fα
∂vα

+ Fα · ∂fα
∂r

+ qα

mα

∂fα

∂vα
· (

F(1)α × B
)

+
(
qα

mα

)2 ∂fα

∂vα
· [

B(vα · B)−B2vα
] + ∂fα

∂vα
vα : ∂

∂r
Fα

+ ∂2fα

∂vα∂vα
: FαFα + 2

∂2fα

∂vα∂r
: vαFα

]
= J st,el

α + J st,inel
α . (2.3.15)

As is seen, the explicit form of differential part of GBE is much more complicated
in comparison to Boltzmann equation. As a result, the transition to generalized hydro-
dynamic equations (GHE) requires more effort.

Let us go to this work following the standard procedure of obtaining the hydrody-
namic description: multiply GBE by the particle collision invariantsψ(i)α (i = 1,2,3)
and integrate over allvα . The result of this procedure leads to the generalized Enskog
equations of continuity, momentum and energy.

2.4. Generalized continuity equation

Multiply GBE (2.3.15) byψ(1)α = mα and realize term-by-term integration of left and
right sides of equation. Formally 22 terms should be transformed, here and in the fol-
lowing we of necessity demonstrate only character and complicated elements of these
transformations and restrict our consideration to some comments in more simple cases.

Consider integrals the transformation of which is realized by integration in parts. In
doing so, the integrated part turns into zero because distribution function is equal to zero
if vα = ±∞.∫

mα
∂fα

∂vα
vα : ∂

∂r
Fα dvα
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= −ρα ∂
∂r

· F(1)α +
∫
mα
∂fα

∂vα
vα : ∂

∂r
FBα dvα

= −ρα ∂
∂r

· F(1)α + qα
∫ {

∂fα

∂vα
·
[

vα ×
[(

vα · ∂
∂r

)
B

]]}
dvα

= −ρα ∂
∂r

· F(1)α + qα

mα
ραvα · rotB, (2.4.1)

∫
mα
∂fα

∂vα
· {

B(vα · B)−B2vα
}

dvα = 2B2ρα

(
qα

mα

)2

. (2.4.2)

Consider also:

mα

∫ (
Fα · ∂fα

∂vα

)(
vα · ∂τα

∂r

)
dvα

= −mα ∂τα
∂r

·
∫
fα

∂

∂vα
· (Fαvα)dvα = −mα ∂τα

∂r
·
∫
fα

(
Fα · ∂

∂vα

)
vα dvα

= −mα ∂τα
∂r

·
∫

Fαfα dvα

= −ρα ∂τα
∂r

· F(1)α − qα

mα
ρα
∂τα

∂r
· [v̄α × B]. (2.4.3)

Collecting all – transformed in this way – terms, one obtains the generalized continuity
equation

∂

∂t

{
ρα − τα

[
∂ρα

∂t
+ ∂

∂r
· (ρα v̄α)

]}
+ ∂

∂r
·
{
ρα v̄α − τα

[
∂

∂t
(ρα v̄α)

+ ∂

∂r
· (
ραvαvα

) − ραF(1)α − qα

mα
ρα v̄α × B

]}
=Rα, (2.4.4)

whereRα is mass rate ofα-particles formation in presence of inelastic (also chemical)
processes

Rα =mα
∫
J st,nel
α dvα. (2.4.5)

Generalized continuity equation differs in radical way from the classical continu-
ity equation. The origin of this distinction – for more simple case of one-component
non-reacting gas – was discussed from qualitative positions in section “Historical intro-
duction”. Nevertheless, we repeat the mainpoints of this consideration because of their
importance.

Recall the phenomenological derivation of continuity equation. Control volume is
defined in an area occupied by gas. The characteristic length of this control volume is
much bigger than mean free path betweencollisions but much smaller than hydrody-
namic scale. Write down the mass balance for this volume with transparent boundary
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surface. In another way, variation of mass in control volume could be connected only
with fluxes of particles directed inside or outside of reference surface. This procedure
leads to the well-known equation

∂ρ

∂t
+ ∂

∂r
· ρv0 = 0. (2.4.6)

Obviously, in the derivation of Eq. (2.4.6), the implicit presumption was that particles
can be placed inside or outside of control volume. It means that only point-like particles
are taken into consideration. This fact – as it was in Chapter 1 in the course of GBE
derivation from the Bogolyubov chain – is principal restriction of Boltzmann kinetic
theory. In the generalized Boltzmann kinetic theory (GBKT), considered particles have
finite sizes and then at some instant of time can be placed partly inside, partly outside of
reference surface. This fact, along with the use of the DF form oriented for describing
the point structureless particles, leads to appearance of fluctuation terms, in particular
in (2.4.4). For example, the termτα[∂ρα/∂t + (∂/∂r) · (ραv̄α)] reflects the fluctuation
of densityρα , and the term

τα

[
∂

∂t
(ρα v̄α)+ ∂

∂r

(
ραvαvα

) − ραF(1)α − qα

mα
ρα v̄α × B

]
corresponds to the fluctuation of momentumρα v̄α . For the clarity, let us write down
the generalized continuity equation in dimensionless form for particular case of one-
component gas:

∂

∂t

{
ρ − τ

[
∂ρ

∂t
+ ∂

∂r
· (ρv0)

]}
+ ∂

∂r
·
{
ρv0 − τ

[
∂

∂t
(ρv0)+ ∂

∂r
· (
ρvv

)]}
= 0. (2.4.7)

Introduce the density scaleρ∞, hydrodynamic lengths scaleL, mean thermal veloc-
ity as the scale for particle velocity, andv0∞ as the scale for hydrodynamic velocityv0.
Hydrodynamic time scale is defined astH = Lv−1

0∞, and scale forτ is lλ/vT . In dimen-
sionless form (2.4.7) is written as

∂

∂t̂

{
ρ̂ −Avτ̂ lλ

L

[
∂ρ̂

∂ t̂
+ ∂

∂ r̂
· (ρ̂v̂0)

]}
+ ∂

∂ r̂
·
{
ρ̂v̂0 −Avτ̂ lλ

L

[
∂

∂t̂
(ρ̂v̂0)+A−2

v

∂

∂ r̂
· (
ρ̂v̂v̂

)]}
= 0. (2.4.8)

But Knudsen number isKn = lλ/L, wherelλ is mean free path. Therefore, indicated
fluctuation terms are proportional to Knudsen number and are really small in the case
of small Knudsen numbers in the regime of continuum media. Qualitative pictures of
these regimes are shown for smallKn (Figures 2.1 and 2.2) and largeKn (Figures 2.3
and 2.4).
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Fig. 2.1. SmallKn, particles of finite size. Fig. 2.2. SmallKn, point-like particles.

Fig. 2.3. LargeKn, particles of finite size. Fig. 2.4. LargeKn, point-like particles.

As is seen, forKn ∼ 1 fluctuations of mass in control volume are of the same order
as basic terms and introduction of additional terms becomes more and more significant.
But no reason to think that forKn � 1 fluctuation terms could be omitted. As will be
shown in the next chapter, the consideration of these terms is of principal significance
for turbulence description on the Kolmogorov micro (or sub-grid) scale. Also should be
noticed that for the case ofKn � 1 hydrodynamic equations (including the generalized
continuity equation) belong to the class of differential equations with small parameter in
view of senior derivatives. This fact could lead to “boundary layers” effects in solution
of these equations.

2.5. Generalized momentum equation for component

Generalized momentum equation forα-component is obtained by multiplying GBE
(2.3.15) by collision invariantψ(2)α =mαvα and the following integration over allvα∫

mαvα

(
∂fα

∂t
+ vα · ∂fα

∂r
+ Fα · ∂fα

∂vα

)[
1−

(
∂τα

∂t
+ vα · ∂τα

∂r

)]
dvα

− τα
∫
mαvα

[
∂2fα

∂t2
+ 2
∂2fα

∂r∂t
· vα + ∂2fα

∂r∂r
: vαvα + 2

∂2fα

∂vα∂t
· Fα

+ ∂Fα
∂t

· ∂fα
∂vα

+ Fα · ∂fα
∂r

+ qα

mα

∂fα

∂vα
· (

F(1)α × B
)
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+
(
qα

mα

)2
∂fα

∂vα
· [

B(vα · B)−B2vα
] + ∂fα

∂vα
vα : ∂

∂r
Fα

+ ∂2fα

∂vα∂vα
: FαFα + 2

∂2fα

∂vα∂r
: vαFα

]
dvα

=
∫
mαvαJ st,el

α dvα +
∫
mαvαJ st,inel

α dvα. (2.5.1)

Transformation of the first integral on the left side of (2.5.1) follows the main features
of the standard transformations used in derivation of the Enskog momentum equation.
For example (i = 1,2,3),∫

mαvαi

(
Fα · ∂fα

∂vα

)(
vα · ∂τα

∂r

)
dvα

=mα
3∑

k,l=1

∂τα

∂rk

∫
vαiFαlvαk

∂fα

∂vαl
dvα

=mα
∑
k,l

∂τα

∂rk

∫
Fαlfα

∂

∂vαl
(vαivαk)dvα

= −mα
∑
k

∂τα

∂rk

∫
Fαifαvαk dvα −mα

∑
k

∂τα

∂rk

∫
Fαkfαvαi dvα. (2.5.2)

In derivation of (2.5.2) it is taken into account that possible dependence of the external
force on velocity corresponds to the Lorentz force; also, using (2.3.10), one obtains∫

mαvα

(
Fα · ∂fα

∂vα

)(
vα · ∂τα

∂r

)
dvα

= −ραF(1)α
∂τα

∂r
· v̄α − ραv̄αF(1)α · ∂τα

∂r
− qα

mα

(
∂τα

∂r
· ραvα

)[
vα × B

]
− qα

mα
ρα

{
[vα × B] · ∂τα

∂r

}
vα. (2.5.3)

As usual, top line in (2.5.3) denotes averaging over velocity with taking into account
the rule (2.1.5).

Consider now transformations of the second integral in (2.5.1). Below are given ex-
amples of mentioned transformations.∫

mαvα
∂

∂r
· Fα dvα = ρα v̄α

∂

∂r
· F(1)α + qα

∫
fαvα

∂

∂r
· (vα × B)dvα

= ρα v̄α
∂

∂r
· F(1)α − qα

mα
ραvαvα · rotB, (2.5.4)
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mαvα

∂2fα

∂vα∂t
· Fα dvα

= −mαF(1)α
∂nα

∂t
+ qα

∫
vα

∂

∂vα
·
{
[vα × B]∂fα

∂t

}
dvα

= −F(1)α
∂ρα

∂t
+ qα

mα
B × ∂

∂t
(ρα v̄α), (2.5.5)∫

mαvα
∂2fα

∂vα∂vα
: FαFα dvα

= 2mα
∑
ij

F
(1)
αi

∫
vα

∂2fα

∂vαi∂vαj
FBαj dvα +

∫
mαvα

∂2fα

∂vα∂vα
: FBαFBα dvα

= 2mα
∑
ij

F
(1)
αi

∫
vα

∂2fα

∂vαi∂vαj
FBαj dvα

+ 2

(
qα

mα

)2

ρα
[
B(B · v̄α)− 2B2v̄α

]
. (2.5.6)

Consider in detail the evaluation of integral on the right-hand side of (2.5.6) for velocity
componentvα1; use the integration by parts

∑
i,j

mαF
(1)
αi

∫
vα1

∂2fα

∂vαi∂vαj
FBαj dvα

=
∑
i,j

i �=j, i �=1

mαF
(1)
αi

∫
vα1

∂2fα

∂vαi∂vαj
FBαj dvα

= qαmα
(
F
(1)
α2 B3 − F (1)α3 B2

)
. (2.5.7)

Similarly transformed can be the terms related to other components ofvα , and (2.5.6)
is written as∫

mαvα
∂2fα

∂vα∂vα
: FαFα dvα

= 2ρα

(
qα

mα

)2[
B(B · v̄α)− 2B2v̄α

] + 2
qα

mα
ραF(1)α × B. (2.5.8)

Consider now the integral

∫
mαvα

∂2fα

∂vα∂r
: vαFα dvα
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= −mα
∫

Fα

(
vα · ∂fα

∂r

)
dvα −mα

∫
vα

(
Fα · ∂fα

∂r

)
dvα

= −F(1)α
∂

∂r
· (ραv̄α)−

(
F(1)α · ∂

∂r

)
(ρα v̄α)

−mα
∫

FBα

(
vα · ∂fα

∂r

)
dvα −mα

∫
vα

(
FBα · ∂fα

∂r

)
dvα. (2.5.9)

Integrals of (2.5.9) associated with magnetic field, can be transformed using formula for
triple vector product

(vα × B) · ∂fα
∂r

=
(

B × ∂

∂r

)
· fαvα. (2.5.10)

We have:

mα

∫
FBα

(
vα · ∂fα

∂r

)
dvα = qα

∫
[vα × B]

(
vα · ∂fα

∂r

)
dvα

= qα

mα

[
∂

∂r
· ραvαvα

]
× B, (2.5.11)

mα

∫
vα

(
FBα · ∂fα

∂r

)
dvα = qα

∫
vα

[
(vα × B) · ∂fα

∂r

]
dvα

=
[

B × ∂

∂r

]
· qα
mα
ραvαvα. (2.5.12)

As a result, (2.5.9) will be brought into form:

∫
mαvα

∂2fα

∂vα∂r
: vαFα dvα = −F(1)α

∂

∂r
· (ρα v̄α)−

(
F(1)α · ∂

∂r

)
(ρα v̄α)

−
[
∂

∂r
· qα
mα
ραvαvα

]
× B −

(
B × ∂

∂r

)
· qα
mα
ραvαvα. (2.5.13)

Let us introduce the vector product of operator∂/∂r and diadavαvα as a tensor defined
by vectors(∂/∂r)× vαvαi , in particular it means that(

B × ∂

∂r

)
· ραvαvα = B · ∂

∂r
× vαvα. (2.5.14)

We need also for the following transformations the relation:

B2v̄α − B(B · v̄α)= −(v̄α × B)× B. (2.5.15)
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After substitution of all transformed integrals into (2.5.1), one obtains the form of the
generalized momentum equation

∂

∂t

{
ρα v̄α − τα

[
∂

∂t
(ρα v̄α)+ ∂

∂r
· ραvαvα − ραF(1)α − qα

mα
ρα v̄α × B

]}
− F(1)α

[
ρα − τα

(
∂ρα

∂t
+ ∂

∂r
· (ραv̄α)

)]
− qα

mα

{
ρα v̄α − τα

[
∂

∂t
(ρα v̄α)

+ ∂

∂r
· ραvαvα − ραF(1)α − qα

mα
ρα v̄α × B

]}
× B

+ ∂

∂r
·
{
ραvαvα − τα

[
∂

∂t
ραvαvα + ∂

∂r
· ρα(vαvα)vα − F(1)α ρα v̄α

− ρα v̄αF(1)α − qα

mα
ρα[vα × B]vα − qα

mα
ραvα[vα × B]

]}
=

∫
mαvαJ st,el

α dvα +
∫
mαvαJ st,inel

α dvα. (2.5.16)

By virtue of momentum conservation law, after summation the integral terms on the
right side of (2.5.16) turn into zero∑

α

mα

∫
vαJ st,el

α dvα = 0, (2.5.17)

∑
α

mα

∫
vαJ st,inel

α dvα = 0. (2.5.18)

Boltzmann collision integral satisfies these demands; moreover, it can be proved
(Hirschfelder, Curtiss and Bird, 1954; Alekseev, 1982) that∫

ψ(1)α J
st,el
α dvα = 0,

∑
α

∫
J st,inel
α ψ(1)α dvα = 0, (2.5.19)

∑
α

∫
ψ(2)α J

st,el
α dvα = 0,

∑
α

∫
ψ(2)α J

st,inel
α dvα = 0, (2.5.20)

∑
α

∫
ψ(3)α J

st,el
α dvα = 0,

∑
α

∫
ψ(3)α J

st,inel
α dvα = 0, (2.5.21)

where

ψ(1)α =mα, ψ(2)α =mαvα, ψ(3)α = mαv
2
α

2
+ εα.

The proof is based on inversion of forward and backward collisions and use of the
mass, momentum and energy conservation laws for non-relativistic particle’s collision.
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But in plasma physics – in particular in strong electric fields – the use of hydrodynamic
equations for gas mixtures is not sufficient for adequate description of physical system.
In this case one uses transport equations for components introducing approximations
for integrals of types∫

ψ(2,3)α J st,el
α dvα,

∫
ψ(2,3)α J st,inel

α dvα,

like the BGK approximation (Bhatnagar, Gross and Krook, 1954).

2.6. Generalized energy equation for component

Generalized energy equation forα-component (α = 1, . . . , η) is a result of a term-by-
term multiplication of left and right sides of GBE (2.3.15) by collision invariantψ

(3)
α =

mαv
2
α/2+ εα and following integration over all velocities:

∫ (
mαv

2
α

2
+ εα

)(
∂fα

∂t
+ vα · ∂fα

∂r
+ Fα · ∂fα

∂vα

)
×

[
1−

(
∂τα

∂t
+ vα · ∂τα

∂r

)]
dvα

− τα
∫ (

mαv
2
α

2
+ εα

)[
∂2fα

∂t2
+ 2

∂2fα

∂r∂t
· vα + ∂2fα

∂r∂r
: vαvα

+ 2
∂2fα

∂vα∂t
· Fα + ∂Fα

∂t
· ∂fα
∂vα

+ Fα · ∂fα
∂r

+ qα

mα

∂fα

∂vα
· (

F(1)α × B
)

+
(
qα

mα

)2
∂fα

∂vα
· [

B(vα · B)−B2vα
]

+ ∂fα

∂vα
vα : ∂

∂r
Fα + ∂2fα

∂vα∂vα
: FαFα + 2

∂2fα

∂vα∂r
: vαFα

]
dvα

=
∫ (

mαv
2
α

2
+ εα

)
J st,el
α dvα +

∫ (
mαv

2
α

2
+ εα

)
J st,inel
α dvα. (2.6.1)

As reference material we present the result of transformation of all terms in the gener-
alized energy equation (2.6.1):∫

∂fα

∂t

(
1− ∂τα

∂t

)(
mαv

2
α

2
+ εα

)
dvα

=
(

1− ∂τα

∂t

)
∂

∂t

(
ραv2

α

2
+ nαεα

)
, (2.6.2)
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∂fα

∂t

(
vα · ∂τα

∂r

)(
mαv

2
α

2
+ εα

)
dvα

= ∂τα

∂r
· ∂
∂t

[
1

2
ραvαv2

α + εαnα v̄α

]
, (2.6.3)

∫ (
mαv

2
α

2
+ εα

)(
vα · ∂fα

∂r

)
dvα = ∂

∂r
·
{

1

2
ραvαv2

α + εαnα v̄α

}
, (2.6.4)

∫ (
mαv

2
α

2
+ εα

)(
vα · ∂fα

∂r

)(
vα · ∂τα

∂r

)
dvα

= 1

2

∂τα

∂r
∂

∂r
: ραv2

αvαvα + ∂τα

∂r
∂

∂r
: εαnαvαvα, (2.6.5)∫ (

mαv
2
α

2
+ εα

)(
Fα · ∂fα

∂vα

)
dvα = −ραFα · vα, (2.6.6)

∫ (
mαv

2
α

2
+ εα

)(
Fα · ∂fα

∂vα

)(
vα · ∂τα

∂r

)
dvα

= −ρα ∂τα
∂r

· (
Fα · vαvα

) − 1

2

∂τα

∂r
· (
ραv2

αFα
) − ∂τα

∂r
· (εαnαFα), (2.6.7)∫ (

mαv
2
α

2
+ εα

)
∂2fα

∂t2
dvα = ∂2

∂t2

(
ραv2

α

2
+ εαnα

)
, (2.6.8)

∫ (
mαv

2
α

2
+ εα

)
∂2fα

∂r∂t
· vα dvα = ∂2

∂r∂t
·
(

1

2
ραv2

αvα + εαnα v̄α

)
, (2.6.9)

∫ (
mαv

2
α

2
+ εα

)
∂2fα

∂r∂r
: vαvα dvα

= ∂2

∂r∂r
:
[

1

2
ραvαvαv2

α + εαnαvαvα

]
, (2.6.10)

∫ (
mαv

2
α

2
+ εα

)
∂2fα

∂vα∂t
· Fα dvα = −F(1)α · ∂

∂t
(ρα v̄α), (2.6.11)

∫ (
mαv

2
α

2
+ εα

)
∂Fα
∂t

· ∂fα
∂vα

dvα = −∂F(1)α
∂t

· ρα v̄α, (2.6.12)

∫ (
mαv

2
α

2
+ εα

)
Fα · ∂fα

∂r
dvα

= 1

2

∂

∂r
· (
ραFαv2

α

) + ∂

∂r
· (
εαnα�Fα

) − 1

2
ραv2

α

∂

∂r
· Fα, (2.6.13)∫ (

mαv
2
α

2
+ εα

)
∂fα

∂vα
· (

F(1)α × B
)
dvα = −ρα v̄α · [

F(1)α × B
]
, (2.6.14)
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mαv

2
α

2
+ εα

)
∂fα

∂vα
· [

B(vα · B)−B2vα
]
dvα

= mα

2

∫
∂fα

∂vα
v2
α · [

B(vα · B)−B2vα
]
dvα + 2εαnαB2

= −ραvαvα : BB −B2ραv
2
α

2
+ 2εαnαB2 − mα

2
B2

∫
∂fα

∂vα
· v2
αvα dvα

= −ραvαvα : BB + 2εαnαB
2 + 4B2ραv

2
α

2
, (2.6.15)∫ (

mαv
2
α

2
+ εα

)
∂fα

∂vα
vα : ∂

∂r
Fα dvα

=
∫ (

mαv
2
α

2
+ εα

)
∂fα

∂vα
vα : ∂

∂r
F(1)α dvα

+
∫ (

mαv
2
α

2
+ εα

)
∂fα

∂vα
vα : ∂

∂r
FBα dvα. (2.6.16)

Transformation of integrals on the right side of (2.6.16):

∫ (
mαv

2
α

2
+ εα

)
∂fα

∂vα
vα : ∂

∂r
F(1)α dvα

= −
(
ραv

2
α

2
+ nαεα

)
∂

∂r
· F(1)α − ραvαvα : ∂

∂r
F(1)α , (2.6.17)

∫ (
mαv

2
α

2
+ εα

)
∂fα

∂vα
vα : ∂

∂r
FBα dvα

=
∫
mαv

2
α

2

∂fα

∂vα
: ∂
∂r

FBα dvα + qα

mα
nαεαv̄α · rotB

= −
3∑
i=1

mα

2

∫
v2
αfα

∂

∂ri
FBαi dvα

−
∑
ij

mα

∫
vαivαj fα

∂

∂rj
FBαi dvα + qα

mα
nαεα v̄α · rotB

= 1

2
nαqαv2

αvα · rotB + qα

mα
nαεα v̄α · rotB. (2.6.18)

Using (2.6.17), (2.6.18), we finish the transformation of (2.6.16):

∫ (
mαv

2
α

2
+ εα

)
∂fα

∂vα
vα : ∂

∂r
Fα dvα
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= −ραvαvα : ∂
∂r

F(1)α − nα
(
mαv2

α

2
+ εα

)
∂

∂r
· F(1)α

+ 1

2
nαqαv2

αvα · rotB + nαqαεαv̄α · rotB, (2.6.19)∫ (
mαv

2
α

2
+ εα

)
∂2fα

∂vα∂vα
: FαFα dvα

=
∫ (

mαv
2
α

2
+ εα

)
∂2fα

∂vα∂vα
: F(1)α F(1)α dvα

+ 2
∫ (

mαv
2
α

2
+ εα

)
∂2fα

∂vα∂vα
: F(1)α FBα dvα

+
∫ (

mαv
2
α

2
+ εα

)
∂2fα

∂vα∂vα
: FBαFBα dvα. (2.6.20)

Consider transformation of every of three integrals on the right side of (2.6.20):∫ (
mαv

2
α

2
+ εα

)
∂2fα

∂vα∂vα
: F(1)α F(1)α dvα = ραF(1)2α , (2.6.21)

∫ (
mαv

2
α

2
+ εα

)
∂2fα

∂vα∂vα
: F(1)α FBα dvα

=mα
3∑

i,j=1
i �=j

∫
fαF

(1)
αi

∂FBαj

∂vαi
vαj dvα +mα

3∑
i=1

∫
fαF

(1)
αi F

B
αi dvα. (2.6.22)

Using the explicit expression for the Lorentz force we find if

∑
i,j
i �=j

∫
fαF

(1)
αi

∂FBαj

∂vαi
vαj dv̄α = − qα

mα
nαF(1)α · [v̄α × B], (2.6.23)

then the right-hand side of relation (2.6.22) is equal to zero. The last of three mentioned
integrals can be transformed as follows:∫ (

mαv
2
α

2
+ εα

)
∂2fα

∂vα∂vα
: FBαFBα dvα

= ρα
(
FBα

)2 − 2

(
ραv2

α

2
+ εαnα

)(
qα

mα

)2

B2

+ 2

(
qα

mα

)2

ρα
[
(B · vα)2 − v2

αB
2

]
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= ρα
(
qα

mα

)2[
(B · vα)2 − 2v2

αB
2

] − 2B2
(
qα

mα

)2

εαnα. (2.6.24)

Using (2.6.21)–(2.6.24), one obtains∫ (
mαv

2
α

2
+ εα

)
∂2fα

∂vα∂vα
: FαFα dvα

= ραF (1)2α +
(
qα

mα

)2

ρα
{
(B · vα)2 − 2v2

αB
2}

− 2B2
(
qα

mα

)2

εαnα. (2.6.25)

Calculate now the last integral of the left side of (2.6.1)∫ (
mαv

2
α

2
+ εα

)
∂2fα

∂vα∂r
: vαFα dvα

=
∫ (

mαv
2
α

2
+ εα

)
∂2fα

∂vα∂r
: vαF(1)α dvα

+
∫ (

mαv
2
α

2
+ εα

)
∂2fα

∂vα∂r
: vαFBα dvα. (2.6.26)

The first integral can be written in the form∫ (
mαv

2
α

2
+ εα

)
∂2fα

∂vα∂r
: vαF(1)α dvα

= −F(1)α ·
{
∂

∂r
· ραvαvα + ∂

∂r

(
ραv2

α

2
+ εαnα

)}
. (2.6.27)

The second integral is transformed using explicit form of the Lorentz force∫ (
mαv

2
α

2
+ εα

)
∂2fα

∂vα∂r
: vαFBα dvα

= qα

mα

{∫
fα

(
mαv

2
α

2
+ εα

)
∂

∂r
· [vα × B]dvα

− ∂

∂r
·
∫
fα[vα × B]

(
mαv

2
α

2
+ εα

)
dvα

}
. (2.6.28)

The identity holds

∂

∂r
· [vα × B] = −vα · rotB. (2.6.29)
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Then (2.6.28) is written as

∫ (
mαv

2
α

2
+ εα

)
∂2fα

∂vα∂r
: vαFBα dvα

= −1

2
rotB · qα

mα
ραv2

αvα − rotB · qα
mα
εαnα v̄α

− 1

2

∂

∂r
· ρα qα

mα
[vα × B]v2

α − ∂

∂r
· qα
mα
nαεα[v̄α × B]. (2.6.30)

For integral (2.6.26) we have

∫ (
mαv

2
α

2
+ εα

)
∂2fα

∂vα∂r
: vαFα dvα

= −F(1)α ·
{
∂

∂r
· ραvαvα + ∂

∂r

(
ραv2

α

2
+ εαnα

)}
− 1

2
rotB · qα

mα
ραv2

αvα − rotB · qα
mα
εαnα v̄α

− 1

2

∂

∂r
· ρα qα

mα
[vα × B]v2

α − ∂

∂r
· qα
mα
nαεα[v̄α × B]. (2.6.31)

Combining all results of integral transformation in (2.6.1), we find the following
form of the generalized energy equation:

∂

∂t

{
ραv2

α

2
+ εαnα − τα

[
∂

∂t

(
ραv2

α

2
+ εαnα

)
+ ∂

∂r
·
(

1

2
ραv2

αvα + εαnα v̄α

)
− F(1)α · ρα v̄α

]}
+ ∂

∂r
·
{

1

2
ραv2

αvα + εαnαv̄α − τα
[
∂

∂t

(
1

2
ραv2

αvα + εαnα v̄α

)
+ ∂

∂r
·
(

1

2
ραv2

αvαvα + εαnαvαvα

)
− ραF(1)α · vαvα − 1

2
ραv2

αFα

− εαnα�Fα
]}

−
{
ραF(1)α · v̄α − τα

[
F(1)α ·

(
∂

∂t
(ρα v̄α)

+ ∂

∂r
· ραvαvα − ραF(1)α − qαnα v̄α × B

)]}
=

∫ (
mαv

2
α

2
+ εα

)
J st,el
α dvα +

∫ (
mαv

2
α

2
+ εα

)
J st,inel
α dvα. (2.6.32)



112 Generalized Boltzmann Physical Kinetics

2.7. Generalized hydrodynamic Euler equations

Formulate now the summary of the generalized Enskog hydrodynamic equations for
components.

Continuity equation

∂

∂t

{
ρα − τα

[
∂ρα

∂t
+ ∂

∂r
· (ρα v̄α)

]}
+ ∂

∂r
·
{
ρα v̄α − τα

[
∂

∂t
(ρα v̄α)

+ ∂

∂r
· (
ραvαvα

) − ραF(1)α − qα

mα
ραv̄α × B

]}
=Rα. (2.7.1)

Momentum equation

∂

∂t

{
ρα v̄α − τα

[
∂

∂t
(ρα v̄α)+ ∂

∂r
· ραvαvα − ραF(1)α − qα

mα
ρα v̄α × B

]}
− F(1)α

[
ρα − τα

(
∂ρα

∂t
+ ∂

∂r
· ρα v̄α

)]
− qα

mα

{
ρα v̄α − τα

[
∂

∂t
(ρα v̄α)+ ∂

∂r
· ραvαvα − ραF(1)α

− qα

mα
ρα v̄α × B

]}
× B + ∂

∂r
·
{
ραvαvα − τα

[
∂

∂t

(
ραvαvα

)
+ ∂

∂r
· ρα(vαvα)vα − F(1)α ρα v̄α − ραv̄αF(1)α

− qα

mα
ρα[vα × B]vα − qα

mα
ραvα[vα × B]

]}
=

∫
mαvαJ st,el

α dvα +
∫
mαvαJ st,inel

α dvα. (2.7.2)

Eenergy equation

∂

∂t

{
ραv2

α

2
+ εαnα − τα

[
∂

∂t

(
ραv2

α

2
+ εαnα

)
+ ∂

∂r
·
(

1

2
ραv2

αvα + εαnα v̄α

)
− F(1)α · ρα v̄α

]}
+ ∂

∂r
·
{

1

2
ραvαv2

α + εαnα v̄α − τα
[
∂

∂t

(
1

2
ραv2

αvα + εαnα v̄α

)



Theory of generalized hydrodynamic equations 113

+ ∂

∂r
·
(

1

2
ραv2

αvαvα + εαnαvαvα

)
− ραF(1)α · vαvα − 1

2
ραv2

αFα − εαnα�Fα
]}

−
{
ραF(1)α · v̄α − τα

[
F(1)α ·

(
∂

∂t
(ρα v̄α)+ ∂

∂r
· ραvαvα

− ραF(1)α − qαnα v̄α × B
)]}

=
∫ (

mαv
2
α

2
+ εα

)
J st,el
α dvα +

∫ (
mαv

2
α

2
+ εα

)
J st,inel
α dvα. (2.7.3)

GHE for mixture of gases are significantlymore simple because after summation of

the left and right sides of (2.7.1)–(2.7.3) over all componentsα (α = 1, . . . , η), the right

integral parts of these equations reduce to zero on the strength of conservation laws.

Then we have

∂

∂t

{
ρ −

∑
α

τα

[
∂ρα

∂t
+ ∂

∂r
· (ρα v̄α)

]}

+ ∂

∂r
·
{
ρv0 −

∑
α

τα

[
∂

∂t
(ρα v̄α)+ ∂

∂
r · (
ραvαvα

) − ραF(1)α

− qα

mα
ρα v̄α × B

]}
= 0, (2.7.4)

∂

∂t

{
ρv0 −

∑
α

τα

[
∂

∂t
(ρα v̄α)+ ∂

∂r
· ραvαvα − ραF(1)α − qα

mα
ρα v̄α × B

]}

−
∑
α

F(1)α

[
ρα − τα

(
∂ρα

∂t
+ ∂

∂r
· ραv̄α

)]

−
∑
α

qα

mα

{
ρα v̄α − τα

[
∂

∂t
(ρα v̄α)+ ∂

∂r
· ραvαvα − ραF(1)α

− qα

mα
ρα v̄α × B

]}
× B + ∂

∂r
·
{∑
α

ραvαvα

−
∑
α

τα

[
∂

∂t

(
ραvαvα

) + ∂

∂r
· ρα(vαvα)vα − F(1)α ρα v̄α − ρα v̄αF(1)α

− qα

mα
ρα[vα × B]vα − qα

mα
ραvα[vα × B]

]}
= 0, (2.7.5)
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∂

∂t

{∑
α

(
ραv2

α

2
+ εαnα

)
−

∑
α

τα

[
∂

∂t

(
ραv2

α

2
+ εαnα

)

+ ∂

∂r
·
(

1

2
ραv2

αvα + εαnα v̄α

)
− F(1)α · ρα v̄α

]}
+ ∂

∂r
·
{∑
α

(
1

2
ραvαv2

α + εαnα v̄α

)
−

∑
α

τα

[
∂

∂t

(
1

2
ραvαv2

α + εαnα v̄α

)

+ ∂

∂r
·
(

1

2
ραv2

αvαvα + εαnαvαvα

)
− ραF(1)α · vαvα

− 1

2
ραv2

αFα − εαnα�Fα
]}

−
{∑
α

ραF(1)α · v̄α −
∑
α

τα

[
F(1)α ·

(
∂

∂t
(ρα v̄α)

+ ∂

∂r
· ραvαvα − ραF(1)α − qαnα v̄α × B

)]}
= 0. (2.7.6)

Generalized hydrodynamicEnskog equations (GHEnE) are very complicated. In par-
ticular, GEnE are of higher order than classical Enskog equations. This brings up im-
mediately two problems: (1) is it possible to simplify these equations? (2) what about
the additional boundary and initial conditions for these equations?

Let us begin by looking at the first question. Extraordinary features of GHEnE consist
in appearance of terms proportional toτα in all Eqs. (2.7.1)–(2.7.6). Mean time between
collisionsτα of particles belonging toα-species can be calculated if DFfα is known.
For the model of hard spheres in one-component gas

τ (0)α = 1

π
√

2v̄αnασ 2
α

, (2.7.7)

wherev̄α is mean velocity ofα-molecules,σα is their diameter, upper index (0) under-
lines that calculation ofτ (0)α is realized for local Maxwellian function

v̄α =
√

8kBT

πmα
. (2.7.8)

Then

τ (0)α =
√
mα

4
√
πnασ 2

α

√
kBT

. (2.7.9)

Multiplying term-by-term (2.7.9) bypα = nαkT , one obtains

τ (0)α pα =
√
mαkBT

4
√
πσ 2

α

. (2.7.10)
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But for simple gas in the first (“Navier–Stokes”) approximation dynamical viscosity for
the hard spheres model is written as (Hirschfelder, Curtiss and Bird, 1954)

[µ]1 = 5

16

√
mαkBT√
πσ 2

α

. (2.7.11)

Of course, the subject under discussion is changing of the transport coefficients cal-
culation in GBKT but this question we leave to Chapter 5. Now we state that mean
time between collisions in local Maxwellian approximationτ (0)α can be presented using
viscosity[µα]1, calculated in the next successive approximation. In other words,

τ (0)α pα = 0.8[µα]1. (2.7.12)

This fact leads to very interesting conclusions in the theory of turbulence considered in
Chapter 5 from positions of GBKT.

The use in BKT instead of the first approximation, the convergence series in Sonine
polynomials for hard spheres leads to slightly changing of mentioned coefficient. One
obtains 0.786 instead of 0.8.

Consider a simple gas under no forces in BGK approximation for classical Boltz-
mann equation (BE)

∂f

∂t
+ v · ∂f

∂r
= −f − f (0)

τ
. (2.7.13)

From Eq. (2.7.13) follows the expression for DFf

f = f (0) − τ ∂f
∂t

+ τv · ∂f
∂r
. (2.7.14)

For a gas consisting of point-like particles in the case of slow changing of parameters
of state,f − f (0) must be small and Eq. (2.7.15) becomes

f = f (0) − τ (0) ∂f
(0)

∂t
+ τ (0)v · ∂f

(0)

∂r
. (2.7.15)

In one-dimensional stationary approximation

f = f (0) + τ (0)v · ∂f
(0)

∂r
, (2.7.16)

and for a simple gas of uniform density and temperature, streaming parallel toOx, but
with hydrodynamic velocity changing along the axisOy it is reasonable to suppose
that changing of local Maxwellian DFf (0) is governed by evolution of hydrodynamic
velocityv0. As a result,

f = f (0) + τ (0)vy ∂v0

∂y

∂f (0)

∂v0
. (2.7.17)
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The viscous stress in they-direction across a planex = constis

pxy =
∫
m(vx − v0)vyf dv. (2.7.18)

Substitutef from (2.7.17) into Eq. (2.7.18)

pxy =
∫
m(vx − v0)vyf

(0) dv

+ τ (0) ∂v0

∂y

∫
vy
∂f (0)

∂v0
m(vx − v0)vy dv. (2.7.19)

Because the first integrand is an odd function ofvx − v0, the first integral vanishes and

pxy = τ (0)
∫
vy
∂f (0)

∂v0
m(vx − v0)vy dv

∂v0

∂y
, (2.7.20)

or

pxy = µ∂v0

∂y
, (2.7.21)

where coefficient of viscosityµ is equal to

µ= τ (0)
∫
vy
∂f (0)

∂v0
m(vx − v0)vy dv, (2.7.22)

or

µ= τ (0) ∂
∂v0

∫
mf (0)(vx − v0)v

2
y dv + τ (0)

∫
mf (0)v2

y dv. (2.7.23)

The first integral in (2.7.23) vanishes as containing an odd function in the integrand, but

p =
∫
mf (0)v2

y dv. (2.7.24)

It means that in considering stiff restrictions the valid formula is

τ (0)p = µ. (2.7.25)

Relation (2.7.25) is also a consequence of the so-called elementary theory of gases.
Finally we can state that

τ (0)α pα =Πµα, α = 1, . . . , η, (2.7.26)

where numerical coefficientΠ reflects the characteristic features of particle interac-
tions.
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In the theory of generalized hydrodynamic equations, relations (2.7.26) allow to
close GHE leaving all calculations – in the definite sense – on the macroscopic level
of physical system’s description.

If a mixture of gases contains particles of which the masses are not too different,
it is possible to set in Eqs. (2.7.1)–(2.7.6)τα as independent of number of species.
Therefore, the problem of theτα calculation is not difficultand exactly the same as in
classical BKT.

The difficulties of principal character leads to the problem calculation of averaged
values in (2.7.1)–(2.7.6) for which we need explicit expression for DF. But for local
Maxwellian DF all averaged values in (2.7.1)–(2.7.6) can be calculated in finite form
and lead to generalized Euler equations (GEuE).

Calculate averaged values for the velocities moments of DFf
(0)
α . Summary of results

follows.
For continuity equation:

v̄α =
(

mα

2πkBT

)3/2 ∫
vα e−mαV 2

α /(2kBT ) dvα

=
(

mα

2πkBT

)3/2 ∫
v0 e−mαV 2

α /(2kBT ) dvα = v0, (2.7.27)

vαvα =
(

mα

2πkBT

)3/2 ∫
vαvα e−mαV 2

α /(2kBT ) dvα

= v0v0 + 1

nα

∫
f (0)α VαVα dvα = v0v0 + pα

ρα

↔
I , (2.7.28)

wherepα is static pressure ofα-species,
↔
I is unit tensor. In calculations realized

in (2.7.27), (2.7.28) take into account vanishing integrals containing odd functions as
integrand.

We have the following generalized Euler continuity equation (compare with (2.7.1),
(2.7.4)):

∂

∂t

{
ρα − τ (0)α

[
∂ρα

∂t
+ ∂

∂r
· (ραv0)

]}
+ ∂

∂r
·
{
ραv0 − τ (0)α

[
∂

∂t
(ραv0)+ ∂

∂r
· (ραv0v0)+

↔
I · ∂pα

∂r

− ραF(1)α − qα

mα
ραv0 × B

]}
=Rα, (2.7.29)

and for a mixture

∂

∂t

{
ρ −

∑
α

τ (0)α

[
∂ρα

∂t
+ ∂

∂r
· (ραv0)

]}
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+ ∂

∂r
·
{
ρv0 −

∑
α

τ (0)α

[
∂

∂t
(ραv0)+ ∂

∂r
· (ραv0v0)+

↔
I · ∂pα

∂r

− ραF(1)α − qα

mα
ραv0 × B

]}
= 0. (2.7.30)

Generalized Euler momentum equations for species can be obtained in a similar way:

∂

∂t

{
ραv0 − τ (0)α

[
∂

∂t
(ραv0)+ ∂

∂r
· ραv0v0 + ∂pα

∂r
− ραF(1)α

−
(
qα

mα

)
ραv0 × B

]}
− F(1)α

[
ρα − τ (0)α

(
∂ρα

∂t
+ ∂

∂r
· (ραv0)

)]
− qα
mα

{
ραv0 − τ (0)α

[
∂

∂t
(ραv0)+ ∂

∂r
· ραv0v0 + ∂pα

∂r
− ραF(1)α

− qα

mα
ραv0 × B

]}
× B + ∂

∂r
·
{
ραv0v0 + pα

↔
I − τ (0)α

[
∂

∂t

(
ραv0v0

+pα
↔
I

) + ∂

∂r
· (
ρα(v0v0)v0 + ρα(v0Vα)Vα + ρα(Vαv0)Vα

+ ρα(VαVα)v0
) − F(1)α ραv0 − ραv0F(1)α − qα

mα
ρα[v0 × B]v0

− qα

mα
ρα[Vα × B]Vα − qα

mα
ραv0[v0 × B] − qα

mα
ραVα[Vα × B]

]}
=

∫
mαvαJ st,el

α dvα +
∫
mαvαJ st,inel

α dvα. (2.7.31)

The following averaged expressions should be calculated in local Maxwellian approxi-
mation:

∂2

∂r∂r
: ρα(Vαv0)Vα = ∂

∂r

[
∂

∂r
· (pαv0)

]
, (2.7.32)

∂2

∂r∂r
: ρα(VαVα)v0 = ∂2

∂r∂r
: ↔
P (0)α v0 = ∂2

∂r∂r
: pα

↔
I v0 =�(pαv0), (2.7.33)

where� is the Laplacian,

∂

∂r
· ρα[Vα × B]Vα = − ∂

∂r
× (pαB), (2.7.34)

∂

∂r
· ραVα[Vα × B] = ∂

∂r
× (pαB). (2.7.35)

Then summation of two last expressions leads to canceling of each other.
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Write down the generalized Euler momentum equation forα-species:

∂

∂t

{
ραv0 − τ (0)α

[
∂

∂t
(ραv0)+ ∂

∂r
· ραv0v0 + ∂pα

∂r
− ραF(1)α

− qα

mα
ραv0 × B

]}
− F(1)α

[
ρα − τ (0)α

(
∂ρα

∂t
+ ∂

∂r
· (ραv0)

)]
− qα

mα

{
ραv0 − τ (0)α

[
∂

∂t
(ραv0)+ ∂

∂r
· ραv0v0 + ∂pα

∂r
− ραF(1)α

− qα

mα
ραv0 × B

]}
× B + ∂

∂r
·
{
ραv0v0 + pα

↔
I − τ (0)α

[
∂

∂t

(
ραv0v0

+ pα
↔
I

) + ∂

∂r
· ρα(v0v0)v0 + 2

↔
I

(
∂

∂r
· (pαv0)

)
+ ∂

∂r
· ( ↔
I pαv0

)
− F(1)α ραv0 − ραv0F(1)α − qα

mα
ρα[v0 × B]v0 − qα

mα
ραv0[v0 × B]

]}
=

∫
mαvαJ st,el

α dvα +
∫
mαvαJ st,inel

α dvα. (2.7.36)

After summation of (2.7.36) over all species, one obtains the generalized Euler momen-
tum equation for mixture of gases

∂

∂t

{
ρv0 −

∑
α

τ (0)α

[
∂

∂t
(ραv0)+ ∂

∂r
· ραv0v0 + ∂pα

∂r
− ραF(1)α

− qα

mα
ραv0 × B

]}
−

∑
α

F(1)α

[
ρα − τ (0)α

(
∂ρα

∂t
+ ∂

∂r
· (ραv0)

)]

−
∑
α

qα

mα

{
ραv0 − τ (0)α

[
∂

∂t
(ραv0)+ ∂

∂r
· ραv0v0 + ∂pα

∂r
− ραF(1)α

− qα

mα
ραv0 × B

]}
× B + ∂

∂r
·
{
ρv0v0 + p↔

I −
∑
α

τ (0)α

[
∂

∂t

(
ραv0v0

+ pα
↔
I

) + ∂

∂r
· ρα(v0v0)v0 + 2

↔
I

(
∂

∂r
· (pαv0)

)
+ ∂

∂r
· ( ↔
I pαv0

)
− F(1)α ραv0 − ραv0F(1)α − qα

mα
ρα[v0 × B]v0

− qα

mα
ραv0[v0 × B]

]}
= 0. (2.7.37)

Let us get to the derivation of the generalized Euler energy equation. Write down this
equation omitting all integral terms, which are obviously equal to zero as containing odd
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integrands of the thermal velocitiesVα .

∂

∂t

{
ραv

2
0

2
+ ραV 2

α

2
+ εαnα − τ (0)α

[
∂

∂t

(
ραv

2
0

2
+ ραV 2

α

2
+ εαnα

)
+ ∂

∂r
·
(

1

2
ραv

2
0v0 + 1

2
ραV 2

α v0 + ρα
(
v0 · Vα

)
Vα + εαnαv0

)
− F(1)α · ραv0

]}
+ ∂

∂r
·
{

1

2
ραv

2
0v0 + ρα

(
v0 · Vα

)
Vα + 1

2
ραV 2

α v0 + εαnαv0

− τ (0)α
[
∂

∂t

(
1

2
ραv

2
0v0 + ρα

(
v0 · Vα

)
Vα + 1

2
ραV 2

α v0 + εαnαv0

)
+ ∂

∂r
·
[

1

2
ραv

2
0v0v0 + 1

2
ραV 2

α v0v0 + 1

2
ραv

2
0VαVα

+ ρα
(
v0 · Vα

)
Vαv0 + ρα

(
v0 · Vα

)
v0Vα

+ 1

2
ραV 2

αVαVα + εαnαv0v0 + εαnαVαVα

]
− ραF(1)α · v0v0 − ραF(1)α · VαVα − 1

2
ραv2

αFα − εαnα�Fα
]}

−
{
ραF(1)α · v0 − τ (0)α

[
F(1)α ·

(
∂

∂t
(ραv0)+ ∂

∂r
· ραv0v0

+ ∂

∂r
· ραVαVα − ραF(1)α − qαnαv0 × B

)]}
=

∫ (
mαv

2
α

2
+ εα

)
J st,el
α dvα +

∫ (
mαv

2
α

2
+ εα

)
J st,inel
α dvα. (2.7.38)

Let us calculate all average values connected with local Maxwellian DF

f (0)α = nα
(

mα

2πkBT

)3/2

e−mαV 2
α /(2kBT ). (2.7.39)

We have

ραV 2
α

2
= 3

2
nαkBT , (2.7.40)

∂

∂r
· ρα

(
v0 · Vα

)
Vα =mα ∂

∂r
·
{

v0 ·
∫

VαVα e−W2
α dVα nα

(
mα

2πkBT

)3/2}
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= 4π

π3/2

2kB
mα
mα

3∑
i,j=1

∂

∂ri

{
nαv0j T

∫
WαjWiW

2
α e−W2

α dWα

}

= 8kB√
π

∑
i

∂

∂ri

{
nαv0iT

∫
W2
αiW

2
α e−W2

α dWα

}

= 8kB
3
√
π

∑
i

∂

∂ri

{
nαv0iT

∫ ∞

0
W4
α e−W2

α dWα

}

= 8

3
√
π

√
π

2

1

2

3

2

∂

∂r
· (v0pα)= ∂

∂r
· (pαv0). (2.7.41)

Other integrals in (2.7.38) can be evaluated in a similar way:

∂

∂r
· {

VαVαραv2
0

} = ∂

∂r
· (
pαv

2
0

↔
I

)
, (2.7.42)

∂

∂r
· {
ρα

(
v0 · Vα

)
Vαv0

}
= ∂

∂r
· {
ρα

(
v0 · Vα

)
v0Vα

} = ∂

∂r
· pαv0v0, (2.7.43)

∂

∂r
· ραV 2

αVαVα = 5
∂

∂r
·
(
p2
α

ρα

↔
I

)
, (2.7.44)

εαnα�Fα = εα qα
mα
nα[v0 × B] + εαnαF(1)α . (2.7.45)

Calculate also an Euler approximation

∂

∂r
· ραv2

αFα

= ∂

∂r
·
{
mα

∫
v2
αF(1)α f

(0)
α dvα + qα

∫
v2
α[vα × B]f (0)α dvα

}
= ∂

∂r
·
{
ραF(1)α v

2
0 + F(1)α mα

∫
V 2
α f

(0)
α dVα + qα

mα
ρα[v0 × B]v2

0

+ 2qαv0 ·
∫

Vα[Vα × B]f (0)α dVα + qα
∫
V 2
α [v0 × B]f (0)α dVα

}
= ∂

∂r
·
{
ραF(1)α v

2
0 + 3F(1)α pα + ραv2

0
qα

mα
[v0 × B]

+ 5pα
qα

mα
[v0 × B]

}
. (2.7.46)
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As a result, the following form of the generalized Euler energy equation for species
can be stated:

∂

∂t

{
ραv

2
0

2
+ 3

2
pα + εαnα − τ (0)α

[
∂

∂t

(
ραv

2
0

2
+ 3

2
pα + εαnα

)
+ ∂

∂r
·
(

1

2
ραv

2
0v0 + 5

2
pαv0 + εαnαv0

)
− F(1)α · ραv0

]}
+ ∂

∂r
·
{

1

2
ραv

2
0v0 + 5

2
pαv0 + εαnαv0 − τ (0)α

[
∂

∂t

(
1

2
ραv

2
0v0

+ 5

2
pαv0 + εαnαv0

)
+ ∂

∂r
·
(

1

2
ραv

2
0v0v0 + 7

2
pαv0v0 + 1

2
pαv

2
0

↔
I

+ 5

2

p2
α

ρα

↔
I + εαnαv0v0 + εα pα

mα

↔
I

)
− ραF(1)α · v0v0 − pαF(1)α · ↔

I

− 1

2
ραv

2
0F(1)α − 3

2
F(1)α pα − ραv

2
0

2

qα

mα
[v0 × B] − 5

2
pα
qα

mα
[v0 × B]

− εαnα qα
mα

[v0 × B] − εαnαF(1)α

]}
−

{
ραF(1)α · v0

− τ (0)α
[

F(1)α

(
∂

∂t
(ραv0)+ ∂

∂r
· ραv0v0 + ∂

∂r
· pα

↔
I − ραF(1)α

− qαnα[v0 × B]
)]}

=
∫ (

mαv
2
α

2
+ εα

)
J st,el
α dvα +

∫ (
mαv

2
α

2
+ εα

)
J st,inel
α dvα. (2.7.47)

Finally, after summation of Eqs. (2.7.47) over all species we reach the generalized
Euler energy equation for mixture of gases:

∂

∂t

{
ρv2

0

2
+ 3

2
p+

∑
α

εαnα −
∑
α

τ (0)α

[
∂

∂t

(
ραv

2
0

2
+ 3

2
pα + εαnα

)

+ ∂

∂r
·
(

1

2
ραv

2
0v0 + 5

2
pαv0 + εαnαv0

)
− F(1)α · ραv0

]}
+ ∂

∂r
·
{

1

2
ρv2

0v0 + 5

2
pv0 + v0

∑
α

εαnα −
∑
α

τ (0)α

[
∂

∂t

(
1

2
ραv

2
0v0

+ 5

2
pαv0 + εαnαv0

)
+ ∂

∂r
·
(

1

2
ραv

2
0v0v0 + 7

2
pαv0v0 + 1

2
pαv

2
0

↔
I

+ 5

2

p2
α

ρα

↔
I + εαnαv0v0 + εα pα

mα

↔
I

)
− ραF(1)α · v0v0 − pαF(1)α · ↔

I
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− 1

2
ραv

2
0F(1)α − 3

2
F(1)α pα − ραv

2
0

2

qα

mα
[v0 × B] − 5

2
pα
qα

mα
[v0 × B]

− εαnα qα
mα

[v0 × B] − εαnαF(1)α

]}
−

{
v0 ·

∑
α

ραF(1)α

−
∑
α

τ (0)α

[
F(1)α ·

(
∂

∂t
(ραv0)+ ∂

∂r
· ραv0v0 + ∂

∂r
· pα

↔
I − ραF(1)α

− qαnα[v0 × B]
)]}

= 0. (2.7.48)

Write down the system of GHE in the Euler approach taking into account the force of
gravitation:

– continuity equation

∂

∂t

{
ρ −Πµ

p

[
∂ρ

∂t
+ ∂

∂r
· (ρv0)

]}
+ ∂

∂r
·
{
ρv0 −Πµ

p

[
∂

∂t
(ρv0)

+ ∂

∂r
· ρv0v0 + ↔

I · ∂p
∂r

− ρg
]}

= 0, (2.7.49)

– momentum equation

∂

∂t

{
ρv0 −Π µ

p

[
∂

∂t
(ρv0)+ ∂

∂r
· ρv0v0 + ∂p

∂r
− ρg

]}
− g

[
ρ −Π µ

p

(
∂ρ

∂t
+ ∂

∂r
· (ρv0)

)]
+ ∂

∂r
·
{
ρv0v0 + p↔

I −Πµ
p

[
∂

∂t

(
ρv0v0 + p↔

I
) + ∂

∂r
· ρ(v0v0)v0

+ 2
↔
I

[
∂

∂r
· (pv0)

]
+ ∂

∂r
· (↔
I pv0

) − gρv0 − v0gρ
]}

= 0, (2.7.50)

– energy equation

∂

∂t

{
ρv2

0

2
+ 3

2
p−Π µ

p

[
∂

∂t

(
ρv2

0

2
+ 3

2
p

)
+ ∂

∂r
·
(

1

2
ρv2

0v0 + 5

2
pv0

)
− g · ρv0

]}
+ ∂

∂r
·
{

1

2
ρv2

0v0 + 5

2
pv0 −Π µ

p

[
∂

∂t

(
1

2
ρv2

0v0 + 5

2
pv0

)
+ ∂

∂r
·
(

1

2
ρv2

0v0v0 + 7

2
pv0v0 + 1

2
pv2

0

↔
I + 5

2

p2

ρ

↔
I

)
− ρg · v0v0
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−pg · ↔
I − 1

2
ρv2

0g − 3

2
gp

]}
−

{
ρg · v0 −Π µ

p

[
g ·

(
∂

∂t
(ρv0)

+ ∂

∂r
· ρv0v0 + ∂

∂r
· p↔
I − ρg

)]}
= 0, (2.7.51)

whereg is acceleration in gravitational field,τ (0) = Πµ/p (for hard spheres model
Π = 0.8),� is the Laplacian.

Let us summarize generalized Euler hydrodynamic equations the simplest case of
one-dimensional motion in absence of external forces:

– continuity equation

∂

∂t

{
ρ − τ (0)

[
∂ρ

∂t
+ ∂

∂x
(ρv0)

]}
+ ∂

∂x

{
ρv0 − τ (0)

[
∂

∂t
(ρv0)+ ∂

∂x

(
ρv2

0

) + ∂p

∂x

]}
= 0, (2.7.52)

– momentum equation

∂

∂t

{
ρv0 − τ (0)

[
∂

∂t
(ρv0)+ ∂

∂x

(
ρv2

0

) + ∂p

∂x

]}
+ ∂

∂x

{
ρv2

0 + p− τ (0)
[
∂

∂t

(
ρv2

0 +p) + ∂

∂x

(
ρv3

0 + 3pv0
)]}

= 0, (2.7.53)

– energy equation

∂

∂t

{
ρv2

0 + 3p− τ (0)
[
∂

∂t

(
ρv2

0 + 3p
) + ∂

∂x

(
ρv3

0 + 5pv0
)]}

+ ∂

∂x

{
ρv3

0 + 5pv0 − τ (0)
[
∂

∂t

(
ρv3

0 + 5pv0
)

+ ∂

∂x

(
ρv4

0 + 8pv2
0 + 5

p2

ρ

)]}
= 0. (2.7.54)

2.8. Boundary conditions in the theory of the generalized hydrodynamic
equations

Let us consider now the problem of the additional boundary conditions in the theory
of GHE. With this aim write down once more Eq. (2.4.8) and demonstrate – using this
equation as an example – how this problem can be solved.

∂

∂t

{
ρ̂ − KnAvτ̂

(0)
[
∂ρ̂

∂ t̂
+ ∂

∂ r̂
· (ρ̂v̂0)

]}
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+ ∂

∂r
·
{
ρ̂v̂0 − KnAvτ̂

(0)
[
∂

∂t̂
(ρ̂v̂0)+A−2

v

∂

∂ r̂
· (ρ̂ v̂v̂ )

]}
= 0. (2.8.1)

Knudsen number is defined as a ratio of the mean free path� near the wall to the char-
acter hydrodynamic scaleL. The explicit form of coefficientAv is not significant for us
here, notice only that the thermal velocityvT is used as scale for molecular velocity near
the surface. The lengthL can be significantly different and should be introduced in cor-
respondence with concrete solving problem. For the boundary condition’s construction,
we consider an area near the streamed wall taking into account thatL is the distance
to the wall (Figure 2.5). Tend nowL to zero using an arbitrary law of this tendency. It
means that in (2.8.1) differential terms – for whichKn is coefficient – in square brackets
are far more than algebraic terms from which they are subtracted. TherewithKn can be
considered as a value independent oft̂ andr̂.

After dividing Eq. (2.8.1) byKn, it becomes obvious that this equation can be iden-
tically satisfied for arbitrary tendencyL→ 0 (and thereforeKn → ∞) if

∂ρ

∂t
+ ∂

∂r
· ρv0 = 0, (2.8.2)

∂

∂t
(ρv0)+ ∂

∂r
· ρvv = 0. (2.8.3)

But Eqs. (2.8.2), (2.8.3) are classical continuity and momentum equations on the wall.
This very remarkable fact will be discussed in the next chapter from turbulence posi-
tions.

On the whole we state that GHE can be written in the symbolic form (index “i”
related to the continuity, momentum and energy equations)

Φ1i + KnΦ2i = 0 (i = 1,2,3)

and following considered method forKn → ∞ we reach conditions

Φ2i,W = 0, (2.8.4)

where index “W ” corresponds to the wall.
Relations (2.8.4) deliver additional boundary conditions we need, and have transpar-

ent physical sense – fluctuations disappear on the wall.

Fig. 2.5. Domain in the vicinity of the streamed wall.
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In hydrodynamics of weakly rarefied gasesthe kinetic boundary conditions (in par-
ticular velocity slip) are used. These conditions are the direct consequence of the Boltz-
mann equation and allow to expand the area of the formal appliance of the Navier–
Stokes description. Further we intend to show that GHE contain known kinetic bound-
ary conditions as asymptotic solutions near the wall. It means on the one hand that GHE
can be applied for description of the rarefied gas without additional kinetic conditions
serving for adjusting kinetic and hydrodynamic solutions in boundary kinetic layer. On
the other, we can state that “jump conditions” can be obtained as solution ofhydrody-
namicequations which can be used for adequate description of kinetic layer near the
wall.

With the aim of analytical investigation we introduce reasonable assumptions often
used in the theory of kinetic Knudsen layer. We suppose that the flow is one-dimensional
(and therefore all gradients along streamed surface can be omitted), gravitation is not
significant; static pressure in the layer is constant,

p = const. (2.8.5)

The last presumption is not of principal significance, but allows to simplify the prob-
lem eliminating from consideration the energy equation and then the temperature jump.

One-dimensional Euler equations under these assumptions are

∂

∂y

[
ρv −Π µ

p

(
∂

∂y

(
ρv2) + ∂p

∂y

)]
= 0, (2.8.6)

∂

∂y

{
ρuv −Π µ

p

(
∂

∂y

(
ρuv2) + ∂

∂y
(pu)

)}
= 0, (2.8.7)

∂

∂y

{
p+ ρv2 −Πµ

p

[
∂

∂y

(
ρv3)+3

∂

∂y
(pv)

]}
= 0, (2.8.8)

wherey is in the direction normal to thestreamed plane surface andu, v are components
of hydrodynamic velocity. After integration overy one obtains

ρv =Πµ
p

d

dy

(
ρv2) +C1, (2.8.9)

ρuv =Πµ
p

d

dy

(
ρuv2) +Πµdu

dy
+C2, (2.8.10)

ρv2 =Π µ
p

d

dy

(
ρv3) + 3Πµ

dv

dy
+C3 − p, (2.8.11)

whereC1, C2, C3 are constants of integration.
By application of (2.8.9), Eq. (2.8.11) becomes

Π
µ

p

(
ρv2 + 3p

) dv

dy
= C1v −C3 + p. (2.8.12)
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Write (2.8.9) in the form

1 =Πµ
p

[
2

dv

dy
+ vd lnρ

dy

]
+ C1

ρv
. (2.8.13)

On the bottom of the Knudsen layer particles go into the stream after desorption from
the surface with normal velocity componentvw, corresponding to the order of thermal
velocity for wall temperature. Particles, directed to the surface, have on average hydro-
dynamic velocity, and a known relation

(ρv)+ = (ρv)− (2.8.14)

defines impermeability of the surface. In kinetic layer the process of relaxation is being
realized by adjusting the dynamic parameters of particles after desorption to the hydro-
dynamic parameters of flow. For us of interest is the process on the bottom of Knudsen
layer and corresponding asymptotic GHE solutions. In this case we omit the second
logarithmic in square brackets in (2.8.13) and eliminate density in Eq. (2.8.12):

6Πµ

(
dv

dy

)2

= −[
3C1v + 3p− 2C′

3

] dv

dy
+ (
C1v−C′

3

) p
Πµ

= 0, (2.8.15)

whereC′
3 = C3 − p.

From (2.8.15) follows

dv

dy
=

3C1v + 3p− 2C′
3 ±

√
(3C1v + 3p− 2C′

3)
2 − 24p(C1v −C′

3)

12Πµ
.

(2.8.16)

Expression under square root in (2.8.16) can be transformed:

(
3C1v + 3p− 2C′

3

)2 − 24p
(
C1v −C′

3

)
= (

3C1v − 3p− 2C′
3

)2 + 12C1pv. (2.8.17)

For investigation of approximate solution one supposes that energy of directed hy-
drodynamic motion is much less than the energy of chaotic motion. As a result, we
have √

(3C1v− 3p− 2C′
3)

2 + 12C1pv

= 3C1v − 3p− 2C′
3 + 6C1pv

3C1v − 3p− 2C′
3

(2.8.18)
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or

dv

dy
= 1

2τ

[
1− C1v

3C1v − 3p− 2C′
3

]
. (2.8.19)

Further we use the simplest estimation – following from (2.8.19) – for normal compo-
nent of velocity on the bottom of Knudsen layer,

v = y

2τ
+ vw, (2.8.20)

whereτ is mean time between collisions.
From Eq. (2.8.9) one obtains the equation defining the density change on the bottom

of Knudsen layer(
y

2τ
+ vw

)2dρ

dy
= −C1

1

τ
, (2.8.21)

solution of this equation:

ρ = 2C1

y/(2τ )+ vw +D. (2.8.22)

Constant of integration

D = ρw − 2C1

vw
, (2.8.23)

then

ρ = ρw − y/(2τ )

y/(2τ )+ vw
2C1

vw
. (2.8.24)

Let us calculate the transverse component of velocity in Knudsen layer. After substi-
tution of (2.8.22), (2.8.24) in Eq. (2.8.10), one finds

1

2

du

dz

(
Dz2 + 2C1z+ p) − uC1 +C2 = 0, (2.8.25)

where

z= y

2τ
+ vw. (2.8.26)

General solution of non-homogeneous differential equation (2.8.25) has the form

u=E exp

{∫
2C1

Dz2 + 2C1z+ p dz

}
+ C2

C1
, (2.8.27)
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whereE is a constant of integration. Evaluate integral

I =
∫

dz

Dz2 + 2C1z+ p . (2.8.28)

Introduce

δ = 4
(
pD −C2

1

)
. (2.8.29)

In the theory of integrals (2.8.28) the sign ofδ is important

δ ∼= p
[
ρw −�ρ

(
1+ 1

2p

v2
w�ρ

2

)]
, (2.8.30)

where�ρ is density change in Knudsen layer. From (2.8.30) follows

δ ∼= pρ∞, δ > 0, (2.8.31)

then integral can be evaluated in finite form

I = 1√
δ

arctg
2Dz+ 2C1√

δ
= 1√

pρ∞
arctg

[
2√
pρ∞

(Dz+C1)

]
= 1√

pρ∞
arctg

[
2ρ∞z+ vw�ρ√

pρ∞

]
, (2.8.32)

where

C1 = ρwvw − ρ∞vw
2

= vw

2
�ρ, D = ρ∞. (2.8.33)

Index∞ relates to asymptotic hydrodynamic values outside of Knudsen layer. Return-
ing to variabley, we find

I = 1√
pρ∞

arctg
ρ∞y/τ + vw(ρw + ρ∞)√

pρ∞
(2.8.34)

and corresponding general solution of Eq. (2.8.25)

u=E e2IC1 + C2

C1
, (2.8.35)

where

E = − C2/C1

1+ (�ρ/ρ∞)vw(1/
√
RT∞ )arctg(vw(1+ ρw/ρ∞)/

√
RT∞ )

.

(2.8.36)
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Then in indicated suppositions GHE lead to the following profile of transversal ve-
locity in Knudsen layer:

u = C2

C1

{
1− 1

1+ (�ρ/ρ∞)vw(1/
√
RT∞ )ϕ

×
[
1+ �ρ

ρ∞
vw

1√
RT∞

arctg

[
y/τ + vw(1+ ρw/ρ∞)√

RT∞

]]}
, (2.8.37)

where

ϕ = arctg
vw(1+ ρw/ρ∞)√

RT∞
. (2.8.38)

Introduce notation�C2 = −C2, �C2> 0, and friction coefficient on the wall

fw = µ
(

du

dy

)
w

, (2.8.39)

then

C1

�C2
= vw�ρ

2Πfw[1+ ρwv2
w/p] (2.8.40)

or

C1

�C2

∼= vw�ρ

2Πfw
. (2.8.41)

Using (2.8.41), one obtains from (2.8.37)

u= fw 2Π

ρ∞
√
RT∞

{
arctg

[
y/τ + vw(1+ ρw/ρ∞)√

RT∞

]
− arctg

[
vw(1+ ρw/ρ∞)√

RT∞

]}

×
{

1+ �ρ

ρ∞
vw√
RT∞

arctg

[
vw(1+ ρw/ρ∞)√

RT∞

]}−1

. (2.8.42)

Profile of transversal velocityu – under formulated assumptions – is defined by trigono-
metric function arctḡy. To derive the expression (2.8.42), the assumption was intro-
duced that transversal molecular velocity on the wall is equal to zero. In physical chem-
istry cases are known (Glasstone, Laidler and Eyring, 1941), when absorbed particles
move with a velocity along the surface while being bound by mentioned surface. But
evaluation of this “chemical” velocity slip is the problem of quantum chemistry and is
not the subject of consideration here.
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By smally profile is linear

û= y
{[

1+ �ρ

ρ∞
vw√
RT∞

arctg

(
vw(1+ ρw/ρ∞)√

RT∞

)]

× τ
√
RT∞

[
1+ v2

w

RT∞

(
1+ ρw

ρ∞

)2]}−1

, (2.8.43)

where

û= C1

�C2
u. (2.8.44)

Let us introduce now the kinetic velocity slipusl of flow as difference between
transversal velocity on the external boundary of kinetic layer and transversal veloc-
ity on the wall. In classical hydrodynamicsusl cannot be introduced without taking
into account the Boltzmann equation. The origin of this fact is well known− classical
hydrodynamics is not “working” in kinetic layer.

Formula (2.8.43), which is a consequence of GHE, can be rewritten in terminology of
slip theory. With this aim introduce asymptotic velocityu∞ as velocity on the external
boundary of Knudsen layer (u→ u∞ if y→ ∞), and slip velocity

usl = u∞ − uw. (2.8.45)

As a result, formula (2.8.42) leads to the next slip velocity

usl = fw 2Π

ρ∞
√
RT∞

[
π

2
− arctg

(
vw(1+ ρw/ρ∞)√

RT∞

)]

×
[
1+ �ρ

ρ∞
vw√
RT∞

arctg

(
vw(1+ ρw/ρ∞)√

RT∞

)]−1

. (2.8.46)

Let us compare now the defined slip velocityusl from (2.8.46) with the known expres-
sions of the Boltzmann kinetic theory, particularly with data being given by Cercignani
(1975).

usl = 1.1466l

(
du

dy

)
w

= 1.1466
µ

ρ∞

√
π

2RT∞

(
du

dy

)
w

= 1.1466
1

ρ∞

√
π

2RT∞
fw = 1.4370

1

ρ∞
√
RT∞

fw. (2.8.47)

If density change across Knudsen layer is small, one obtains from (2.8.46)

usl = fw 2Π

ρ∞
√
RT∞

[
π

2
− arctg

vw(1+ ρw/ρ∞)√
RT∞

]
×

[
1− �ρ

ρ∞
vw√
RT∞

arctg
vw(1+ ρw/ρ∞)√

RT∞

]
. (2.8.48)
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Therefore relations for velocity slip (2.8.46), (2.8.48) contain also density jump. Let us
neglect density jump in Knudsen layer. It means

�ρ� ρ∞, (2.8.49)

or approximately on the wall(
∂ρ

∂y

)
w

= 0. (2.8.50)

We have from (2.8.48)

usl = 2Π

[
π

2
− arctg

2vw√
RT∞

]
1

ρ∞
√
RT∞

fw. (2.8.51)

Obviously relations (2.8.47) and (2.8.51) have analogous structure but differ by numer-
ical factors. Multiplier

A= 2Π

[
π

2
− arctg

2vw√
RT∞

]
(2.8.52)

in (2.8.51) can vary within wide limits, its value is defined by model of particles in-
teraction – which is used for parameterΠ evaluation – and velocity of the particles
desorptionvw from the surface. For the hard spheres model of particles interactions one
obtains 0� A � 2.51. Notice that indicated by Cercignani four ciphers after point in
numerical factors in (2.8.47) have sense only as an orientation by comparison of results
of different analytical models.

As a conclusion we state that GHE incorporate the kinetic effect of slip as an element
of adjusting of hydrodynamic and kinetic regimes of flow and allow – avoiding artificial
fashions – to describe flows by intermediate flow numbers. This peculiar feature of GHE
will be demonstrated next, particularly in calculations of sound propagation in rarefied
gas and shock wave structure for arbitrary Mach numbers.



CHAPTER 3

Strict Theory of Turbulence and Some Applications
of the Generalized Hydrodynamic Theory

The generalized Boltzmann equation necessarily leads to a new formulation of the hy-
drodynamical equations, yielding what wecall the generalized hydrodynamical equa-
tions. The classical Enskog, Euler, and Navier–Stokes equations of fluid dynamics are
special cases of these new equations. The derivation of the generalized hydrodynami-
cal equations is given in the previous chapter. But the area of applications of GHE and
corresponding principles used for their derivation is much vaster. We intend to discuss
these new possibilities of generalized hydrodynamic equationsin the theory of turbulent
flows, electrodynamics of continuum media and quantum mechanics.

3.1. About principles of classical theory of turbulent flows

The turbulent fluid motion has been the subject of intense research for over a hundred
years because it has numerous applications in aerodynamics, hydraulics, combustion
and explosion processes, and hence is of direct relevance to processes occurring in tur-
bines, engines, compressors, and other modern-day machines. The scientific literature
on this subject is enormous, and a detailed analysis of all the existing models is be-
yond the scope of this book. Here the object is to discuss the currently available turbu-
lence concept in the context of generalized equations of fluid dynamics. In what follows
we will discuss “classical” turbulence, usually treated starting from the Navier–Stokes
equations, moment methods, and similarity theory. We will also see how this picture
corresponds to the generalized Boltzmann kinetics and will try to find out which of the
known approaches may be used and which should be abandoned.

It is commonly held that a fully developed turbulence may be characterized by the
irregular variation of velocity with time at each point in the flow, and that hydrodynamic
quantities undergo fluctuations(turbulent ones or pulsations). Their scale varies over the
wide range from the external (using the terminology of Landau and Lifshitz, 1988) scale
comparable to the characteristic flow size, to a small scale on which the dynamic fluid
viscosity begins to dominate.
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Because of the major role of the Reynolds criterion in the theory of turbulence, the
study of fluid motion on various typical scales crucially depends on the construction of
the Reynolds number

Re= vl l

υk
.

Here,l is the fluctuation scale,vl – the characteristic velocity, andυk – the kinematic
viscosity. If l ∼ L, with L being the typical hydrodynamic size, then the Reynolds
numberReis large and the effect of molecular viscosity small – so that one may neglect
it altogether and apply the similarity theory (the Kolmogorov–Obukhov law) to get some
idea of the fluctuations.

From the large-scale fluctuations, the energy goes (practically undissipated) to the
small-scale ones, where viscous dissipation takes place (Richardson model of 1922).
And even though the dissipation of mechanical energyε (falling at the unit mass per
unit time) occurs on the least possible scalelK (referred to below as the Kolmogorov
turbulence scale), it is believed that the quantityε also determines the properties of
turbulent motion on larger scales. Between the Kolmogorov (or, using the terminology
of Landau and Lifshitz (1988), internal) scalelk and the external scalelL ∼ L there is
an inertial interval where the typical sizel satisfies the inequality

lK � l � lL.

For want of a better model, it is assumed that turbulent motion is described by the
same equations of fluid mechanics (Navier–Stokes equations) used for laminar flows,
with a consequence that turbulence emerges as a flow instability or, in this particular
case, as an instability in the Navier–Stokes flow model. This gives rise to many incon-
sistencies, however. It is known, for example, that “although no comprehensive theoret-
ical study has thus far been made for flows through a circular pipe, there is a compelling
evidence that this motion is stable with respect to infinitesimal perturbations (in an ab-
solute as well as a convective sense) for any Reynolds numbers” (Landau and Lifshitz,
1988). This contradicts experimental data.

In 1924, W. Heisenberg published a study on the instability of laminar flows (Heisen-
berg, 1924). A year later, E. Noether “published another paper” – we are quoting
Heisenberg (1969) – “in which she proved with all mathematical rigour that the prob-
lem admits of no unstable solutions at all and that a flow must be everywhere stable. . .

What about the rigorous mathematics then? I think that even now nobody knows what
is wrong with Noether’s work”. It would appear that rather than Noether’s mistake, the
drawbacks of the Navier–Stokes flow model are to blame.

The notions of averaged and fluctuating motions prompted Reynolds (1894) to ex-
plicitly isolate the fluctuation terms in the Navier–Stokes equations and to subsequently
average them over a certain time interval. But neither this approach nor the later tech-
nique of averaging over the masses of liquid volumes (sometimes called Favre averaging
(Favre, 1992)) provides close solutions, and indeed neither of them is adequate when
it comes to physics because, as we will see below, the Navier–Stokes equations are not
written for true physical quantities.
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One further approach to the problem involves the evaluation of velocity correlation
functions with the aim of establishing the relation between the velocities at two neigh-
boring flow field points within the theory of local turbulence. For example, the simplest
correlation function is the second-rank tensor

Brs = 〈
(v2r − v1r )(v2s − v1s)

〉
, (3.1.1)

wherev1 andv2 are the fluid velocities at two neighboring points, and the angle brack-
ets denote time averaging. A question remains, however, what exactly “neighboring
points” means and how the time averaging procedure is to be carried out. The theory
of correlation functions attracted a great deal of attention after Keller and Fridman first
introduced them into the hydrodynamics of turbulent motions back in 1924.

In 1944, Landau gave a comprehensive assessment of this line of research. To quote
him from Landau and Lifshitz (1988), “One would imagine that in principle it is possible
to derive a universal formula, applicable to any turbulent motion, for determiningBrr ,
Btt for all distancesr small compared tolL. In reality, however, such a formula cannot
exist at all as the following argument shows. The instantaneous value of the quantity
(v2i − v1i )(v2k − v1k) could in principle be expressed in terms of the energy dissipation
ε at the same instant of timet . However, the averaging of these expressions depends
significantly on howε varies in time throughout periods of large-scale (of orderlL)
motions. But this variation is different for various specific cases of motion, so the result
of such averaging cannot be universal”.

One can but agree with this view. To put it another way, if the Kolmogorov scale
admits an explicit universal formulation for turbulent fluctuations (as we will show later
on), then large-scale fluctuations are determined by solving a specific boundary-value
problem.

A. Kolmogorov advanced the hypothesis that the statistical regime of the small-scale
components is universal and is determined by only two dimensional parameters, the
average rate of energy dissipationε and the kinematic viscosityυk . From dimensional
considerations it follows that the Kolmogorov fluctuation scalelK is of the order of
υ

3/4
k ε−1/4. The following estimations can be introduced:

ε ∼ kBT

mτ
,

(
p

ρ

)2

∼ v̄4, (3.1.2)

wherev̄ is mean molecular velocity, then

lK ∼ τ v̄ (3.1.3)

and corresponds to the particle mean free path in a gas. But mean time between col-
lision τ is proportional to viscosity, therefore we can wait that all fluctuations on the
Kolmogorov micro-scale of turbulence will be proportional to viscosity.
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3.2. Theory of turbulence and generalized Euler equations

We now apply the generalized hydrodynamicalequations to the theory of turbulence and
demonstrate that they enable one to write explicitly the fluctuations of all hydrodynamic
quantities on the Kolmogorov turbulence scalelK . Importantly, these turbulent fluctu-
ations can be tabulated for any type of flow and in this sense can serve as “universal
formulas” to use the terminology of monograph (Landau and Lifshitz, 1988). We start
by writing down the generalized hydrodynamical equations and, for the sake of sim-
plicity, employ the generalized Euler equations for the special case of a one-component
gas flow in a gravitational field. To this end we multiply the generalized Boltzmann
equations by the particles’ elastic collision invariants(m,mv,mv2/2) and integrate the
resulting equations term by term with respect to velocity.

The calculation of the moments using the Maxwellian distribution function yields
the system of generalized Euler equations which includes:

– the continuity equation

∂

∂t

{
ρ −Πµ

p

[
∂ρ

∂t
+ ∂

∂r
· (ρv0)

]}
+ ∂

∂r
·
{
ρv0 −Πµ

p

[
∂

∂t
(ρv0)+ ∂

∂r
·ρv0v0 + I↔ · ∂p

∂r
−ρg

]}
=0, (3.2.1)

– the equation of motion

∂

∂t

{
ρv0 −Π µ

p

[
∂

∂t
(ρv0)+ ∂

∂r
· ρv0v0 + ∂p

∂r
− ρg

]}
− g

[
ρ −Π µ

p

(
∂ρ

∂t
+ ∂

∂r
· (ρv0)

)]
+ ∂

∂r
·
{
ρv0v0 + pI↔ −Πµ

p

[
∂

∂t

(
ρv0v0 + pI↔) + ∂

∂r
· ρ(v0v0)v0

+ 2I
↔

[
∂

∂r
· (pv0)

]
+ ∂

∂r
· (
I
↔
pv0

)−gv0ρ−v0gρ
]}

= 0, (3.2.2)

– the equation of energy

∂

∂t

{
ρv2

0

2
+ 3

2
p−Πµ

p

[
∂

∂t

(
ρv2

0

2
+ 3

2
p

)
+ ∂

∂r
·
(

1

2
ρv2

0v0 + 5

2
pv0

)
− g · ρv0

]}
+ ∂

∂r
·
{

1

2
ρv2

0v0 + 5

2
pv0 −Π µ

p

[
∂

∂t

(
1

2
ρv2

0v0 + 5

2
pv0

)
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+ ∂

∂r
·
(

1

2
ρv2

0v0v0 + 7

2
pv0v0 + 1

2
pv2

0I
↔ + 5

2

p2

ρ
I
↔

)
− ρg · v0v0 − pg · I↔ − 1

2
ρv2

0g − 3

2
gp

]}
−

{
ρg · v0

−Π µ
p

[
g ·

(
∂

∂t
(ρv0)+ ∂

∂r
· ρv0v0 + ∂

∂r
· pI↔ − ρg

)]}
= 0, (3.2.3)

where we have used the hydrodynamic approximationτ (0) = Πµ/p (for the hard-
sphere model,Π = 0.8) and whereI

↔
is the unit tensor.

We next introduceρ∞, v∞, p∞, andµ∞ as the density, velocity, pressure, and vis-
cosity scales, respectively. We takethe characteristic dimension to beL, and the time
scale,L/v∞. Then the dimensionless equation of continuity takes the form

∂

∂t̂

{
ρ̂ −Π µ̂

p̂

µ∞v∞
p∞L

[
∂ρ̂

∂ t̂
+ ∂

∂ r̂
· (ρ̂v̂0)

]}
+ ∂

∂ r̂
·
{
ρ̂v̂0 −Π µ̂

p̂

µ∞
p∞

v∞
L

[
∂

∂t̂
(ρ̂v̂0)+ ∂

∂ r̂
· ρ̂v̂0v̂0

+ p∞
ρ∞v2∞

I
↔ · ∂p̂
∂ r̂

− Lg

v2∞
ρ̂ĝ

]}
= 0. (3.2.4)

Dimensionless combinations of the scale quantities introduced above form the simi-
larity criteria

µ∞v∞
p∞L

= µ∞
Lv∞ρ∞

ρ∞v2∞
p∞

= Re−1Eu−1,
v2∞
Lg

= Fr .

Thus, the continuity equation (3.2.4) contains the Reynolds, Euler, and Frud similar-
ity criteria and may be rewritten as

∂

∂t̂

{
ρ̂ −Π µ̂

p̂

µ∞v∞
p∞L

[
∂ρ̂

∂ t̂
+ ∂

∂ r̂
· (ρ̂v̂0)

]}
+ ∂

∂ r̂
·
{
ρ̂v̂0 −Π µ̂

p̂

µ∞
p∞

v∞
L

[
∂

∂t̂
(ρ̂v̂0)+ ∂

∂ r̂
· ρ̂v̂0v̂0

+ p∞
ρ∞v2∞

I
↔ · ∂p̂
∂ r̂

− Lg

v2∞
ρ̂ĝ

]}
= 0. (3.2.5)

In a similar fashion we write the dimensionless equation of motion

∂

∂t̂

{
ρ̂v̂0 −Π µ̂

p̂

Eu−1

Re

[
∂

∂t̂
(ρ̂v̂0)+ ∂

∂ r̂
· ρ̂v̂0v̂0 + Eu

∂p̂

∂ r̂
− 1

Fr
ρ̂ĝ

]}
− 1

Fr
ĝ
[
ρ̂ −Π µ̂

p̂

Eu−1

Re

(
∂ρ̂

∂ t̂
+ ∂

∂ r̂
· (ρ̂v̂0)

)]
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+ ∂

∂ r̂
·
{
ρ̂v̂0v̂0 + Eup̂I

↔ −Π µ̂
p̂

Eu−1

Re

[
∂

∂t̂

(
ρ̂v̂0v̂0Eup̂I

↔)
+ ∂

∂ r̂
· ρ̂(v̂0v̂0)v̂0 + 2I

↔
[
∂

∂ r̂
· (p̂v̂0)

]
Eu+ Eu

∂

∂ r̂
· (
I
↔
p̂v̂0

)
− 1

Fr
ρ̂ĝv̂0 − 1

Fr
ρv̂0ĝ

]}
= 0, (3.2.6)

and the dimensionless equation of energy

∂

∂t̂

{
ρ̂v̂2

0

2
+ Eu

3

2
p̂−Π µ̂

p̂

Eu−1

Re

[
∂

∂t̂

(
ρ̂v̂2

0

2
+ Eu

3

2
p̂

)
+ ∂

∂ r̂
·
(

1

2
ρ̂v̂2

0v̂0 + Eu
5

2
p̂v̂0

)
− 1

Fr

̂gρ̂v̂0

]}
+ ∂

∂ r̂
·
{

1

2
ρv̂2

0v̂0 + Eu
5

2
p̂v̂0 −Π µ̂

p̂

Eu−1

Re

[
∂

∂t

(
1

2
ρ̂v̂2

0v̂0 + Eu
5

2
p̂v̂0

)
+ ∂

∂ r̂
·
(

1

2
ρ̂v̂2

0v̂0v̂0 + Eu
7

2
p̂v̂0v̂0 + 1

2
p̂v̂2

0I
↔

Eu+ 5Eu2 p̂
2

2ρ̂
I
↔

)
− 1

Fr
ρ̂ĝ · v̂0v̂0 − Eu

Fr
p̂ĝ · I↔ − 1

Fr

1

2
ρ̂v̂2

0ĝ − Eu

Fr

3

2
ĝp̂

]}
−

{
1

Fr
ρ̂ĝ · v̂0 −Π µ̂

p̂

Eu−1

Re

[
1

Fr
ĝ ·

(
∂

∂t̂
(ρ̂v̂0)+ ∂

∂ r̂
· ρ̂v̂0v̂0

+ ∂

∂ r̂
· p̂I↔Eu− ρ̂ĝ

1

Fr

)]}
= 0. (3.2.7)

Eqs. (3.2.5)–(3.2.7) are notable for their structure. All the generalized equations of
Euler fluid dynamics contain the Reynolds, Euler, and Frud numbers (similarity crite-
ria). Naturally, the inclusion of forces of electromagnetic origin would lead to additional
similarity criteria. For each hydrodynamical quantity – density, energy, and momentum
as well as their fluxes – there is a corresponding temporally and spatially fluctuating
term which is proportional toRe−1 and, hence, to the viscosity.

For small-scale fluctuations (i.e., smaller characteristic dimensionl in the Reynolds
number), viscosity increases in importance and starts to determineε, the dissipation of
the mechanical energy.

Introduce the Kolmogorov scale lengthlK as

lK =
(
υ3
k

ε

)1/4

(3.2.8)

and find using (3.1.3) that the lengthlK is of the mean free path order. The fluctuation
terms thus determine turbulent Kolmogorov-scale fluctuations (small-scale fluctuations
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or, using the computational hydrodynamics term, sub-grid turbulence) which are of a
universal nature and not problem specific.

To fully understand the situation, however, the following questions remain to be an-
swered:

(1) Are there no contradictions in the system of fluctuations introduced in this way? In
other words, is the set of fluctuations self-consistent?

(2) With a system of base (independent) fluctuations on hand, is it possible to derive
explicit expressions for other hydrodynamical quantities and their moments?

(3) What do the generalized hydrodynamicalequations for averaged quantities look
like and how does the procedure for obtaining the averaged equations agree with
the Reynolds procedure familiar from the theory of turbulence?

In answering the above questions, the generalized Euler equations for one-component
gas will be employed for the sake of clarity. Implicit in the following analysis will be
the fact, already noted above, that we are dealing with small-scale fluctuations.

The equations to be investigated are:

– continuity equation

∂

∂t

{
ρ − τ

(
∂ρ

∂t
+ ∂

∂r
· (ρv0)

)}
+ ∂

∂r
·
{
ρv0 − τ

(
∂

∂t
(ρv0)+ ∂

∂r
· (ρv0v0)+ ∂p

∂r
−ρg

)}
=0, (3.2.9)

– equation of motion

∂

∂t

{
ρv0β − τ

[
∂

∂t
(ρv0β)+ ∂

∂rα
(pδαβ + ρv0α)− ρgβ

]}
−

{
ρ − τ

[
∂ρ

∂t
+ ∂

∂rα
(ρv0α)

]}
gβ + ∂

∂rα

{
pδαβ + ρv0αv0β

− τ
[
∂

∂t
(pδαβ + ρv0αv0β)+ ∂

∂rγ
(pδαγ v0β + pv0αδβγ

+ pv0γ δαβ + ρv0αv0βv0γ )− gαρv0β − gβρv0α

]}
= 0, (3.2.10)

where we employ the Einstein summation rule for recurrent subscriptsα,β, γ =
1,2,3 referring to components of vectors in the Cartesian coordinate system,

– equation of energy

∂

∂t

{
3p+ ρv2

0 − τ
[
∂

∂t

(
3p+ ρv2

0

) + ∂

∂r
· (

v0
(
ρv2

0 + 5p
)) − 2g · ρv0

]}
+ ∂

∂r
·
{

v0
(
ρv2

0 + 5p
) − τ

[
∂

∂t

(
v0

(
ρv2

0 + 5p
)) + ∂

∂r
·
[
I
↔
pv2

0 + ρv2
0v0v0



140 Generalized Boltzmann Physical Kinetics

+ 7pv0v0 + 5I
↔p2

ρ

]
− 2ρv0v0 · g − 5pI

↔ · g − ρv2
0I

↔ · 
g
]}

− 2g ·
{
ρv0 − τ

[
∂

∂t
(ρv0)+ ∂p

∂r
+ ∂

∂r
· (ρv0v0)−ρg

]}
=0. (3.2.11)

To calculate hydrodynamic fluctuations, the Reynolds procedure will be employed.
Thus, for example, the product of the true densityρ and the true velocityv0 can be used
to obtain the fluctuation quantityvf0 . Indeed, we have

ρv0 = (
ρa + ρf )(

va0 + vf0
)
, (3.2.12)

where the superscript “a” denotes the average hydrodynamic quantities.Ignoring the
fluctuation terms squared and keeping only first-order small quantities in relations of
type (3.2.12) we find

(ρv0)
f = ρv0 − ρava0 = ρavf0 + ρf va0. (3.2.13)

Thus one obtains

vf0 = (ρv0)
f − ρf va0
ρa

. (3.2.14)

From the continuity equation (3.2.9) we have

ρf = τ
{
∂ρ

∂t
+ ∂

∂r
· (ρv0)

}
, (3.2.15)

(ρv0)
f = τ

{
∂

∂t
(ρv0)+ ∂

∂r
· (ρv0v0)+ ∂p

∂r
− ρg

}
(3.2.16)

and therefore from Eq. (3.2.14) it follows

vf0 = τ
{
∂v0

∂t
+

(
v0 · ∂

∂r

)
v0 + 1

ρ

∂p

∂r
− g

}
. (3.2.17)

Using Eq. (3.2.10), we find that the fluctuation of the combined hydrodynamical
quantitypδαβ + ρv0αv0β is given by

(pδαβ + ρv0αv0β)
f

= τ
[
∂

∂t
(pδαβ + ρv0αv0β)+ ∂

∂rγ
(pδαγ v0β + pv0αδβγ

+ pv0γ δαβ + ρv0αv0βv0γ )− gαρv0β − gβρv0α

]
. (3.2.18)
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With the help of Eq. (3.2.18) we obtain(
3p+ ρv2

0

)f
= τ

[
∂

∂t

(
3p+ ρv2

0

) + ∂

∂r
· (

v0
(
ρv2

0 + 5p
)) − 2g · ρv0

]
. (3.2.19)

We now proceed to calculate(ρv2
0)
f :

(
ρv2

0

)f = ρv2
0 − ρava02 = (

ρa + ρf )(
va0 + vf0

)2 − ρava02

∼= (
ρa + ρf )(

va0
2 + 2va0 · vf0

) − ρava02

∼= ρf va02 + 2ρava0 · vf0 (3.2.20)

which, when combined with Eqs. (3.2.15) and (3.2.17), yields

(
ρv2

0

)f = τ
{
va0

2
[
∂ρ

∂t
+ ∂

∂r
· (ρv0)

]
+ 2ρava0 ·

[
∂v0

∂t
+

(
v0 · ∂

∂r

)
v0 + 1

ρ

∂p

∂r
− g

]}
. (3.2.21)

From (3.2.19) fluctuation of static pressure is found[
3p+ ρv2

0

]f = 3pf + (
ρv2

0

)f
, (3.2.22)

3pf = τ
{
∂

∂t

(
3p+ ρv2

0

) + ∂

∂r
· (

v0
(
ρv2

0 + 5p
)) − 2g · ρv0

− va02
[
∂ρ

∂t
+ ∂

∂r
· (ρv0)

]
− 2ρava0 ·

[
∂v0

∂t
+

(
v0 · ∂

∂r

)
v0 + 1

ρ

∂p

∂r
− g

]}
. (3.2.23)

Neglecting squared fluctuations – this tantamount to omitting terms proportional toτ2

– we find:

3pf = τ
{
∂

∂t

(
3p+ ρv2

0

) + ∂

∂r
· (

v0
(
ρv2

0 + 5p
))

− v2
0

[
∂ρ

∂t
+ ∂

∂r
· (ρv0)

]
− 2ρv0 ·

[
∂v0

∂t
+

(
v0 · ∂

∂r

)
v0 + 1

ρ

∂p

∂r

]}
= τ

{
3
∂p

∂t
+ ∂

∂r
· (
ρv2

0v0
) − v2

0
∂

∂r
· (ρv0)− 2ρv0 ·

(
v0 · ∂

∂r

)
v0

+ 5
∂

∂r
· (pv0)− 2v0 · ∂p

∂r

}
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= τ
{

3
∂p

∂t
+

(
ρv0 · ∂

∂r

)
v2

0 − 2ρv0 ·
(

v0 · ∂
∂r

)
v0 + 3

∂

∂r
· (pv0)

+ 2p

(
∂

∂r
· v0

)}
= τ

{
3
∂p

∂t
+ 3

∂

∂r
· (pv0)+ 2p

∂

∂r
· v0

}
,

or

pf = τ
{
∂p

∂t
+ ∂

∂r
· (pv0)+ 2

3
p
∂

∂r
· v0

}
. (3.2.24)

Then formulated procedure allows to obtain fluctuations of the zero-order velocity’s mo-
ment (3.2.15), fluctuations of moments of thefirst-order (3.2.17), and the second-order
ones (3.2.20). Dependent fluctuations (for example,pf ) should be calculated using in-
dependent fluctuations of hydrodynamic values.Senior velocity’s moment in the system
(3.2.9)–(3.2.11) isv0(ρv

2
0 + 5p). Let us find the fluctuation of this moment.[

v0
(
ρv2

0 + 5p
)]f = v0

(
ρv2

0 + 5p
) − va0

(
ρava0

2 + 5pa
)
. (3.2.25)

The corresponding result is of principal significance and we deliver its derivation in
detail. [

v0
(
ρv2

0 + 5p
)]f ∼= (

va0 + vf0
)(
ρa + ρf )(

va0
2 + 2va0 · vf0

)
+ 5

(
va0 + vf0

)(
pa + pf ) − va0

(
ρava0

2 + 5pa
)

∼= (
va0ρ

f + vf0ρ
a
)
va0

2 + 5vf0p
a + 5pf va0 + 2va0 · vf0 va0ρ

a. (3.2.26)

Use now (3.2.15), (3.2.17) and (3.2.25):

[
v0

(
ρv2

0 + 5p
)]f ∼= τ

{
va0v

a
0

2
(
∂ρ

∂t
+ ∂

∂r
· (ρv0)

)
+ (

5pa + ρava02)[
∂v0

∂t
+

(
v0 · ∂

∂r

)
v0 + 1

ρ

∂p

∂r
− g

]
+ 5va0

(
∂p

∂t
+ ∂

∂r
· (pv0)+ 2

3
p
∂

∂r
· v0

)
+ 2va0ρ

ava0 ·
[
∂v0

∂t
+

(
v0 · ∂

∂r

)
v0 + 1

ρ

∂p

∂r
− g

]}
. (3.2.27)

Consider first of all the temporal part of (3.2.27):

τ

{
va0v

a
0

2∂ρ

∂t
+ (

5pa + ρava02)∂v0

∂t
+ 5va0

∂p

∂t
+ 2ρava0va0 · ∂v0

∂t

}
∼= τ ∂

∂t

{
v0

(
5p+ ρv2

0

)}
. (3.2.28)
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The temporal part of fluctuation of the considered moment, calculated with help of
fluctuations of the minor moments, coincides with the time derivative of this moment in
right-hand side of Eq. (3.2.11).

Let us go now to the spatial part of fluctuation connected with the derivative∂/∂r,

M<
v3 = τ

{
va0v

a
0

2 ∂

∂r
· (ρv0)+

(
5pa + ρava02)[(

v0 · ∂
∂r

)
v0 + 1

ρ

∂p

∂r
− g

]
+ 5va0

[
∂

∂r
· (pv0)+ 2

3
p
∂

∂r
· v0

]
+ 2va0ρ

ava0 ·
[
∂v0

∂t
+

(
v0 · ∂

∂r

)
v0 + 1

ρ

∂p

∂r
− g

]}
, (3.2.29)

whereM<
v3 denotes fluctuation of the third-order moment fond of help of minor mo-

ments. The corresponding termMv3 in (3.2.11) has the form

Mv3 = τ
{
∂

∂r
·
[
I
↔
pv2

0 + ρv2
0v0v0 + 7pv0v0 + 5I

↔p2

ρ

]
− 2ρv0v0 · g − 5pI

↔ · g − ρv2
0I

↔ · g
}
. (3.2.30)

Then the spatial fluctuation of the third-order velocity’s moments contains the mo-
ments of the fourth-order.

Are they coincided,M<
v3 andMv3? It turns out that not. Investigate discrepancy, but

before transform the derivative.

∂

∂r
· (
ρv2

0v0v0
) = ρv2

0
∂

∂r
· (v0v0)+

(
v0v0 · ∂

∂r

)(
ρv2

0

)
= ρv2

0

(
v0 · ∂

∂r

)
v0 + ρv2

0v0

(
∂

∂r
· v0

)
+

(
v0v0 · ∂

∂r

)(
ρv2

0

)
= ρv2

0

(
v0 · ∂

∂r

)
v0 + v2

0v0
∂

∂r
· (ρv0)+

(
v0v0 · ∂

∂r

)(
ρv2

0

)
− v2

0v0

(
v0 · ∂

∂r

)
ρ. (3.2.31)

Let us consider the difference of two last terms in (3.2.31):(
v0v0 · ∂

∂r

)(
ρv2

0

) − v2
0v0

(
v0 · ∂

∂r

)
ρ

=
(

v0v0v
2
0 · ∂
∂r

)
ρ +

(
ρv0v0 · ∂

∂r

)
v2

0 − v2
0v0

(
v0 · ∂

∂r

)
ρ

=
(
ρv0v0 · ∂

∂r

)
v2

0 = 2ρv0v0 ·
[(

v0 · ∂
∂r

)
v0

]
. (3.2.32)
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Now let us find the discrepancy of valuesMv3 −M<
v3, using (3.2.31), (3.2.32):

Mv3 −M<
v3

= τ
{
∂

∂r
·
[
I
↔
pv2

0 + 7pv0v0 + 5I
↔p2

ρ

]
− 5p

[(
v0 · ∂

∂r

)
v0 + 1

ρ

∂p

∂r

]
− v2

0
∂p

∂r

− 5v0

[
∂

∂r
· (pv0)+ 2

3
p
∂

∂r
· v0

]
− 2v0v0 · ∂p

∂r

}
= τ

{
∂

∂r
·
[
I
↔
pv2

0 + 7pv0v0 + 5I
↔p2

ρ

]
− 5p

(
v0 · ∂

∂r

)
v0

− 5
p

ρ

∂p

∂r
− v2

0
∂p

∂r
− 5v0

∂

∂r
· (pv0)− 10

3
v0p

∂

∂r
· v0 − 2v0v0 · ∂p

∂r

}
= τ

{
p
∂

∂r
v2

0 + 7p
∂

∂r
· (v0v0)+ 7

(
v0v0 · ∂

∂r

)
p+ 5p

∂

∂r

(
p

ρ

)
− 5p

(
v0 · ∂

∂r

)
v0 − 5v0

∂

∂r
· (pv0)− 10

3
pv0

∂

∂r
· v0 − 2v0v0 · ∂p

∂r

}
= τ

{
p
∂

∂r
v2

0 + 2p

(
v0 · ∂

∂r

)
v0 + 2pv0

(
∂

∂r
· v0

)
+ 5p

∂

∂r

(
p

ρ

)
− 10

3
pv0

∂

∂r
· v0

}
= τp

{
∂

∂r

[
5
p

ρ
+ v2

0

]
+ 2

(
v0 · ∂

∂r

)
v0 − 4

3
v0

(
∂

∂r
· v0

)}
. (3.2.33)

Then the chain of equalities (3.2.33) leads to result

Mv3 −M<
v3

= τp
{
∂

∂r

[
5
p

ρ
+ v2

0

]
+ 2

(
v0 · ∂

∂r

)
v0 − 4

3
v0

(
∂

∂r
· v0

)}
. (3.2.34)

Discrepancy (3.2.34) can be written in another form having transparent physical sense.
Introduce velocity distortion tensorS

↔
with components

Sij = 1

2

(
∂v0i

∂rj
+ ∂v0j

∂ri

)
− 1

3
δij
∂

∂r
· v0 (i, j = 1,2,3). (3.2.35)
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Thenj -component of vector equal to scalar product of vectorv0 by tensorS
↔

, has the
form

(
v0 · S↔)

j
= 1

4

∑
i

∂

∂rj
v2

0i +
1

2

∑
i

(
v0i

∂

∂ri

)
v0j − 1

3
v0j

∂

∂r
· v0.

Then,

v0 · S↔ = 1

4

∂

∂r
v2

0 + 1

2

(
v0
∂

∂r

)
v0 − 1

3
v0
∂

∂r
· v0. (3.2.36)

Using (3.2.36), one obtains the form for discrepancy

Mv3 −M<
v3 = 2τp

[
5

2

∂

∂r

(
p

ρ

)
+ 2v0 · S↔

]
. (3.2.37)

Now the possibility appears to write down the generalized Euler equations (GEuE) in
the terminology of averaged values.

∂ρa

∂t
+ ∂

∂r
· (ρv0)

a = 0, (3.2.38)

∂

∂t
(ρv0)

a + ∂

∂r
· [
paI

↔ + (
ρv0v0

)a] = ρag, (3.2.39)

∂

∂t

(
3p+ ρv2

0

)a + ∂

∂r
· [

v0
(
ρv2

0 + 5p
)] − 2g · (ρv0)

a

= 2
∂

∂r
·
{
τp

[
5

2

∂

∂r

(
p

ρ

)
+ 2v0 · S↔

]}
. (3.2.40)

From the system of generalized Euler equations (3.2.38)–(3.2.40) we conclude the
following:

(1) The formulation of the hydrodynamic equations in terms of average quantities is the
objective of “classical” theory of turbulence. However, a rigorous approach based
on the generalized Euler equations leads to a residual (with respect to true quanti-
ties) on the right of the equation of energy (3.2.40).

(2) The residual

Πe = 2
∂

∂r
·
{
τp

[
5

2

∂

∂r
p

ρ
+ 2v0 · S↔

]}
(3.2.41)

in Eq. (3.2.40) turns out to be proportional toτp and hence to the viscosity (cf.
Eq. (2.7.12)). If one puts

Πe = 0, (3.2.42)
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then the set of Eqs. (3.2.38)–(3.2.40) reduces formally to the Euler equations for
averaged quantities. It follows that the residualΠe , which reflects the variation in
space of the thermal-energy and shear-energy dissipation, stimulates the develop-
ment of turbulence in the physical system under study.

(3) The so-called ‘soft’ boundary conditions commonly imposed at the output of the
computational flow region follow from condition (3.2.42):

∂

∂r
·
{
µ

[
5

2

∂

∂r
p

ρ
+ 2v0 · S↔

]}
= 0. (3.2.43)

(4) From position of kinetic theory the appearance of mentioned discrepancy is
connected with approximation of distribution function (DF) with help of local
Maxwellian function. This problem does not exist for generalized Enskog equations
written for genuine DF. But situation is more complicated. Even if relation (3.2.42)
is fulfilled, Eqs. (3.2.38)–(3.2.40) do not reduce exactly to the classical Euler equa-
tions even under condition (3.2.42) becausethe average of the product of hydro-
dynamic quantities is not equal to the product of their averages. Consequently, this
system of equations contains more unknowns (namely,ρa , (ρv0)

a , pa , (ρv0v0)
a ,

and [v0(ρv
2
0 + 5p)]a) than equations, thus presenting the typical problem of the

classical theory of turbulence, which consists in closing the moment equations.

The theory presented here overcomes this problem by simply reverting to the formu-
lation of the hydrodynamic equations in terms of the true quantities.And it is only in the
case when turbulent fluctuations are completely absent or, equivalently, when the aver-
age product of hydrodynamic quantities is equal to theproduct of their averages, that we
arrive at the classical form of the Euler and, of course, Navier–Stokes equations. Thus,
the classical Euler and Navier–Stokes equations are not written for true quantities, and
it is physically meaningless to employ the formal Reynolds procedure to try to “extract”
small-scale fluctuations from these equations.

Let

∂ni ui

∂tni
= Fi

(
t, x1, . . . , xn, u1, . . . , uN , . . . ,

∂kuj

∂tk0∂x
k1
1 . . . ∂x

kn
n

, . . .

)
(3.2.44)

be a system of differential equations inN unknown functionsu1, u2, . . . , uN with par-
tial derivatives with respect to independent variablest, x1, x2, . . . , xn, for which the
following conditions fulfilled

k0 + k1 + · · · + kn = k � ni, k0< ni, i, j = 1,2, . . . ,N. (3.2.45)

For t = t0 the “initial conditions” are formulated for all unknown functions and their
derivatives

∂kui

∂tk
= ϕ(k)i (x1, x2, . . . , xn) (k = 0,1,2, . . . , ni − 1). (3.2.46)
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All functionsϕ(k)i (x1, x2, . . . , xn) are given in the same domainG0 of the space(x1, x2,

. . . , xn).
In this case the following Kovalevskaya theorem can be formulated for Cauchy prob-

lem:
If all functionsFi are analytical in a vicinity of point(t0, x0

1, . . . , x
0
n, . . . , ϕ

0
j,k0,k1,...,kn

,

. . .) and all functionsϕ(k)i (x1, x2, . . . , xn) are analytical in vicinity of point(x1, x2,

. . . , xn), then Cauchy problem has analytical unique solution in class of analytical func-
tions in vicinity of mentioned point(x1, x2, . . . , xn).

The system of generalized hydrodynamic equations (cf. the generalized Euler equa-
tions) can be written in the form (3.2.44), satisfy the conditions (3.2.45) and – in rea-
sonable assumptions concerning functionsFi – satisfy the conditions of Kovalevskaya
theorem.

System of fluctuations of hydrodynamic values can be used for investigation of the
flow stability. Basic guidelines of stability can be obtained on the basement of theory of
differential equations with small parameter in front of derivative (Elsholz, 1955).

Let us consider the differential equation of the form

τ
dA

dt
= f (A, t), (3.2.47)

whereτ is small parameter. Ifτ = 0, from equation

f (A, t)= 0 (3.2.48)

follows algebraic solution

Ai = ϕi(t), (3.2.49)

wherei is number of corresponding solution.
Construct the curveϕi(t) in coordinate systemA, t and suppose that trajectory of

A(t) begins at a point placed under the curveϕi(t) where (for the sake of definiteness)
f > 0. Then, becauseτ is a small parameter, the derivative dA/dt is very big and
integral curve going out from mentioned point practically parallel toA-axis, directs to
algebraic solutionϕi(t). After that this curve turns alongt-axis because forf = 0 the
derivative dA/dt is equal to zero.

If outgoing point oftrajectory is placed above the curveAi = ϕi(t) in domain where
f < 0, the integral curve will come down to the curveAi = ϕi(t).

Then, in the considered scenario of behavior of integral curves and function
f (A, t) = 0, there obviously exists the stability of solution of differential equation
(3.2.47). In this case a criterion of stability of the form

∂f

∂A
< 0, Ai = ϕi(t), (3.2.50)

can be introduced.
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Table 3.1
Fluctuations of hydrodynamic quantities on the Kolmogorovscale in the framework of the generalized Euler
equations

No. Hydrodynamic valueA FluctuationAf

1 ρ τ
[ ∂ρ
∂t

+ ∂

∂r
· (ρv0)

]
2 ρv0 τ

[ ∂
∂t
(ρv0)+ ∂

∂
r · (ρv0v0)+ ∂p

∂r
− ρg

]
3 v0 τ

[ ∂v0

∂t
+

(
v0 · ∂

∂r

)
v0 + 1

ρ

∂p

∂r
− g

]
4 pδαβ + ρv0αv0β τ

[ ∂
∂t
(pδαβ + ρv0αv0β )+ ∂

∂rγ
(pv0αδβγ +pv0β δαγ + pv0γ δαβ

+ ρv0αv0βv0γ )− gβρv0α − gαρv0β
]

5 3p+ ρv2
0 τ

[ ∂
∂t
(3p+ ρv2

0)+
∂

∂r
· (v0(ρv

2
0 + 5p))− 2g · ρv0

]
6 p τ

[ ∂p
∂t

+ ∂

∂r
· (pv0)+ 2

3
p ∂
∂r · v0

]
7 v0(ρv

2
0 + 5p) τ

{ ∂
∂t

[v0(ρv
2
0 + 5p)] + ∂

∂r
·
[
ρv2

0v0v0 + I↔pv2
0 + 7pv0v0 + 5I

↔p2

ρ

]
− 2ρv0v0 · g − 5pI

↔ · g − ρv2
0I

↔ · g

−p
[ ∂
∂r

(
5
p

ρ
+ v2

0

)
+ 2

(
v0 · ∂

∂r

)
v0 − 4

3
v0

( ∂
∂r

· v0

)]}

And vice versa, if functionf is negative under the curveAi = ϕi(t) and positive
above this curve, the solution (3.2.49) is not stable.

The formal possibility is existing of applications of these qualitative considerations
for investigation of the problems of stability in the frame of GHE. Notice really that
in one-dimensional non-stationary case the velocity fluctuation has the form (see Ta-
ble 3.1):

τ
du

dt
= u− ua − τ

(
1

ρ

∂p

∂x
+ u∂u

∂x

)
. (3.2.51)

The corresponding function ƒ is written as

f = u− ua − τ
(

1

ρa

∂pa

∂x
+ ua ∂u

a

∂x

)
, (3.2.52)

taking into account that the genuine and averaged values differ about O(τ ). Obviously
the sign of functionf in vicinity of solution

u= ua + τ
(

1

ρa

∂pa

∂x
+ ua ∂u

a

∂x

)
(3.2.53)
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– and then stability or instability of solution of (3.2.47) – depends on behavior of aver-
aged hydrodynamic values and therefore on solutions of concrete hydrodynamic prob-
lems.

But in all cases we can confirm the Heiseberg affirmation – stated in 1924 on the
basement of the stability investigation of the Navier–Stokes equations (Heisenberg,
1924) – that small but finite liquid viscosity leads in the definite sense to the desta-
bilizing influence on the flow in comparison with the case of ideal liquids.

3.3. Theory of turbulence and the generalized Enskog equations

Generalized hydrodynamic Enskog equations (GHEnE) (2.7.1)–(2.7.3) lead to the most
general formulations of the micro scale (sub-grid or Kolmogorov) fluctuations. Let us
consider the procedure of calculations of dependent fluctuations with help of indepen-
dent fluctuations coming from the minor tensor velocity moments (containing in con-
tinuity equation (2.7.1)) to the senior moments contained in the energy equations. The
general character of procedure correspondsto obtaining of related values for general-
ized Euler equations and, as in previous case, all found fluctuations are summarized in
Table 3.2 where all independent fluctuations are underlined.

From continuity equation follows

ρfα = τα
{
∂ρα

∂t
+ ∂

∂r
· (ρα v̄α)

}
(α = 1, . . . , η), (3.3.1)

and fluctuation of density of mixture

ρf =
∑
α

τα

{
∂ρα

∂t
+ ∂

∂r
· (ρα v̄α)

}
. (3.3.2)

If mean times of free path for species are not too different (see (1.3.59′)), τα ∼= τ , we
have

ρf = τ
{
∂ρ

∂t
+ ∂

∂r
· ρv0

}
. (3.3.3)

The first-order velocity tensor also can be found from continuity equation

(ρα v̄α)f = τα
{
∂

∂t
(ρα v̄α)+ ∂

∂
r · (ραvαvα )− ρα�Fα
}
, (3.3.4)

and

(ρv0)
f =

∑
α

τα

{
∂

∂t
(ρα v̄α)+ ∂

∂r
· (ραvαvα)− ρα�Fα

}
. (3.3.5)
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Table 3.2
Fluctuations of hydrodynamic quantities on the Kolmogorovscale in the framework of the generalized Enskog
equations

No. Hydrodynamic valueA FluctuationAf

1 ρα τα

{ ∂ρα
∂t

+ ∂

∂r
· (ρα v̄α)

}
2 ρ

∑
α τα

{ ∂ρα
∂t

+ ∂

∂r
· (ρα v̄α)

}
3 ρα v̄α τα

{ ∂
∂t
(ρα v̄α)+ ∂

∂r
· (ραvαvα)− ρα�Fα

}
4 ρv0

∑
α τα

{ ∂
∂t
(ρα v̄α)+ ∂

∂r
· (ραvαvα)− ρα�Fα

}
5 v0

1

ρ

∑
α τα

{ ∂
∂t
(ρα v̄α)+ ∂

∂r
· (ραvαvα)

− ρα�Fα − v0

[ ∂ρα
∂t

+ ∂

∂r
· (ρα v̄α)

]}
6 v̄α

1

ρα
τα

{ ∂
∂t
(ρα v̄α)+ ∂

∂r
· (ραvαvα)

− ρα�Fα − v̄α
[ ∂ρα
∂t

+ ∂

∂r
· (ρα v̄α)

]}
7 ραvαvα τα

{ ∂
∂t
(ραvαvα)+ ∂

∂r
· ρα(vαvα)vα − F(1)α ρα v̄α

− ρα v̄αF(1)α − qα

mα
ρα [vα × B]vα − qα

mα
ραvα [vα × B]

}
8 ραv2

α τα

{ ∂
∂t
(ραv2

α)+
∂

∂r
· ραv2

αvα − 2ραFα · vα
}

9 εαnα τα

{ ∂
∂t
(εαnα)+ ∂

∂r
· (εαnα v̄α)

}
10 εαnα v̄α τα

{ ∂
∂t
(εαnα v̄α)+ ∂

∂r
· (εαnαvαvα)− εαnα�Fα

}
11 ραF(1)α · v̄α ταF(1)α ·

{ ∂
∂t
(ρα v̄α)+ ∂

∂r
· ραvαvα − ρα�Fα

}
12 ραv

2
αvα τα

{ ∂
∂t
(ραv

2
αvα)+ ∂

∂r
· ραv2

αvαvα

− 2ραF(1)α · vαvα − ραv2
αFα

}
13 Hα τα

∂Hα

∂t

14 H
∑
α τα

∂Hα

∂t

From Kolmogorov fluctuations Nos. 1 and 3 (see Table 3.2) find the fluctuations of
hydrodynamic velocity and averaged velocity of species.

Because

vf0 = 1

ρ

[
(ρv0)

f − ρf v0
]
, (3.3.6)
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one obtains

vf0 = 1

ρ

∑
α

τα

{
∂

∂t
(ρα v̄α)+ ∂

∂
r · (ραvαvα )− ρα�Fα

− v0

[
∂ρα

∂t
+ ∂

∂r
· (ρα v̄α)

]}
. (3.3.7)

Analogously

v̄fα = 1

ρα

[
(ρα v̄α)f − ρfα v̄α

]
, (3.3.6′)

then from (3.3.1), (3.3.4) follows

v̄fα = 1

ρα
τα

{
∂

∂t
(ρα v̄α)+ ∂

∂r
· (ραvαvα )− ρα�Fα

− v̄α

[
∂ρα

∂t
+ ∂

∂r
· (ρα v̄α)

]}
, (3.3.8)

or

v̄fα = τα
{
∂ v̄α
∂t

+ 1

ρα

∂

∂r
· (ραvαvα )−�Fα − v̄α

ρα

∂

∂r
· (ραvα)

}
. (3.3.9)

Fluctuations of the second-order tensor velocity momentsραvαvα are contained in
momentum equation. As this takes place, the fluctuations of tensor moments of the zero-
order and the first-order appearing in momentum equation coincide (in other words do
not contradict) with corresponding fluctuations found from continuity equation.

Then the next independent fluctuation has the form

(ραvαvα )f = τα
{
∂

∂t
(ραvαvα )+ ∂

∂r
· ρα(vαvα)vα − F(1)α ρα v̄α − ραv̄αF(1)α

− qα

mα
ρα[vα × B]vα − qα

mα
ραvα[vα × B]

}
. (3.3.10)

The left side of energy equation contains fluctuation(ραv2
α)
f , which should be a

consequence of (3.3.10). Such, indeed, is the case:

I
↔

: (ραvαvα )f = (
ραv2

α

)f
= τα

{
∂

∂t

(
ραv2

α

) + ∂

∂r
· ραv2

αvα − 2F(1)α · ρα v̄α

}
. (3.3.11)
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The last terms of right side of (3.3.10) have no contribution in(ραv2
α )
f , because for

example,

I
↔

: vα[vα × B] =
3∑
i=1

vαi[vα × B]i

= vα1(vα2B3 − vα3B2)− vα2(vα1B3 − vα3B1)

+ vα3(vα1B2 − vα2B1)= 0. (3.3.12)

Then

(
ραv2

α

)f = τα
{
∂

∂t

(
ραv2

α

) + ∂

∂r
· ραv2

αvα − 2ραFαvα

}
. (3.3.13)

Fluctuation of internal energy (per unit of volume) ofα-species has the form

(εαnα)
f = τα

{
∂

∂t
(εαnα)+ ∂

∂r
· (εαnα v̄α)

}
. (3.3.14)

On the other hand,

(εαnα)
f = (εαnαv̄α)f − εαnα v̄fα

v̄α
(3.3.15)

then

v̄α(εαnα)f = τα
{
∂

∂t
(εαnα v̄α)+ ∂

∂r
· εαnαvαvα − εαnαFα

− εαnα

ρα

[
∂

∂t
(ρα v̄α)+ ∂

∂r
· (ραvαvα)

− ρα�Fα − v̄α
∂ρα

∂t
− v̄α

∂

∂r
· (ρα v̄α)

]}
= τα

{
v̄α
∂

∂t
(εαnα)+ εαnα

ρα
v̄α
∂

∂r
· (ρα v̄α)

}
= v̄ατα

{
∂

∂t
(εαnα)+ εα ∂

∂r
· (nαv̄α)

}
= v̄ατα

{
∂

∂t
(εαnα)+ ∂

∂r
· (εαnα v̄α)

}
. (3.3.16)

This result agrees with relation (3.3.14). In (3.3.15), (3.3.16) the typical transfor-
mations directed on investigation of non-contradictions of found fluctuations of tensor
moments are realized.



Strict theory of turbulence 153

Finally, independent fluctuation of the third-order tensor moment contains the tensor
moment of the fourth-order:(

ραvαv2
α

)f
= τα

{
ραvαv2

α + ∂

∂
r · v2
αvαvα − 2ραF(1)α · vαvα − ραv2

αFα

}
. (3.3.17)

In Table 3.2 is introduced the fluctuation of the BoltzmannH -function.
Now we state that the most general boundary conditions for GHE should we written

as follows (compare with (2.8.4)):

Af,ind
w = 0. (3.3.18)

These conditions imply that all independent fluctuationsAf,ind indicated in Table 3.2,
on the wall are equal to zero.

In the past many attempts were made at phenomenological refining of the Boltzmann
equation (see, for example, Belotserkovski and Oparin, 2000, p. 69) for the purpose of
introducing fluctuation terms into kinetic and hydrodynamic equations; however, these
attempts were not rigorous to any extent.

The advent of generalized Boltzmann physical kinetics rendered invalid the state-
ment of Belotserkovskii and Oparin (2000) to the effect that “the theory of turbulence
remains the science of semi-empirical models on the kinetic level of description, as
well”.

In conclusion several remarks are necessary:

(1) By calculation of turbulent fluctuations contained in Table 3.2, the squared fluctu-
ations were omitted as negligibly small, in other words were neglected by terms
proportional toτ2. It means that calculation of termsin curly brackets of Table 3.2
can be realized for averaged values.

(2) The application of the method of moments to the GBE leads to hydrodynamic equa-
tions, which include pulsation terms corresponding to the small-scale or sub-grid
turbulence when, for small values of the Knudsen number, the mean time between
collisions becomes proportional to viscosity. These fluctuations of hydrodynamic
quantities are universal and tabulated. Every hydrodynamic value considered as a
tensor velocity moment of then-dimension, corresponds fluctuation containing se-
nior tensor moment of the(n+ 1)-dimension.

In “classical” theory of turbulence this situation corresponds to the problem of clo-
sure of moment equations. Recall that this problem does not exist in the generalized
Boltzmann physical kinetics; one needs only to return to equations written for genuine
variables.

3.4. Generalized hydrodynamic equations and quantum mechanics

Fundamental equation of quantum mechanics – Schrödinger equation – can be written
as a system of hydrodynamic equations without additional assumptions. It is interesting
to discuss this fact from position of the GBKT.
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Write down the Schrödinger equation

ih̄
∂ψ

∂t
= Ĥψ, (3.4.1)

where non-relativistic Hamiltonian̂H for a quantum mechanical system placed in
electro-magnetic field is written as

Ĥ = ( 
̂p− e 
̂A)2
2m

+ Û , (3.4.2)

whereA is vector potential,̂
A is corresponding operator, which reflects the magnet field
influence on the quantum system. We use the standard notation:ψ – wave function,
Û – operator of potential energy,
̂p = (h̄/i)∇ ≡ (h̄/i)(∂/∂r)≡ (h̄/i)grad – momentum
vector operator;m, e – mass and charge of particle,h= 2πh̄ – Planck constant.

In these notations,

Ĥ = p̂2

2m
+ Û − e

m

( 
̂A, 
̂p) + e2

2m
Â2. (3.4.3)

Use complex form of wave functionψ

ψ(x, y, z, t)= α(x, y, z, t)eiβ(x,y,z,t) (3.4.4)

and introduce Laplacian� defined as usual

�= ∂2

∂x2
+ ∂2

∂y2
+ ∂2

∂z2
= ∂

∂r
· ∂
∂r
. (3.4.5)

After differentiating (3.4.4) one obtains

1

ψ

∂ψ

∂t
= 1

α

∂α

∂t
+ i
∂β

∂t
, (3.4.6)

gradψ
ψ

= 1

α
gradα + i gradβ, (3.4.7)

�ψ

ψ
= �α

α
− (gradβ)2 + i

(
�β + 2

α
gradα · gradβ

)
. (3.4.8)

Using relations (3.4.4), (3.4.6)–(3.4.8) and separating real and imaginary parts of com-
plex numbers in Eq. (3.4.1), we find

�α − α(gradβ)2 − 2m

h̄2 αŨ − 2m

h̄

∂β

∂t
α + 2e

h̄
αA · gradβ = 0, (3.4.9)

α�β + 2gradα · gradβ + 2m

h̄

∂α

∂t
− 2e

h̄
A · gradα = 0, (3.4.10)
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where

Ũ = U + e2A2

2m
. (3.4.11)

By direct differentiating the following identity can be proved:

∂

∂r
· (
α2 gradβ

) ≡ div
(
α2 gradβ

) = α2�β + 2α gradα · gradβ. (3.4.12)

Then Eq. (3.4.10) is written as

∂α2

∂t
+ div

(
α2h̄

m
gradβ

)
= e

m
A · gradα2. (3.4.13)

Introduce notations:

ρ = α2, (3.4.14)

v = grad
(
βh̄

m

)
. (3.4.15)

Following Madelung’s idea we identifyρ, having the sense of probability density, with
density of a hydrodynamic flow, andv with velocity of this flow.

Notice immediately, that existence of relation (3.4.15) means that the considered
flow belongs to the class of potential flows with potential

ϕ = βh̄

m
. (3.4.16)

Eq. (3.4.13) can be treated as hydrodynamic continuity equation with source term

R = e

m
A · gradρ, (3.4.17)

connected with fictitious rising and vanishing of hypothetical particles:

∂ρ

∂t
+ divρv =R. (3.4.18)

Continuity Eq. (3.4.18) has a typical form for hydrodynamics of reacting gases (see,
for example, Alekseev, 1982).

Transform now Eq. (3.4.9) to hydrodynamic form. With this aim divide left and
right sides of (3.4.9) by 2αm2/h̄2 and apply gradient operator to the terms of obtaining
equation:

h̄2

2m2
grad

�α

α
− h̄2

2m2
grad(gradβ)2 − 1

m
grad Ũ − h̄

m

∂

∂t
gradβ

+ eh̄

m2 grad(A · gradβ)= 0. (3.4.19)
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Using definition of velocity (3.4.15), it is found

∂v
∂t

+ 1

2
gradv2 = − 1

m
grad

(
Ũ − eA · v − h̄2

2m

�α

α

)
. (3.4.20)

Notice, that

�α

α
= �α2

2α2 − (gradα)2

α2 , (3.4.21)

and – for potential flow –

1

2
gradv2 = (v∇)v, (3.4.22)

then Eq. (3.4.20) becomes

∂v
∂t

+ (v∇)v = − 1

m
∇U∗, (3.4.23)

where

U∗ = Ũ − eA · v − h̄2

4mρ

[
�ρ − (gradρ)2

2ρ

]
. (3.4.24)

The additive part of potential on the right side of Eq. (3.4.23) can be written in more
compact form taking into account that

h̄2

2m
√
ρ
�

√
ρ = h̄2

4mρ

[
�ρ − (gradρ)2

2ρ

]
. (3.4.25)

Then effective potential energyU∗ is the sum of potential energỹ̃U

˜̃U = Ũ − eA · v, (3.4.26)

which is not equal to zero in classical limit, and quantum partUqu,

Uqu = − h̄2

2m
√
ρ
�

√
ρ = − h̄2

4mρ

[
�ρ − (gradρ)2

2ρ

]
, (3.4.27)

which contains squared Planck constant as coefficient. Usually transition to the classical
description can be realized usingh̄→ 0. Obviously, in classical limitUqu turns to zero.

Then

U∗ = ˜̃U +Uqu = ˜̃U − h̄2

2m
√
ρ
�

√
ρ

= U − h̄2

4mρ

[
�ρ − (gradρ)2

2ρ

]
. (3.4.28)
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For this potential flow, hydrodynamic Cauchy integral exists:

∂ϕ

∂t
+ v2

2
+ U∗

m
= const. (3.4.29)

Boundary and initial conditions for the hydrodynamic equations (3.4.18), (3.4.23)
should be formulated separately taking into account the specific features of concrete
quantum mechanics problem. One of these problems is considered as an example be-
low.

Consider quantum mechanics analogue of stabilized flow. If potentialU does not
depend on time, wave function has the form

ψ = α(x, y, z)exp

{
i

[
f (x, y, z)− Et

h̄

]}
, (3.4.30)

whereE is total energy. Then from Eqs. (3.4.16), (3.4.29) follows Bernoulli equation

mv2

2
+U∗ =E. (3.4.31)

Incompressible flow corresponds – in quantum mechanics interpretation – to the mo-
tion of free particle.

Therefore, the Schrödinger equation canbe treated in terms of potential flow of a
compressible ideal liquid with rising and vanishing of fictitious particles, therewith the
rate of “particles” formation is proportional to scalar product of vector potential by
gradient of density. But vector potentialA is proportional to electro-kinetic momentum
pek which is defined as

pek = 1

c
qA, (3.4.32)

whereq is particle charge. Appearance of the additional electro-kinetic momentum
leads to the change of probability density; quantum hydrodynamics reflects this fact
by the rate of fictitious particles formation.

If magnetic field is absent, the usual continuity equation can be written

∂ρ

∂t
+ divρv = 0, (3.4.33)

and potential energy of the flow has the reduced form

U∗ =U − h̄2

4mρ

[
�ρ − (gradρ)2

2ρ

]
. (3.4.34)

Cauchy and Bernoulli integrals should be used for a choice of energy levels.
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The outlined theory can be applied for investigation of many quantum mechanics
problems from position of hydrodynamics, andfirst of all in the context of numeri-
cal hydrodynamics. Difficulties, arising by numerical investigations of quantum me-
chanics problems, are well known. From this point of view it is interesting to apply
well-developed methods of numerical hydrodynamics (see, for example, Richtmyer and
Morton, 1967; Doering and Gibbon, 1995; Fletcher, 1987) for solution of quantum me-
chanics tasks.

Let us consider for example (Alekseev, 1982; Alexeev and Abakumov, 1982) the cal-
culation of differential cross-sections by elastic scattering of electron bunch in spheri-
cally symmetric potential field of an atom (h̄=m= c= 1).

U(r)= −2Z

r

n∑
i=1

γi e
−λir , (3.4.35)

wheren is a number of terms in potential function,γi , λi are constants calculated in
Cox and Bonham (1967).

Numerical calculation of system of hydrodynamic equations (3.4.18), (3.4.23),
(3.4.24) was realized in spherical coordinate system with taking into account the space
symmetry of differential cross-section and initial and boundary conditions

ρ(r,ϑ,0)= 1, (3.4.36)

vr (r,ϑ,0)=
√

2Ek sinϑ, (3.4.37)

vϑ (r,ϑ,0)=
√

2Ek cosϑ, (3.4.38)

U∗(r,ϑ,0)= 0, (3.4.39)

ρ(0, ϑ, t)= 0, (3.4.40)

vr (r0, ϑ, t)=
√

2Ek, (3.4.41)

vϑ (r0, ϑ, t)= 0, (3.4.42)

U∗(r0, ϑ, t)= 1

4ρr2
0

[
1

2ρ

(
∂ρ

∂ϑ

)2

− 1

sinϑ

∂

∂ϑ

(
sinϑ

∂ρ

∂ϑ

)]
, (3.4.43)

whereEk is kinetic energy of scattered electron bunch,r0 is parameter of cutting of
sphere of the atom action. Relation (3.4.43) is obtained with the help of asymptotic of
scattered spherical wave.

Fig. 3.1 presents results of calculations of differential cross-sectionσ(ϑ) of electrons
with energy 10 keV scattered by a krypton atom (solid curve). The results are in good
coincidence with analogous results obtained by the method of partial waves (Abakumov
and Vinogradov, 1981) (a dashed curve).

For comparison, the results the Spencer’s theory with Moliere’s screening are pre-
sented (dot-dashed curve in Figure 3.1) (Moliere, 1947; Spencer, 1955). This method
of quantum hydrodynamics was applied laterto calculations with taking into account
external force fields and non-spherical atom potentials.
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Fig. 3.1. Results of calculations of differential cross-sectionσ(ϑ) of electrons with energy 10 keV scattering
by a krypton atom (a solid curve); The results obtained by the method of partial waves are shown by dashed

curve, Molier’s screening – by dot-dashed curve.

Flux of probability density

j = ih̄

2m

(
ψ
∂ψ•

∂r
−ψ• ∂ψ

∂r

)
(3.4.44)

also can be calculated in hydrodynamic terms using (3.4.4), (3.4.7), (3.4.14), (3.4.15):

j = ρv. (3.4.45)

If the quantum mechanics can be treated in terms of hydrodynamics, then the back-
ward affirmation is also true. Hydrodynamics equations can be reduced (as minimum
for ideal liquids) to Schrödinger equation, equations of quantum mechanics.

From this point of view no surprise comes in appearance of discrete structures in
flow investigations like strange attractors (Doering and Gibbon, 1995). Quantum me-
chanics technique of quantization can be propagated in physics of continuum on the
whole, and in particular in hydrodynamics. Chapter 8 contains examples of correspond-
ing approach.
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It is important to notice that Schrödinger equation is treated as Euler equation for
ideal gas, more exactly as Euler equation for probabilistic liquid which is considered
from the position of mechanics of continuum. It means that outgoing Schrödinger
equation is a non-dissipative equation reflecting reversible processes in closed system.
Schrödinger equation conserves its form by substitutionst → −t , ψ → ψ∗.

But for open systems, for example for interaction of atom with radiation, the situa-
tion is radically different. For construction of quantum mechanics of open systems the
principles of the generalized hydrodynamics can be used.

Let us write down the generalized continuum equation – in the absence of magnetic
field − in the form:

∂

∂t

{
ρ − τqu

[
∂ρ

∂t
+ ∂

∂r
· (ρv)

]}
+ ∂

∂r
·
{
ρv − τquρ

[
∂v
∂t

+ ∂

∂r
· vv

+ 1

m

∂

∂r

(
U − h̄2

4mρ

(
∂

∂r
· ∂ρ
∂r

− 1

2ρ

(
∂ρ

∂r

)2))]}
= 0, (3.4.46)

whereτqu is a relaxation parameter reflecting the rate of interaction between quantum
system and surrounding media. Ifτqu → ∞ – and quantum system becomes isolat-
ing – Eq. (3.4.44) splits into two hydrodynamic equations corresponding to classical
Schrödinger equation. Ifτqu → 0, the remaining part corresponds only to quantum con-
tinuity equation related to the closed quantum system. This situation reflects the state of
total thermodynamic equilibrium.

In general case of open quantum system, the energy equation should be used with
consideration. Probably it forced us to introduce hyper-complex numbers description
for wave function instead of complexψ-function, real and imaginary parts of which
lead only to two hydrodynamic equations: continuity and Euler momentum equations.

As we see the generalized hydrodynamic equations could be the theoretical basement
of quantum mechanics of open systems.



CHAPTER 4

Physics of a Weakly Ionized Gas

Physics of weakly ionized gas has a very vast area of technical applications. Investi-
gations of transport processes in gas discharge, quantum generators, magnetohydrody-
namic generators and so on are based on physics of weakly ionized gases and, in par-
ticular, on the Boltzmann kinetic theory (BKT). Methods of physics of weakly ionized
gas are significant not only for technical applications but also for fundamental physics,
for example for physics of ionosphere and astrophysics.

The traditional area of application of the Boltzmann kinetic theory is the physics
of a weakly ionized gas. It is interesting to see what the GBE yields in this case and
how its results differ from those of the classical theory. To answer this fundamental
question, let us consider the classical Lorentz formulation of the problem. We consider
a spatially homogeneous, weakly ionized gas, for which it is assumed that collisions
between charged particles may be ignored:

νe � δνea,

whereνe is the collision rate between charged particles;νea is the collision rate between
charged and neutral particles, andδ is the relative amount of energy which a charged
particle loses in one collision with a neutral particle. We assume that the magnetic field
is either absent or has a static componentBz, and that the electric field is along the
x-axis; all inelastic interactions are neglected. Topology of the external electromagnetic
field and models of particle interactions will be discussed in the following for every
considered case separately.

4.1. Relaxation of charged particles in “Maxwellian” gas and the hydrodynamic
aspects of the theory

The classical BE in this case takes the form

Dfe

Dt
≡ ∂fe

∂t
+ Fe · ∂fe

∂ve
= Jea, (4.1.1)
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whereFe = qeE/me is a force acting on a unit mass of the charged particle, andqe is
the particle charge. The GBE is written in the following way:

Dfe

Dt
− D

Dt

(
τea
Dfe

Dt

)
= Jea. (4.1.2)

In Eq. (4.1.2),τea is the mean time between the collisions of neutral and charged parti-
cles. As the GBE theory suggests, the collision integral can be taken in the Boltzmann
form. Let us compare the results obtained in frames of BKT and generalized BKT.

Multiplying Eqs. (4.1.1) and (4.1.2) by the collision invariantsme, meve, mev2
e /2

and then integrating them over the velocities, we arrive at the classical hydrodynamic
equations (HEs) and the generalized hydrodynamic equations (GHEs), which assume a
closed form providing we know how to evaluate the moments of the collision integrals
involved. Note that in this case the following relation holds:∫

Jeame dve = 0 (4.1.3)

owing to the law of conservation of mass in elastic nonrelativistic collisions. But the
integrals ∫

Jeameve dve and
∫
Jea
mev

2
e

2
dve,

can be taken explicitly only for special models of particle interaction. Let us adopt the
Maxwell model, in which the forceFea of the intermolecular interaction depends on the
inverse fifth power of the interparticle spacing:

Fea = χea

r5 . (4.1.4)

For this model, the integrals mentioned above are well known and the quantityτea
(hereinafter the subscriptea is dropped) was calculated to be

τ =
[
2π0.422

(
χ(me +ma)
mema

)1/2

na

]−1

. (4.1.5)

Introducing the quantities

A= 8
√
π

3
�

(
5

2

)
0.422(me+ma)−1

(
χ

maMe

)1/2

(4.1.6)

and

Ma = ma

ma +me , Me = me

ma +me , (4.1.7)
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the rateν of collisions between charged and neutral particles can be written in the form

ν = na(ma +me)A, (4.1.8)

whereτ = ν−1, andna is the density number of neutral particles.
The continuity equations obtained from Eq. (4.1.2) yield the conditionne = const,

and the GBE in this case becomes

∂fe

∂t
+ Fe · ∂fe

∂ve
− τ

{
∂2fe

∂t2
+ 2Fe · ∂

2fe

∂ve∂t
+ ∂2fe

∂ve∂ve
: FeFe

}
= Jea. (4.1.9)

As before, a colon denotes the double scalar product of tensors.
We now introduce the drift velocitȳvex defined by the expression

v̄ex = 1

ne

∫
fevex dve. (4.1.10)

Then the equation of motion entering the system of GHEs takes the form

τ
d2v̄ex

dt2
− dv̄ex

dt
−Amanav̄ex + qeEm−1

e = 0. (4.1.11)

In writing Eq. (4.1.11) we have used the result (Morse, 1963)∫
mevexJea dve = −Amanav̄eanane.

The solution of Eq. (4.1.11) takes the form

v̄BAE
ex =

(
v̄0
ex − qeE

memanaA

)
e−(t/(2τ))[√4Ma+1−1] + qeE

memanaA
. (4.1.12)

The superscript 0 here refers to the initial instant of time.
The problem of the time relaxation of Maxwell particles in an electric field is known

to be amenable to a BE solution (Alekseev, 1982) giving for the drift velocity the result

v̄BE
ex =

(
v̄0
ea − qeE

memanaA

)
e−tAnama + qeE

memanaA
. (4.1.13)

For example, let us assume thatme � ma . Then, from Eqs. (4.1.12) and (4.1.13), it
follows that

v̄GBE
ex = (

v̄0
ex −Fexτ

)
e−0.618t/τ+ Fexτ, (4.1.14)

v̄BE
ex = (

v̄0
ex − Fexτ

)
e−t/τ + Fexτ. (4.1.15)
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Thus, all other things being equal, the relaxation of the drift velocityv̄ex in the frame-
work of BKT proceeds faster than in the generalized BKT, whereas the steady-state drift
velocities are found to be the same. We now turn our attention to the equation of energy
and introduce the energy temperaturesT̂e andT̃e in accordance with the definitions:

T̂e = me

3ne

∫
fev

2
e dve, (4.1.16)

T̃e = me

3ne

∫
fe(ve − v̄e)2 dve. (4.1.17)

Clearly, which of these temperatures is used is a matter of convenience, and in our case
one obtains

T̂e = T̃e + 1

3
mev̄

2
ex . (4.1.18)

We next evaluate the moments on the left-hand side of the kinetic equations. For exam-
ple, the following relations hold true:

∂

∂t

∫
mev

2
e

2
fe dve = 3

2
ne
∂T̂e

∂t
, (4.1.19)∫

Fe · ∂
2fe

∂ve∂t
mev

2
e

2
dve = −Fexmene ∂v̄ex

∂t
, (4.1.20)∫

mev
2
e

2

∂2fe

∂ve∂ve
: FeFe dve = F 2

exmene. (4.1.21)

The corresponding integral on the right-hand side was calculated in Morse (1963) and
is found to be∫

Jea
mev

2
e

2
dve = −3(T̂e − T̂a)

me +ma Amemanena. (4.1.22)

We have then the following nonhomogeneous linear second-order differential equation

d2T̃e

dt2
− 1

τ

dT̃e
dt

− 2
T̂e − T̂a
me +ma

A

τ
mamena = 1

3

me

τ

d

dt
v̄2
ex − 2

3

me

τ
Fex v̄ex

− 1

3
me

d2

dt2
v̄2
ex + 4

3
Fexme

dv̄ex
dt

− 2

3
meF

2
ex . (4.1.23)

Omitting the straightforward but tedious algebra we arrive at the following results. For
example, by settingme �ma , the GBE yields

T̃ BAE
e = T̃a +C2 e−2met/(maτ) − 2.157meτFex

(
v̄0
ex−Fexτ

)
e−0.618t/τ

− 1

3
me

(
v̄0
ex − Fexτ

)2 e−1.236t/τ+ 2

3
F 2
exτ

2ma, (4.1.24)
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where the following notation was used:

C2 = T̃ 0
e − T̃a + 2.157meτFex

(
v̄0
ex − Fexτ

)
+ 1

3
me

(
v̄0
ex − Fexτ

)2 − 2

3
F 2
exτ

2ma.

Similar BE results are as follows:

T̃ BE
e = T̃a +C2 e−2met/(maτ) − 4

3
meτFex

(
v̄0
ex − Fexτ

)
e−t/τ

− 1

3
me

(
v̄0
ex −Fexτ

)2 e−2t/τ + 1

3
F 2
exτ

2ma. (4.1.25)

Here, the notation used is:

C2 = T̃ 0
e − T̃a + 4

3
meτFex

(
v̄0
ex − Fexτ

) + 1

3
me

(
v̄0
ex − Fexτ

)2 − 1

3
F 2
exτ

2ma.

In the steady-state regime, the abovesolutions are related by the expression(
T̃e − T̃a

)GBE
st = 2

(
T̃e − T̃a

)BE
st . (4.1.26)

As before, the superscripts on the energy temperature differences in Eq. (4.1.26) refer
to the type of the solution. We are now in a position to write down the solutions for the
energy temperatureŝTe; in the GBE scheme we have

T̂e = T̂a +
[
T̂ 0
ea − 2

3
Fexτ

me

Ma(2Me − 1)

√
4Ma + 1

(
v̄0
ex − Fexτ

Ma

)
− τ2

3

F 2
ex

M2
a

(1+Ma)(me +ma)
]

e−(t/(2τ))(√8MaMe+1−1)

+ 2

3
Fexτ

me

Ma(2Me − 1)

√
4Ma + 1

(
v̄0
ex − Fexτ

Ma

)
e−(t/(2τ))(√4Ma+1−1)

+ τ2

3

F 2
ex

M2
a

(me +ma)(1+Ma), (4.1.27)

with T̂ 0
ea = T̂ 0

e − T̂a .
In the framework of the classical Boltzmann equation, we find (Alekseev, 1982)

T̂e = T̂a +
[
T̂ 0
ea − 2

3
Fexτ

me

Ma(2Me − 1)

(
v̄0
ex − Fexτ

Ma

)
− τ2

3

F 2
ex

M2
a

(me +ma)
]

e−2MaMet/τ
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+ 2

3
Fexτ

me

Ma(2Me − 1)

(
v̄0
ex − Fexτ

Ma

)
e−Mat/τ

+ τ2

3

F 2
ex

M2
a

(me +ma). (4.1.28)

Notice that the vanishing term 2Me−1 in the denominators in Eqs. (4.1.27) and (4.1.28)
does not actually lead to singularities atMe = 0.5, because the corresponding terms
cancel due to the exponential factors being equal. From Eqs. (4.1.27), (4.1.28) it follows
that

T̂ GBE
ea,st = (1+Ma)T̂ BE

ea,st. (4.1.29)

Thus, unlike drift velocity calculations, not only the GBE changes the trend of the relax-
ation curves but it also leads to different steady-state values of the energy temperatures.
For a weakly ionized Lorentz gas, the effectof the self-consistent forces of electromag-
netic origin can be neglected.

CBE for multicomponent reacting mixture of gases can be written in the form
(1.3.71)

Dfα

Dt
− D

Dt

(
τα
Dfα

Dt

)
= J st

α (α = 1, . . . , η), (4.1.30)

whereτα is mean time between collisions ofαth particles(α = 1, . . . , η) with particles
of theη-component gas mixture.

Then, multiplying the GBE (4.1.30) by the collision invariants

mα, mαvα,
mαv

2
α

2
+ εα

(with εα being the internal energy of the particles of the component) and integrating
with respect to the velocities we arrive at Enskog’s system of generalized hydrodynamic
equations (GHEs), in which only the effect of external forces is included:

– the continuity equation for the componentα

∂

∂t

{
ρα − τα

[
∂ρα

∂t
+ ∂

∂r
· (ρα v̄α)

]}
+ ∂

∂r
·
{
ρα v̄α − τα

[
∂

∂t
(ρα v̄α)

+ ∂

∂r
· ραvαvα − ραF(1)α − qα

mα
ραFα × B

]}
=Rα, (4.1.31)

– the equation of motion

∂

∂t

{
ρα v̄α − τα

[
∂

∂t
(ρα v̄α)+ ∂

∂r
· ραvαvα − ραF(1)α − qα

mα
ρα v̄α × B

]}
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−
{

F(1)α

[
ρα − τα

(
∂ρα

∂t
+ ∂

∂r
· (ρα v̄α)

)]}
− qα

mα

{
ρα v̄α − τα

[
∂

∂t
(ρα v̄α)

+ ∂

∂r
· ραvαvα − ραF(1)α − qα

mα
ρα v̄α × B

]}
× B + ∂

∂r
·
{
ραvαvα

−τα
[
∂

∂t
(ραvαvα )+ ∂

∂r
· ρα(vαvα)vα − F(1)α ρα v̄α − ρα v̄αF(1)α

− qα

mα
ρα[vα × B]vα − qα

mα
ραvα[vα × B]

]}
= J̄α,mot, (4.1.32)

– the equation of energy

∂

∂t

{
ραv2

α

2
+ εαnα − τα

[
∂

∂t

(
ραv2

α

2
+ εαnα

)
+ ∂

∂r
·
(

1

2
ραv2

αvα + εαnα v̄α

)
− F(1)α · ρα v̄α

]}
+ ∂

∂r
·
{

1

2
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− τα
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∂
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(
1

2
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αvα + εαnα v̄α

)
+ ∂

∂r
·
(

1

2
ραv2

αvαvα + εαnαvαvα

)
− ραF(1)α · vαvα − 1

2
ραv2

αFα − εαnα�Fα
]}

−
{

v̄α · ραF(1)α − τα
[

F(1)α ·
(
∂

∂t
(ρα v̄α)+ ∂

∂r
· ραvαvα − ραF(1)α

− qα

mα
ρα v̄α × B

)]}
= J̄α,en, (4.1.33)

wherev0 is the hydrodynamical velocity,B is the magnetic induction,F(1)α are external
nonmagnetic forces per unit mass of the particleα, andqα is the charge. The right-hand
sides of Eqs. (4.1.32), (4.1.33) involve the integral relaxation termsJ̄α,mot and J̄α,en,
which, due to momentum and energy conservation laws, satisfy the relations

η∑
α=1

J̄α,mot = 0,
η∑
α=1

J̄α,en= 0. (4.1.34)

However, for the systems being far from equilibrium one has to introduce approxima-
tions for J̄α,mot, J̄α,en. This can be done in a number of ways, including the Bhatnagar–
Gross–Krook (BGK) method or its extensions (Bhatnagar, Gross and Krook, 1954;
Shakhov, 1974).

The generalized Boltzmann equation and the system of GHEs can be used to study
plasma in an electric field, in particular to understand the electron energy runaway ef-
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fect (Golant, Zhilinski and Sakharov, 1977). We now proceed to apply the generalized
Boltzmann kinetic theory to the classical problems of plasma physics.

4.2. Distribution function of the charged particles in the “Lorentz” gas

Calculating the distribution function for charged particles added as an impurity to a
neutral gas in an external electric field is a classical problem in gas discharge physics,
whose long history dates back to Pidduck’s 1913 attempt to calculate the ion drift veloc-
ity in gases (Pidduck, 1913). We should also mention Compton’s work concerned with
computing the charge particle distribution function and its moments (Compton, 1916a;
1916b). Later on, Druyvesteyn (1930a, 1930b) and Davydov (1936) obtained analytical
expressions for the distribution function and transport coefficients for the special case of
elastic collisions. More recent work (note, in particular, the monograph of Ivanov, Lebe-
dev and Polak (1981)) has been aimed principally at investigating the effect of inelastic
collisions on the DF and transport processes within the BKT framework. It is impor-
tant to note that the calculation of the DF depends heavily on what model of particle
interaction is adopted – and hence ultimately on the collision cross sections involved.
For example, the Davydov–Druyvesteyn distribution obtained under the assumption of
a constant mean free pathl for elastically colliding, charged gas particles significantly
underpredict the number of “hot” particles on the tail of the DF and lead ultimately to
unacceptable results when the theory is extended to calculating the kinetics of inelastic
processes (Ivanov, Lebedev and Polak, 1981).

We apply the generalized Boltzmann equation

Fe · ∂fe
∂ve

− τ ∂
2fe

∂ve∂ve
: FeFe = Jea, (4.2.1)

to consider charged particles in a steady state in a Lorentz gas subject to a stationary
external electric field, where

Fe = eE
me
.

The Boltzmann kinetic equation is usually solved by expanding the DF in a power
series of zero-order solid spherical harmonics, i.e., of Legendre polynomials. The corre-
sponding system of linked equations was obtained elsewhere (Ginzburg and Gurevich,
1960a, 1960b). The solution to the GBE (4.2.1) is conveniently sought as an expansion
in terms of solid spherical harmonics:

f (ve)= f0(ve)+ Fe · vef1(ve)+ FeFe : v0
evef2(ve)+ · · · . (4.2.2)

Herev0
eve is the zero-trace tensor. For our further calculations in this section we assume

that the forceFe is along the positive direction of a certain chosen coordinate axis. We
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now substitute expansion (4.2.2) into Eq. (4.2.1) and transform the corresponding terms;
we have, for example, the following relations:

Fe · ∂
∂ve
(f2FeFe : veve)

= (Fe · ve)3

ve

∂f2

∂ve
− 1

3
F 2
e ve(Fe · ve)

∂f2

∂ve
+ 4

3
F 2
e f2(ve · Fe), (4.2.3)

∂2

∂ve∂ve
: {
f2

(
FeFe : v0

eve
)
FeFe

}
= 5F 2

e

(Fe · ve)2

ve

∂f2

∂ve
+ 2f2F

4
e + (Fe · ve)4

v2
e

∂2f2

∂v2
e

− (Fe · ve)4

v3
e

∂f2

∂ve

− 1

3

3∑
i=1

F 2
eiF

2
e

∂2

∂v2
ei

(
f2v

2
e

)
. (4.2.4)

The left-hand sideΛ of the generalized Boltzmann equation then takes the form

Λ = (Fe · ve)
1

ve

∂f0

∂ve
+ F 2

e f1 + (Fe · ve)2

ve

∂f1

∂ve
+ (Fe · ve)3

ve

∂f2

∂ve

− 1

3
F 2
e ve(Fe · ve)

∂f2

∂ve
+ 4

3
F 2
e f2(Fe · ve)

− τ
{
(Fe · ve)2

ve

∂

∂ve

(
1

ve

∂f0

∂ve

)
+ F 2

e

ve

∂f0

∂ve
+ 3F 2

e

(Fe · ve)
ve

∂f1

∂ve

− (Fe · ve)3

v3
e

∂f1

∂ve
+ (Fe · ve)3

v2
e

∂2f1

∂v2
e

+ 4F 2
e

(Fe · ve)2

ve

∂f2

∂ve

+ 4

3
f2F

2
e + (Fe · ve)4

v2
e

∂2f2

∂v2
e

− 1

3
F 2
e (Fe · ve)2

∂2f2

∂v2
e

− (Fe · ve)4

v3
e

∂f2

∂ve
− 1

3
F 4
e ve

∂f2

∂ve

}
. (4.2.5)

Denoting the angle between the vectorsFe andve by ϑ (0 � ϑ � π), multiplying the
GBE by d cosϑ , and integrating over the entire range of angles, we arrive at

f1 + 1

3
ve
∂f1

∂ve
− τ

3

{
2

ve

∂f0

∂ve
+ ∂2f0

∂v2
e

+ 12

5
ve
∂f2

∂ve
F 2
e

+ 4f2F
2
e + 4

15
F 2
e v

2
e

∂2f2

∂v2
e

}
= 1

F 2
e

Jea. (4.2.6)
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Multiplying the GBE by cosϑ d cosϑ and using a similar procedure,

∂f0

∂ve
+ 4

15
F 2
e v

2
e

∂f2

∂ve
+ 4

3
F 2
e vef2 − 3

5
τF 2
e

{
4
∂f1

∂ve
+ ve ∂

2f1

∂v2
e

}
= −3

2

1

Fe
J1. (4.2.7)

As has been indicated, the collision termsJea andJ1 in the generalized Boltzmann
kinetic theory (GBKT) can be taken in the form in which they are usually written in
the Boltzmann equation. In the case we consider below, assuming that the change in
the electron energy due to an elastic collision (approximately equal to(me/ma)

1/2ε) is
much less that the electron energy prior to the collision, in the Fokker–Planck approxi-
mation (see, for example, Chetverushkin, 1999) we have

Jea = me

ma

T̂a

v2
e

∂

∂ve

[
v3
eν

(
f0

T̂
+ 1

meve

∂f0

∂ve

)]
, (4.2.8)

J1 = 2

3
Fe
v2
e

�
f1, (4.2.9)

whereT̂a is the energy temperature of the neutral gasT̂a = kBTa , υ is the collision rate
which generally depends on the velocity, and 1 is the mean free path for collisions of
neutral and charged particles. It is relations (4.2.6)–(4.2.9) which provide the required
basis for determining the DF and its moments. Traditionally, two limiting situations are
considered in detail:

(1) a constant frequency rate,ν = const, ν = τ−1 = ve�−1, and
(2) a constant mean free path between the collisions of charged and neutral particles,

�= const.

We take up the former case first. Multiplying Eq. (4.2.6) through by 3v2e and using
Eq. (4.2.8), we find, after some algebra, that

F 2
e

d

dve

{
v3
e f1 − τv2

e

df0

dve

}
= 3

T̂ame

τma

d

dve

{
v3
e

(
f0

T̂a
+ 1

meve

df0

dve

)}
(4.2.10)

or upon integration overve :

f1ve =
[
τ + 3T̂a

F 2
e maτ

]
df0

dve
+ 3

F 2
e

me

ma

ve

τ
f0, (4.2.11)

because the constant of integration is zero due to the fact that both the left-hand and
the right-hand sides of Eq. (4.2.11) vanish forve = 0. Eq. (4.2.11) was obtained under
the condition (which will also be used in the following analysis) that small terms pro-
portional tof2 may be dropped. Substituting Eq. (4.2.11) into Eq. (4.2.9) and making
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use of the result produced to eliminatef1 from Eq. (4.2.7), we arrive at the following
equation inf0:

v2
e

(
τ + 3T̂a

F 2
e maτ

)
d3f0

dv3
e

+ ve
(

2τ + 3me
F 2
e maτ

v2
e + 6T̂a

F 2
e maτ

)
d2f0

dv2
e

+
(

−2τ − 10

3τF 2
e

v2
e − 5T̂a

τ3F 4
e ma

v2
e + 12me

F 2
e maτ

v2
e − 6T̂a

F 2
e maτ

)
df0

dve

− 5me
F 4
e τ

3ma
v3
e f0 = 0. (4.2.12)

To solve Eq. (4.2.12), three boundary conditions are needed. These are in fact quite
obvious. Indeed, forve = 0, we can specify a certain value off0, determined only by
the normalization of the function. From Eq. (4.2.12) it is also seen thatf ′

0 = 0 forve = 0.
Finally, dividing the above equation byv3

e we find thatf0 → 0 for ve → ∞.
Thus, Eq. (4.2.12) is easily solved by, for example, the sweep method. To do this,

it is convenient to first bring the equation to the dimensionless form by introducing the
following dimensionless quantities labelled with arcs over the symbols:

v̌e = ve

Feτ
, ε̌ = meF

2
e τ

2

T̂a
, f̌0 = f0

f0(ve = 0)
. (4.2.13)

The procedure is realized to yield

v̌2
e

[
1+ 3me

maε̌

]
d3f̌0

dv̌3
e

+ v̌e
[
2+ 6me

maε̌
+ 3me
ma
v̌2
e

]
d2f̌0

dv̌2
e

−
[
2+ 6me

maε̌
+ v̌2

e

(
10

3
+ 5me
maε̌

− 12
me

ma

)]
df̌0

dv̌e
− 5

me

ma
v̌3
e f̌0 = 0. (4.2.14)

Let us define the energy temperature of charged particles as follows:

T̂e = 1

3ne

∫
femev

2
e dve ∼= 1

3ne

∫
f0mev

2
e dve. (4.2.15)

This means, for example, that, in terms of definitions (4.2.13), the Maxwellian function
f̌M has the form

f̌M = e−(T̂a ε̌/(2T̂e))v̌2
e . (4.2.16)

Let us examine the asymptotics of the functionf0 at large velocitiesve . From
Eq. (4.2.14) it follows that forve → ∞ the equation

d2f0

dv2
e

− 5

3F 2
e τ

2f0 = 0, (4.2.17)



172 Generalized Boltzmann Physical Kinetics

holds, which has the solution

f0 ∼ e−√
5/3ve/(Feτ ). (4.2.18)

Note that, in the limiting case we are considering, the classical solution of the Boltz-
mann equation (Smirnov, 1985) leads to a Maxwellian distribution function with a tem-
peratureT̂e, different from the neutral gas temperaturêTa . Thus, the solution of the
GBE results in a large number of “hot” charged particles in the tail of the distribution
function. Of course, the moments of the distribution function – the temperatureT̂e and
the drift velocityv̄ex – can be found by properly integrating the DF after the solution of
Eq. (4.2.14) has been found. There is no need todo this, however. Indeed, multiplying
Eq. (4.2.14) byve and integrating term-by-term we obtain(

3T̂a
maτ2F 2

e

+ 2

) ∫ ∞

0
f0v

2
e dve = me

maτ2F 2
e

∫ ∞

0
f0v

4
e dve. (4.2.19)

Assuming that∫
f dve ∼=

∫
f0 dve = 4π

∫ ∞

0
f0v

2
e dve = ne, (4.2.20)

as was done in Eq. (4.2.15), it is found that

T̂e = T̂a + 2

3
maτ

2F 2
e . (4.2.21)

In a similar way, without explicitly solving Eqs. (4.2.11) and (4.2.12), we can deter-
mine the drift velocity. To accomplish this, we multiply Eq. (4.2.11) term-wise byv3

e

and integrate the resulting expression to yield∫ ∞

0
f1v

4
e dve

=
[
τ + 3T̂a

F 2
e maτ

]∫ ∞

0
v3
e

∂f0

∂ve
dve + 3

F 2
e

me

maτ

∫ ∞

0
f0v

4
e dve, (4.2.22)

leading to

v̄ex = 3(T̂e − T̂a)
maτFe

− τFe, (4.2.23)

because, by definition, the following relations hold true:

v̄ex = 1

ne

∫
f vex dve = 4πFe

3ne

∫ ∞

0
f1v

4
e dve. (4.2.24)
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Using expressions (4.2,21) and (4.2.23), we achieve the result sought:

v̄ex = τFe. (4.2.25)

Comparing relations (4.2.21) and (4.2.25) with known classical results (Smirnov,
1985, p. 108) suggests that in the limiting caseυ = const the drift velocity remains
unchanged and that̂Te increases (the classical analogue of Eq. (4.2.21) contains the
numerical coefficient 1/2 instead of 2/3). In concluding the discussion of this limiting
case, we present the corresponding form of Eq. (4.2.14)me �ma for ε̌ � 1:

v̌2
e

d3f̌0

dv̌3
e

+
(

2+ 3
me

ma
v̌2
e

)
v̌e

d2f̌0
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−
(

2+ 10

3
v̌2
e

)
df̌0

dv̌e

− 5
me

ma
v̌3
e f̌0 = 0. (4.2.26)

As a check on the correctness of the above results, note that ifFe ≡ 0 then Eq. (4.2.11)
leads, as it should, to the Maxwellian distribution functionf0M :

df0

dve
= −meve

T̂
f0, (4.2.27)

f0 = C e−mev2
e /(2T̂ ). (4.2.28)

We proceed now to the second limiting case,� = const. In this case, the analogue of
Eq. (4.2.11) is as follows

f1ve =
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τ + 3T̂ ve

F 2
e ma�

]
df0

dve
+ 3
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e

me

ma

v2
e

�
f0. (4.2.29)

By the same procedure used in the limiting caseν = const, we arrive at the following
equation inf0:
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e ma�

]
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dv3
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e ma�
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τF 4
e ma�

2
v3
e

]
f0 = 0. (4.2.30)

Again, it is easily seen by multiplying Eq. (4.2.30) term-wise byF 4
e that the vanishing

external forceFe leads to Eq. (4.2.27) and then, upon integration, to the Maxwellian
distribution function (4.2.28). The boundary conditions for Eq. (4.2.30) are as follows:
f0 is specified forve = 0 in accordance with the chosen normalization; forve = 0, as
Eq. (4.2.30) suggests,f ′

0 = 0; and, finally,f0 → 0, whenve → ∞.
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The last result becomes evident after dividing Eq. (4.2.30) through byv5
e . In order to

numerically integrate Eq. (4.2.30), it is convenient to bring it to the dimensionless form
by using the dimensionless quantities

v̌e = ve

�/τ
, ε̌ = meF

2
e τ

2

T̂a
, Ǎ= F 2

e τ
4

�2
, (4.2.31)

to give the ordinary differential equation
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12− 5

v̌3
e

Ǎ

]
f̌0 = 0, (4.2.32)

with the boundary conditions

f̌0(0)= 1, f̌ ′
0(0)= 0, f̌0(∞)= 0. (4.2.33)

Here the term-by-term integration no longer leads to elegant results like Eqs. (4.2.21)
and (4.2.25). We can, however, give a useful formula for computing the drift velocity
v̄ex , which is obtained from Eq. (4.2.32) by multiplying it byv3

e and then integrating, to
yield

v̄ex = 4πFe
3ne

{
18

5

T̂aτ

ma
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0
f0 dve +C 6

5
τ2�F 2

e + 2�
∫ ∞

0
f0ve dve

− 9

10

me

πma
τne

}
, (4.2.34)

with C = f0 (ve = 0).
Although Eq. (4.2.34) can of course be used only after numerically integrating

Eq. (4.2.33), it is of interest to note that, unlike Eq. (4.2.25), the drift velocity is a non-
linear function ofFe in this limiting case. Let us consider here some numerical results
for the distribution function of charged particles in an external electric field, produced
when employing the generalized Boltzmann equation. Numerical integration of cor-
responding differential equations was realized by the three-diagonal method of Gauss
elimination techniques for the differential second-order equation (see Appendix 4).

In Figure 4.1, the dimensionless distribution functionf̌0 is plotted versus the di-
mensionless velocity̌ve for ε̌ = 10−3 andτ = const. The curve 1 corresponds to the
Maxwellian distribution function, and the curve 2 to the distribution function obtained
using the GBE. Ašε is decreasing, the two distributions approach each other. Note that
the functionf̌GBE

0 lies above the Maxwellian function.
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Fig. 4.1. Dependence of̌f0 on v̌e for τ = const: 1, Maxwellian distribution function; 2,̌fGBE
0 .

Fig. 4.2. Dependence of̌f0 on v̌e for � = const, ε̌ = 10−2, Ǎ = 1: 1, Maxwellian distribution function;
2, f̌GBE

0 ; 3, Druyvesteyn distribution function.

Fig. 4.3. Dependence of̌f0 on v̌e for �= const, ε̌ = 10−2, Ǎ= 10−1: 1, Maxwellian distribution function;
2, f̌GBE

0 ; 3, Druyvesteyn distribution function.

Figures 4.2 and 4.3 presentf̌0, calculated in the case of�= constunder the condi-
tions ε̌ = 10−2, Ǎ = 1, andε̌ = 10−2, Ǎ= 10−1, respectively. The curves 1, 2, and 3
in Figures 4.2 and 4.3 correspond to the Maxwellian distribution function, the general-
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ized Boltzmann equation, and the Druyvesteyn distribution function, respectively. It is
interesting to note that the distribution functioňfGBE

0 may lie between the Maxwell and
Druyvesteyn functions, as well as above the two. In practical computations, to reempha-
size, the distribution functions can be normalized to the number density of the charged
particles involved.

4.3. Charged particles in alternating electric field

As another example of the application of the GBE, let us consider the time evolution of
the DF of charged particles moving in an alternating electric field. In this problem, only
elastic collisions will be considered; the GBE takes the form(

∂fe

∂t
+ Fe · ∂fe

∂ve

)(
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}
= Jea. (4.3.1)

If we make use of the expansion

fe(ve, t)= f0(ve, t)+ Fe · vef1(ve, t)+ FeFe : v0
evef2(ve, t), (4.3.2)

then utilizing a procedure analogous to that described above we arrive at the following
equations in the functionsf0 andf1:(
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where, for example,

J1 = 2

3
Fef1

v2
e

�
.
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Now consider a case in which the mean time between collisions (and thenν = ve/�
which is used forJea andJ1 approximations), is independent of the velocity. It proves
possible to determine the distribution function momentsv̄ex and T̂e without directly
solving Eqs. (4.3.3) and (4.3.4). Multiply Eq. (4.3.4) term-wise byv3

e and integrate the
resulting expression over all absolute velocities. Using the additional conditions∫ ∞

0
f1v

4
e dve = 3ne

4πFe
v̄ex,

∫ ∞

0
f0v

2
e dve = ne

4π
,∫ ∞

0
f0v

4
e dve = 3

2
ne
T̂e

me
,

we derive the following equation:

τ
d2v̄ex

dt2
− dv̄ex

dt
− 1

τ
v̄ex + Fe − τ dFe

dt
= 0. (4.3.5)

Suppose that the time dependence of the external force can be represented asFe =
(eE0/me)cosωt , where the frequencyω is related to the external electric field strength.
The solution of the nonhomogeneous differential equation (4.3.5) is

v̄GBE
ex = C1 e−at/τ

+ bτ

(ωτ)4 + 3(ωτ)2 + 1

[
cosωt +ωτ (

2+ω2τ2)
sinωt

]
, (4.3.6)

whereb = eE0/me, andC1 is the constant of integration which is determined by the
initial conditions of the problem. The classical result which can be obtained from the
BE for the quasi-stationary case is given by

v̄BE
ex = bτ

(ωτ)2 + 1
[cosωt +ωt sinωt]. (4.3.7)

The introduction of the mobilityK usually defined through the expression

v̄ex =Kme
e
Fe

would serve no purpose due to singularities that can appear forFe = 0.
We now turn our attention to Eq. (4.3.3). We multiply this equation term-wise byv4

e

and integrate the resulting expression over allve :

d2T̂e

dt2
− 1

τ

dT̂e
dt

− 2me
maτ2

(
T̂e − T̂a

)
= −2

3
me
Fe

τ
v̄ex − 2

3
meF

2
e + 2

3
mev̄ex

dFe
dt

+ 4

3
meFe

dv̄ex
dt
, (4.3.8)
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whereFe = b sinωt and consequently,

v̄ex = C1 e−at/τ

+ bτ

(ωτ)4 + 3(ωτ)2 + 1

{
sinωt − (

2+ (ωτ)2)
ωτ cosωt

}
. (4.3.9)

The differential equation (4.3.8) integrates in the finite form to the following expression:

T̂ea = C1 e−dt/τ

+ e−at/τ τ2Z

[(d + a + 1)2 +ω2τ2][(d − a)2 +ω2τ2]
{
sinωt

[
ω2τ2(

2
√

5

− 2(d + a + 1)+ω2τ2(
√

5− 1− d − a)) + (d − a)(2ω2τ2 +ω4τ4

+ω2τ2
√

5(d + a + 1)+ 2
√

5(d + a + 1)
)]

+ cosωt
[
(d − a)ωτ (

2
√

5+ω2τ2(
√

5− 1− d − a)− 2(d + a + 1)
)

−ωτ (
2ω2τ2 +ω4τ4 +ω2τ2

√
5(d + a + 1)+ 2

√
5(d + a + 1)

)]}
+Zτ2

{
sin2ωt

2(d2 + 4ω2τ2)[(d + 1)2 + 4ω2τ2]
[
4d(d + 1)

− 2d(d + 1)ω2τ2 − 4ω2τ2 − 2d(d + 1)ω4τ4 − 28ω4τ4 − 16ω6τ6]
+ cos2ωt

ω2τ2(2+ω2τ2)d(d + 1)

[(d + 1)2 + 4ω2τ2][d2 + 4ω2τ2]

−ωτ cosωt sinωt
ω2τ2(d2 + d + 14)+ 4d + 4

(d2 + 4ω2τ2)((d + 1)2 + 4ω2τ2)

+ω2τ2[
9d2 + 9d + 4+ω2τ2(

12d2 + 10d+ 18
)

+ 4ω4τ4(
d2 + d + 2

)][
d(d + 1)

(
(d + 1)+ 4τ2ω2)

× (
d2 + 4τ2ω2)]−1

}
, (4.3.10)

where the notation used is:

a =
√

5− 1

2
, d = 1

2

[√
1+ 8

me

ma
− 1

]
∼= 2

me

ma
� 1,

Z = 2

3

meb
2

ω4τ4 + 3ω2τ2 − 1
.

In the quasi-stationary limiting case, under the conditionωτ � 1, one finds

T̂ea = −τ2Z
ω2τ2

2
sin2ωt + τ2Z

ω2τ2

2d
, (4.3.11)
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or, taking into account that the time average

sin2ωt = 1

2
� d−1,

we arrive at

T̂e = ma

6

(
eE0

meω

)2

. (4.3.12)

Thus, in the limiting casel = const, the following equality holds true:

T̂ BE
e = T̂ GBE

e . (4.3.13)

In the opposite limit ofωτ � d � 1, one has

T̂ea = τ2Z
2

d
sin2ωt

or, computing the average over the time, we obtain

T̂ea = maτ
2

3

(
eE0

me

)2

, (4.3.14)

i.e., a result which corresponds to the solution of the classical Boltzmann equation
(Smirnov, 1985).

4.4. Conductivity of a weakly ionized gas in crossed electric and magnetic fields

In this section, the conductivity of a weakly ionized gas subject to crossed magnetic and
(alternating) electric field will be examined using the GBE with the BGK approximation
for the elastic collision integral. The BGK-approximated kinetic equation takes the form

∂fe

∂t
+ Fe · ∂fe

∂ve
− τ

[
∂2fe

∂t2
+ 2Fe · ∂

2fe

∂ve∂t
+ ∂Fe
∂t

· ∂fe
∂ve

+ ∂2fe

∂ve∂ve
: FeFe + ∂fe

∂ve
Fe : ∂

∂ve
Fe

]
= −fe − f (0)e

τ
, (4.4.1)

whereFe = F(1)e + FB is the Lorentz force which, in our case, includes the effect of the
alternating electric field

F(1)e = eE0

me
eiωt ,
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directed along thex-axis, and of the static magnetic field, whose induction is along the
z-axis. The equation of motion (4.1.32) reduces to the form

∂

∂t

{
v̄e − τ

[
∂ v̄e
∂t

− eE0

me
eiωt − e

me
v̄ × B

]}
− eE0

me
eiωt

− e

me

{
v̄e − τ

[
∂ v̄e
∂t

− eE0

me
eiωt − e

me
v̄ × B

]}
× B = − v̄e

τ
. (4.4.2)

The components of the drift velocitȳve along the axesx andy are determined by the
following set of equations(v̄ez = 0):

∂

∂t

{
v̄ex − τ

[
∂v̄ex

∂t
− eE0

me
eiωt − e

me
v̄eyB

]}
− eE0

me
eiωt

− e

me

{
Bv̄ey − τB ∂v̄ey

∂t

}
= − v̄ex

τ
− e2τ

m2
e

B2v̄ex , (4.4.3)

∂

∂t

{
v̄ey − τ

[
∂v̄ey

∂t
+ e

me
v̄exB

]}
− e

me

{
−v̄exB + τB ∂v̄ex

∂t
− eE0

me
eiωtτB

}
= − v̄ey

τ
− e2τ

m2
e

B2v̄ey . (4.4.4)

The solution to Eq. (4.4.2) is naturally sought in the formv̄ = v̄0 eiωt , thus leading to
the following system of algebraic equations

v̄0
ex

[
iω+ τ (

ω2 +ω2
B

) + 1

τ

]
= eE0

me
+ v̄0

eyωB [1− 2iωτ ] − iωτ
eE0

me
, (4.4.5)

v̄0
ey

[
iω+ τ (

ω2 +ω2
B

) + 1

τ

]
= v̄0

exωB[2iωτ − 1] −ωBτ eE
0

me
, (4.4.6)

whereωB = eB/me.
From these equations it is not difficult to find the componentsv̄0

ex andv̄0
ey of the drift

velocity, and hence to determine the components of the electrical conductivity tensor.
In our case, the complex conductivityσx assumes the form

σx = σ0
1+ 2ω2τ2 + i(ω2

Bτ
2 −ω2τ2)ωτ

1+ω2τ2 +ω4τ4 +3ω2
Bτ

2 +ω4
Bτ

4 −2ω2τ2ω2
Bτ

2 +2iωτ(1+ω2τ2 −ω2
Bτ

2)
,

(4.4.7)

where we have used the notation:

σx = enev̄
0
ex

E0 , σ0 = nee
2τ

me
.
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Separating the real part ofσx now yields

Reσx = σ0
{
1+ 3ω2τ2 +ω4τ4 +ω2

Bτ
2[

3+ 6ω2τ2 +ω2
Bτ

2]}
× {[

1+ω2τ2 +ω4τ4 +ω2
Bτ

2(
3+ω2

Bτ
2 − 2ω2τ2)]2

+ 4ω2τ2[1+ω2τ2 −ω2
Bτ

2]2}−1
. (4.4.8)

The Boltzmann theory, as is known, leads to the following results

Reσx = σ0
1+ω2τ2 +ω2

Bτ
2

1+ 2ω2τ2 +ω4τ4 +ω2
Bτ

2[2− 2ω2τ2 +ω2
Bτ

2] , (4.4.9)

σx = σ0
1+ iωτ

1+ (ω2
B −ω2)τ2 + 2iωτ

. (4.4.10)

For the traditionally considered limiting cases, Eqs. (4.4.7)–(4.4.10) give the following
results (Alekseev, 1995a):

(a) ω = 0, a constant electric field:

ReσGBE
x = σ0

1

1+ 3ω2
Bτ

2 +ω4
Bτ

4
, (4.4.11)

ReσBE
x = σ0

1

1+ω2
Bτ

2
; (4.4.12)

(b) ωB = 0, no magnetic field:

ReσGBE
x = σ0

1+ 3ω2τ2 +ω4τ4

[1+ω2τ2 +ω4τ4]2 + 4ω2τ2[1+ω2τ2]2

= 1

1+ 3ω2τ2 +ω4τ4 , (4.4.13)

ReσBE
x = σ0

1

1+ω2τ2 ; (4.4.14)

(c) ω = ωB ,

ReσGBE
x = σ0

1+ 6ω2τ2 + 8ω4τ4

1+ 12ω2τ2 + 16ω4τ4 , (4.4.15)

ReσBE
x = σ0

1+ 2ω2τ2

1+ 4ω2τ2
; (4.4.16)

(d) ω = ωB , ωτ � 1, the cyclotron resonance condition:

ReσGBE
x = ReσBE

x = 1

2
σ0. (4.4.17)
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Finally, from the system of Eqs. (4.4.5), (4.4.6) the drift velocity along they-axis is
found as

v̄0
ey = eE0

me
ωBτ

2[(
ω4 −ω4

B

)
τ4 − 3

(
ω2 +ω2

B

)
τ2 − 2

+ iωτ
(
3ω2τ2 +ω2

Bτ
2)]
D−1, (4.4.18)

where

D = 1+ (
ω6 +ω6

B

)
τ6 + 4ω2

Bτ
2 + 4ω2τ2ω2

Bτ
2 −ω4τ4ω2

Bτ
2 + 4ω4

Bτ
4

−ω2τ2ω4
Bτ

4 + iωτ
[
3ω4τ4 − 5ω2τ2 + 3+ 3ω2

Bτ
2

− 2ω2τ2ω2
Bτ

2 −ω4
Bτ

4]
.

Notice that the BE implies that

v̄0
ey = −eE

0

me
ωBτ

2 1

1+ (ω2
B −ω2)τ2 + 2iωτ

. (4.4.19)

In particular, it follows that

(a) ω = 0,

v̄0
ey

GBE = −eE
0

me
ωBτ

2 ω4
Bτ

4 + 3ω2
Bτ

2 + 2

ω6
Bτ

6 + 4ω4
Bτ

4 + 4ω2
Bτ

2 + 1
, (4.4.20)

v̄0
ey

BE = −eE
0

me
ωBτ

2 1

ω2
Bτ

2 + 1
; (4.4.21)

(b) ω = ωB ,

Rev̄0
ey

GBE = −eE
0

me
ωτ2 2+ 14ω2τ2 + 28ω4τ4 + 56ω6τ6

[1+ 4ω2τ2 + 8ω4τ4]2 +ω2τ2[3− 2ω2τ2]2 ,
(4.4.22)

Rev̄0
ey

BE = −eE
0

me
ωτ2 1

1+ 4ω2τ2
. (4.4.23)

The calculations show that while the BE and GBE results may happen to be identi-
cal, they may also be significantly different, both qualitatively and quantitatively. The
question of exactly how significantly can only be answered through the solution of con-
crete problems. In particular, the generalized Boltzmann equation has been applied suc-
cessfully to transport processes in a partially ionized gas of inelastic colliding particles
(Alekseev, Lebedev and Michailov, 1997).
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Table 4.1
Calculation of ReσGBE

x /ReσBE
x

for ω= 0

ωBτ ReσGBE
x /ReσBE

x

0 1
1 0.4
2 0.172
3 0.0917
4 0.0557
5 0.0371
6 0.0263
7 0.0196
8 0.0152
9 0.0120

10 0.0098

Table 4.1 contains the calculation of ratio of conductivities ReσGBE
x /ReσBE

x for the
case “a” (ω= 0, a constant electric field):

ReσGBE
x

ReσBE
x

= 1+ω2
Bτ

2

1+ 3ω2
Bτ

2 +ω4
Bτ

4
. (4.4.24)

From Eqs. (4.4.13), (4.4.14) it follows that for the case “b” (no magnetic field), the
ratio of conductivities can be written as

ReσGBE
x

ReσBE
x

= 1+ω2τ2

1+ 3ω2τ2 +ω4τ4 , (4.4.25)

and dependence ReσGBE
x /ReσBE

x as a function ofωτ has the same character reflected
in Table 4.1.

Table 4.2 corresponds to the case “b”, the coincidence of frequenciesω= ωB .
In Tables 4.3, 4.4 the calculation of ratio of drift velocities Rev̄0

ey
GBE/Rev̄0

ey
BE

across magnetic field is presented Rev̄0
ey

GBE/Rev̄0
ey

BE in constant electric field(ω= 0)
and in electromagnetic field by the conditionω= ωB . In these cases, correspondingly,

v̄0
ey

GBE

v̄0
ey

BE = ω6
Bτ

6 + 4ω4
Bτ

4 + 5ω2
Bτ

2 + 2

ω6
Bτ

6 + 4ω4
Bτ

4 + 4ω2
Bτ

2 + 1
, (4.4.26)

Rev̄0
ey

GBE

Rev̄0
ey

BE
= (2+ 14ω2τ2 + 28ω4τ4 + 56ω6τ6)(1+ 4ω2τ2)

(1+ 4ω2τ2 + 8ω4τ4)2 +ω2τ2(3− 2ω2τ2)2
. (4.4.27)

The drift velocityv̄0
ey defines diffusion of charged particles in the perpendicular di-

rection to vectors of intensity of electric field and magnetic induction and then the Hall
effect. Usually experimental data in the theory of Hall effect are presented with the help
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Table 4.2
Calculation of ReσGBE

x /ReBE
x for the caseω= ωB

ωτ ReσGBE
x /ReσBE

x ωτ ReσGBE
x /ReσBE

x

0 1 8 0.996
0.1 0.964 9 0.997
0.2 0.937 10 0.9975
0.3 0.837 11 0.998
0.4 0.807 12 0.9983
0.5 0.8 13 0.9985
0.6 0.805 14 0.9987
0.7 0.817 15 0.9989
0.8 0.832 16 0.999
0.9 0.847 17 0.9991
1 0.862 18 0.9992
2 0.948 19 0.9993
3 0.974 20 0.9994
4 0.985 30 0.9997
5 0.990 40 0.9998
6 0.993 50 0.9999
7 0.995

Table 4.3
Calculation ofv̄0

ey
GBE/v̄0

ey
BE in constant electric field(ω= 0)

ωBτ v̄0
ey

GBE/v̄0
ey

BE ωBτ v̄0
ey

GBE/v̄0
ey

BE

0.1 1.971 2 1.034
0.2 1.891 3 1.009
0.3 1.782 4 1.003
0.4 1.664 5 1.001
0.5 1.552 6 1.0007
0.6 1.453 7 1.0004
0.7 1.369 8 1.0002
0.8 1.300 9 1.0001
0.9 1.245 10 1.0001
1 1.2

of Hall constant. Let us introduce the Hall constant using Eq. (4.4.21). After multiply-
ing both parts of Eq. (4.4.21) bynee and using current densityJey = neev0

ey (wheree is
particle charge), we have

Jey
me

e2n
ωB

(
1+ 1

ω2
Bτ

2

)
=E0. (4.4.28)

Taking into account thatωB = eB/me, from Eq. (4.4.28) can be found

E0 = − 1

ne

(
1+ 1

ω2
Bτ

2

)
JeyB. (4.4.29)



Physics of a weakly ionized gas 185

Table 4.4
Calculation of Rēv0

ey
GBE/Rev̄0

ey
BE for the caseω= ωB

ωτ Rev̄0
ey

GBE/Rev̄0
ey

BE ωτ Rev̄0
ey

GBE/Rev̄0
ey

BE

0.1 1.901 4 3.437
0.2 1.763 5 3.458
0.3 1.747 6 3.471
0.4 1.868 7 3.478
0.5 2 8 3.483
0.6 2.321 9 3.487
0.7 2.542 10 3.489
0.8 2.716 20 3.497
0.9 2.846 30 3.499
1 2.941 40 3.4993
2 3.291 50 3.4996
3 3.393

But the Hall constant is the coefficient of proportionality between the potential differ-
ence and production of current density and magnetic induction, therefore

RBE = 1

ne

(
1+ 1

ω2
Bτ

2

)
. (4.4.30)

The sign ofR is defined by the sign of the chargee. Obviously, in this case

RGBE = 1

ne

ω6
Bτ

6 + 4ω6
Bτ

6 + 4ω2
Bτ

2 + 1

ω2
Bτ

2(ω4
Bτ

4 + 3ω2
Bτ

2 + 2)
. (4.4.31)

From relations (4.4.20), (4.4.21), (4.4.26), (4.4.30), (4.4.31) follow

v̄0
ey

GBE

v̄0
ey

BE = RBE

RGBE . (4.4.32)

Therefore, for the case “a”, Table 4.3 defines also the ratio of the Hall coefficientsRBE

andRGBE, obtained in frames of BKT and GBKT.
By the formulated assumptions, the following conclusions can be drawn from Ta-

bles 4.1–4.4:

(1) In constant electric field, the decrease of conductivity with increase ofωBτ is be-
ing realized in the frame of GBKT much faster than it follows from BKT (more
significant effect of confining the ionized gas in magnetic field).

(2) In the absence of magnetic field, the increase ofωτ in alternating electric field in the
frame of GBKT leads to more significant decrease of conductivity than it follows
from BKT.

(3) In the case of equality of frequenciesω = ωB , the ratio of conductivities varies
non-monotonically with increase ofωτ .
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(4) Transverse drift velocities in electromagnetic fields are larger than it follows from
BKT.

The calculations show that while the BE and GBE results may happen to be identical,
they may also be significantly different, both qualitatively and quantitatively. The ques-
tion of exactly how significantly can only be answered through the solution of concrete
problems.



CHAPTER 5

Kinetic Coefficients in the Theory of the Generalized
Kinetic Equations

5.1. Linearization of the generalized Boltzmann equation

Let us use the dimensionless form of the generalized Boltzmann equation (GBE) con-
venient for investigation of transport processes in hydrodynamic limit. Define for GBE

Dfα

Dt
− D

Dt

(
τα
Dfα

Dt

)
=

η∑
j=1

∫ [
f ′
αf

′
j − fαfj

]
gαj bdbdϕ dvj , (5.1.1)

where

D

Dt
= ∂

∂t
+ vα · ∂

∂r
+ Fα · ∂

∂vα
, (5.1.2)

are the corresponding scales. Namely, for radius-vectorr the characteristic hydrody-
namic lengthL is used as scale(Mr = L); for velocity vα the scale isMvα = v0λ,α

(Mvα =
√
v2
α ), which is consistent with root-mean-square velocity for particles belong-

ing to speciesα (“α-particles”). In accordance with definition,

v2
α = 1

nα

∫
fαv

2
α dvα.

For distribution functionfα the scale introduced is compatible with its normalization

Mfα = nα0

v3
0λ,α

, (5.1.3)

wherenα0 is characteristic value of numerical concentration forα-particles. The scale
Gαj for module of relative velocitygαj is defined as

Mgαj = 1

nαnj

∫
|vα − vj |fαfj dvα dvj =Gαj , (5.1.4)
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and the scaleMb for impact parameterb of encountering particlesα andj ,

Mb = σαj 4

√
1+ mα

mj
, σαj = σα + σj

2
. (5.1.5)

The rest of scales:MFα = F0α , Mτα = lα/v0λ,α , wherelα is the mean free path for
α-particles,Mϕ = π . Rewrite now Eq. (5.1.1) in dimensionless form, marking off the
dimensionless values by signˆ.

v0λ,α

L

∂f̂α

∂t̂
+ v0λ,α

L
v̂α · ∂f̂α

∂ r̂
+ F0α

v0λ,α
F̂α · ∂f̂α

∂ v̂α

−
{(
v0λ,α

L

∂

∂t̂
+ v0λ,α

L
v̂α · ∂

∂ r̂
+ F0α

v0λ,α
F̂α · ∂

∂ v̂α

)

×
[
τ̂αlα

v0λ,α

(
v0λ,α

L

∂f̂α

∂t̂
+ v0λ,α

L
v̂α · ∂f̂α

∂ r̂
+ F0α

v0λ,α
F̂α · ∂f̂α

∂ v̂

)]}

= π
η∑
j=1

nj0σ
2
αjGαj

∫ (
f̂ ′
αf̂

′
j − f̂αf̂j

)
ĝαj b̂db̂dϕ̂ dv̂j

√
1+ mα

mj
. (5.1.6)

After dividing Eq. (5.1.6) term-by-term intov0λ,α/L, we find

∂f̂α

∂t̂
+ v̂α · ∂f̂α

∂ r̂
+ F0αL

v2
0λ,α

F̂α · ∂f̂α
∂ v̂α

−
{(

∂

∂t̂
+ v̂ · ∂

∂ r̂
+ F0αL

v2
0λ,α

F̂ · ∂

∂ v̂α

)

×
[
τ̂α
lα

L

(
∂f̂α

∂t̂
+ v̂α · ∂f̂α

∂ r̂
+ F0αL

v2
0λ,α

F̂α · ∂f̂α
∂ v̂α

)]}

= πL

v0λ,α

η∑
j=1

nj0

√
1+ mα

mj
σ 2
αjGαj

∫ (
f̂ ′
αf̂

′
j − f̂αf̂j

)
ĝαj b̂db̂dϕ̂ dv̂j . (5.1.7)

For the hard spheres model in multi-componentmixture of gases the following relation
is valid:

l−1
α = π

η∑
j=1

njσ
2
αj

√
1+ mα

mj
. (5.1.8)

Let us introduce Knudsen numbers

Kn−1
αj = L

lαj
= πLnjσ 2

αj

√
1+ mα

mj
, (5.1.9)

Kn−1
α = L

lα
= πL

η∑
j=1

njσ
2
αj

√
1+ mα

mj
=

η∑
j=1

Kn−1
αj , (5.1.10)
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and rewrite Eq. (5.1.7) in the form

Df̂α

Dt̂
− D

Dt̂

[
τ̂αKnα

Df̂α

Dt̂

]
=

∑
j

Kn−1
αj

Gαj

v0λ,α

∫ [
f̂ ′
αf̂

′
j − f̂α f̂j

]
ĝαj b̂db̂dϕ̂ dv̂j , (5.1.11)

where

D

Dt̂
= ∂

∂t̂
+ v̂α · ∂

∂ r̂
+ γ F̂α · ∂

∂ v̂α
, γ = F0α

v2
0λ,α/L

. (5.1.12)

For a mixture of neutral gases, the molecules of which are not strongly different in mass,
the scale of relative velocityGαj can be adopted asv0λ,α . In hydrodynamic limit, when
Knudsen numbersKnαj (α, j = 1, . . . , η) are small (or, which is the same, the mean
free path between collisions much smaller than characteristic hydrodynamic lengthL),
the perturbation method of the GBE solution can be developed using expansion of dis-
tribution functionfα in a power series in Knudsen numbers. Namely, introduce now the
small parameter

ε = max{Knαj } � 1 (α, j = 1, . . . , η), (5.1.13)

in this caseKn−1
α � ηε−1, then

Knα � ε

η
, (5.1.14)

whereη is a number of species in the gas mixture. The mentioned expansion forfα has
the form

fα =
∑
k

f (k)α εk. (5.1.15)

Now it is obvious that for obtaining a successive approach the model equation with the
large parameterε−1 in the right integral part of equation can be used

Dfα

Dt
− D

Dt

(
τα
Dfα

Dt

)
= 1

ε

η∑
j=1

(
f ′
αf

′
j − fαfj

)
gαjbdbdϕ dvj . (5.1.16)

If inequality (5.1.13) is not valid for all components of mixture, further modification of
the Chapman–Enskog method for solution of Eq. (5.1.16) needs a correction which can
lead to multi-velocities hydrodynamics.

Equating the coefficients ofε−1 on both sides of Eq. (5.1.16) leads to the integral
relation
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η∑
j=1

∫ (
f (0)α

′f (0)j
′ − f (0)α f

(0)
j

)
gαj bdbdϕdvj = 0, (5.1.17)

wheref (0)α is a distribution function (DF) corresponding to the state of local equilib-
rium. Then to the Maxwellian DF

f (0)α = nα
(

mα

2πkBT

)3/2

e−mαV 2
α /(2kBT ), (5.1.18)

in Eq. (5.1.18)Vα is thermal velocity ofα-component particles,T – temperature of
gas mixture. The following approach corresponds to equating the coefficients inε0 of
Eq. (5.1.16). In this case two alternative methods exist:

1. The second term on the left-hand side of Eq. (5.1.11), containing the second sub-
stantive derivation, is proportional to Knudsen number (therefore toε), and formally
speaking this term is out of the Navier–Stokes approximation. In this case, the linear
equation which forms the basis for obtaining kinetic coefficients becomes the standard
form

Df
(0)
α

Dt
=

∑
j

∫ [
f (0)α

′f (1)j
′ +f (0)j ′f (1)α ′ −f (0)α f

(1)
j −f (1)α f

(0)
j

]
dω, (5.1.19)

where dω≡ gαjbdbdϕ dvj .
Application to Eq. (5.1.19) of the Chapman–Enskog procedure allows to obtain clas-

sical expressions for kinetic coefficients (Chapman and Cowling, 1952; Hirschfelder,
Curtiss and Bird, 1954). Differences from known results of the Chapman–Enskog
method appear on the level of obtainingf (2)α , i.e., in the generalized Barnett approach.

2. In the formulated first method in essence the turbulent fluctuations of kinetic co-
efficients on the Kolmogorov micro-scale (or statistical fluctuations of transport coeffi-
cients) are ignored. Taking intoaccount this effect leads to equation

− D

Dt

(
τ (0)α

(
Df

(0)
α

Dt

)
τ=0

)
+ Df

(0)
α

Dt

=
∑
j

∫ [
f (0)α

′f (1)j
′ + f (0)j ′f (1)α ′ − f (0)α f

(1)
j − f (0)j f (1)α

]
dω. (5.1.20)

It is important to notice that the additional term on the left-hand side of the linearized
equation does not exceed the limit of approximation and can be calculated using only
Maxwellian DF. In particular,τ (0)α is mean time between collisions ofα-particles, cal-
culated for the state of local thermodynamic equilibrium. Moreover, introduction of this
term leaves the description on the level of linear Fredholm equations.

For the proof of this affirmation we need to show that arising additional integral
equation satisfies the corresponding solubility conditions. With this aim we consider
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for simplicity one-component gas and obtain the explicit form ofDf
(0)
α /Dt with taking

τ -terms into account.
The next relation is valid in independent variablesr, V, t (Chapman and Cowling,

1952):

Df (0)

Dt
≡ D̆f (0)

Dt
+ V · ∂f

(0)

∂r
+

(
F − Dv0

Dt

)
· ∂f

(0)

∂V

− ∂f (0)

∂V
V : ∂
∂r

v0, (5.1.21)

where operator is introduced

D̆

Dt
≡ ∂

∂t
+ v0 · ∂

∂r
. (5.1.22)

Generalized hydrodynamic Eulerequations are written as:

∂n

∂t
= − ∂

∂r
· (nv0)+

∫
D

Dt

(
τ (0)

Df (0)

Dt

)
dv, (5.1.23)

∂v0

∂t
= −

(
v0 · ∂

∂r

)
v0 + F − 1

ρ

∂p

∂r
+ 1

n

∫
V
D

Dt

(
τ (0)

Df (0)

Dt

)
dv, (5.1.24)

∂

∂t

(
3

2
nkBT

)
= −v0 · ∂

∂r

(
3

2
nkBT

)
− 3

2
nkBT

∂

∂r
· v0 − p ∂

∂r
· v0

+
∫
mV 2

2

D

Dt

(
τ (0)

Df (0)

Dt

)
dv. (5.1.25)

Substantial derivativeDf (0)/Dt in integral terms (5.1.23)–(5.1.25) should be cal-
culated in Euler approach, because terms proportional toτ (0)2 are not taken into ac-
count. In (5.1.20) this fact is reflected by introduction of symbolic conditionτ = 0 for
[Df (0)/Dt]τ=0. Rewrite hydrodynamic equations using operatorD̆/Dt from (5.1.22):

D̆n

Dt
= −n ∂

∂r
· v0 +

∫
D

Dt

(
τ (0)

Df (0)

Dt

)
dv, (5.1.26)

D̆v0

Dt
= F − 1

ρ

∂p

∂r
+ 1

n

∫
V
D

Dt

(
τ (0)

Df (0)

Dt

)
dv, (5.1.27)

D̆T

Dt
= −2

3
T
∂

∂r
· v0 − T

n

∫
D

Dt

(
τ (0)

Df (0)

Dt

)
dv

+ 2

3kBn

∫
mV 2

2

D

Dt

(
τ (0)

Df (0)

Dt

)
dv. (5.1.28)
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Transform relation (5.1.21)

Df (0)

Dt
= f (0)

{
D̆ lnf (0)

Dt
+ V · ∂ lnf (0)

∂r
+

(
F − D̆v0

Dt

)
· ∂ lnf (0)

∂V

− ∂ lnf (0)

∂V
V : ∂
∂r

v0

}
, (5.1.29)

and use set of Eqs. (5.1.26)–(5.1.28) resulting in the relation

D̆ lnf (0)

Dt
= − mV

2

3kBT

∂

∂r
· v0 +

(
5

2n
− mV 2

2p

) ∫
D

Dt

(
τ (0)

Df (0)

Dt

)
dv

+
(
mV 2

3nk2
BT

2
− 1

p

) ∫
mV 2

2

D

Dt

(
τ (0)

Df (0)

Dt

)
dv. (5.1.30)

We use (5.1.30) for further transformation of (5.1.29):

Df (0)

Dt
= f (0)

{(
mV 2

2kBT
− 5

2

)
V · ∂ lnT

∂r
+ m

kBT
V0V : ∂

∂r
v0

+
(

5

2n
− mV 2

2p

) ∫
D

Dt

(
τ (0)

Df (0)

Dt

)
dv

+ mV
p

·
∫

V
D

Dt

(
τ (0)

Df (0)

Dt

)
dv

+ 1

p

(
mV 2

3kBT
− 1

) ∫
mV 2

2

D

Dt

(
τ (0)

Df (0)

Dt

)
dv

}
. (5.1.31)

Thence, in view of (5.1.31), the integral equation (5.1.20) is written as:

f (0)
{(
mV 2

2kBT
− 5

2

)
V · ∂ lnT

∂r
+ m

kBT
V0V : ∂

∂r
v0

+
(

5

2n
− mV 2

2p

) ∫
D

Dt

(
τ (0)

[
Df (0)

Dt

]
τ=0

)
dv

+ mV
p

·
∫

V
D

Dt

(
τ (0)

[
Df (0)

Dt

]
τ=0

)
dv

+ 1

p

(
mV 2

3kBT
− 1

) ∫
mV 2

2

D

Dt

(
τ (0)

[
Df (0)

Dt

]
τ=0

)
dv

}

− D

Dt

(
τ (0)

[
Df (0)

Dt

]
τ=0

)
=

∫
f (0)f

(0)
1 (ψ ′

1 +ψ ′ −ψ −ψ1)gbdbdϕ dv1, (5.1.32)
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where

f = f (0)(1+ψ), f (1) =ψf (0). (5.1.33)

The solutionψ of Eq. (5.1.32) is the sum of two functions

ψ =ψE +ψτ , (5.1.34)

corresponding to equations

f (0)
{(
mV 2

2kBT
− 5

2

)
V · ∂ lnT

∂r
+ m

kBT
V0V : ∂

∂r
v0

}
=

∫
f (0)f

(0)
1

(
ψ ′E

1 +ψ ′E −ψE1 −ψE)
dω, (5.1.35)

f (0)
{(

5

2n
− mV 2

2p

) ∫
D

Dt

(
τ (0)

[
Df (0)

Dt

]
τ=0

)
dv

+ mV
p

·
∫

V
D

Dt

(
τ (0)

[
Df (0)

Dt

]
τ=0

)
dv

+ 1

p

(
mV 2

3kBT
− 1

) ∫
mV 2

2

D

Dt

(
τ (0)

[
Df (0)

Dt

]
τ=0

)
dv

}
− D

Dt

(
τ (0)

[
Df (0)

Dt

]
τ=0

)
=

∫
f (0)f

(0)
1

(
ψ ′ τ

1 +ψ ′ τ −ψτ −ψτ1
)
dω. (5.1.36)

Eq. (5.1.35) is the classical Enskog integralequation, the solubility conditions for this
equation are satisfied, and its solution is known (Chapman and Cowling, 1952).

Let us investigate the solubility of integral equation (5.1.36). With this aim we mul-
tiply both (integral and differential) parts of Eq. (5.1.36) by additive invariantsψi

(i = 1,V,V 2/2) and integrate with respect tov. Right-hand sides of these relations are
equal to zero because of conservation laws of mass, momentum and energy for encoun-
tering particles. Now we show that integrated left-hand sides of these relations are also
equal to zero, therefore thesolubility conditions for this Fredholm equation are fulfilled.

(1)ψ(1) = 1.
For this invariant we have∫

f (0)
(

5

2n
− mV 2

2p

)
dv

∫
D

Dt

(
τ (0)

[
Df (0)

Dt

]
τ=0

)
dv

=
∫
D

Dt

(
τ (0)

[
Df (0)

Dt

]
τ=0

)
dv. (5.1.37)

The second integrated term in (5.1.36) isequal to zero because the integrand is an odd
function in thermal velocity, the third term is also equal to zero because of equality
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mV 2

3kT
− 1

)
f (0) dv = 0. (5.1.38)

Notice that expression (5.1.37) and the rest of the terms in (5.1.36) (integrated inv) on
the left side cancel each other.

(2)ψ(2) = V.
Define

Ri =
∫
Vi
D

Dt

(
τ (0)

[
Df (0)

Dt

]
τ=0

)
dv (i = 1,2,3),

then

m

p

∫
f (0)Vi(V · R)dv −Ri = 0. (5.1.39)

Relation (5.1.39) leads to accomplishingof solubility condition for invariantψ(2).
(3)ψ(3) =mV 2/2.∫

mV 2

2

(
5

2n
− mV 2

2p

)
f (0) dv

∫
D

Dt

(
τ (0)

[
Df (0)

Dt

]
τ=0

)
dv

+ 1

p

∫ (
mV 2

3kBT
− 1

)
mV 2

2
f (0) dv

∫
mV 2

2

D

Dt

(
τ (0)

[
Df (0)

Dt

]
τ=0

)
dv

−
∫
mV 2

2

D

Dt

(
τ (0)

[
Df (0)

Dt

]
τ=0

)
dv = 0, (5.1.40)

because ∫
mV 2

2

(
5

2n
− mV 2

2p

)
f (0) dv = 0,

1

p

∫ (
mV 2

3kBT
− 1

)
mV 2

2
f (0) dv = 1.

Then solubility conditions are fulfilled forEq. (5.1.36). For inscription of the partψτ

of solution we need the explicit form of operator

D

Dt

(
τ (0)

[
Df (0)

Dt

]
τ=0

)
=

{
D̆

Dt
+ V · ∂

∂r
+

(
F − D̆v0

Dt

)
· ∂
∂V

− ∂

∂V
V : ∂
∂r

v0

}
×

{
τ (0)

[(
W2 − 5

2

)
V · ∂ lnT

∂r
+ 2W0W : ∂

∂r
v0

]}
. (5.1.41)
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Transformation of (5.1.41) leads to result

D

Dt

(
τ

[
Df (0)

Dt

]
τ=0

)

=
(
W2 − 5

2

)
D̆

Dt

[
τ (0)

∂ lnT

∂r

]
+ 2W0W : D̆

Dt

[
τ (0)

∂

∂r
v0

]
− τ (0)W2

(
∂ lnT

∂r
· V

)
∂ lnT

∂t
− τ (0)W2

[
v0 · ∂ lnT

∂r

][
V · ∂ lnT

∂r

]

− 2
D̆ lnT

Dt
τ (0)W0W : ∂

∂r
v0 + τ (0)

(
F − D̆v0

Dt

)
· ∂ lnT

∂r

(
W2 − 5

2

)

+ 2τ (0)
(

F − D̆v0

Dt

)
∂ lnT

∂r
: WW + 2

√
m

2kBT

(
F − D̆v0

Dt

)
W : ∂

∂r
v0

+ 2

√
m

2kBT
W

(
F − D̆v0

Dt

)
: ∂
∂r

v0 − τ (0)
(
W2 − 5

2

)
∂ lnT

∂r
V : ∂
∂r

v0

− 2τ (0)
(
∂ lnT

∂r
· W

)
WV : ∂

∂r
v0 − 2τ (0)

(
W · ∂

∂r

)
v0 ·

(
W · ∂

∂r

)
v0

− 2τ (0)
[(

W · ∂
∂r

)
v0 · ∂

∂r

]
(v0 · W). (5.1.42)

Taking into account the explicit form ofDf (0)/Dt with terms proportional toτ (0) (see
also Appendix 2 and corresponding generalized hydrodynamic equations), we state, that
the structure of the left-hand side of Eq. (5.1.36) is so complicated that in many cases
it is more convenient to use self-consistent numerical schemes of solution of GHE and
Eq. (5.1.36) (defining kinetic coefficients) or to use variants of the generalized Grad’s
method. Nevertheless, we formulate approximate method of Eq. (5.1.36) solution mak-
ing possible to find explicit forms of the fluctuation terms for kinetic coefficients.

5.2. Approximate modified Chapman–Enskog method

We intend to develop in the theory of GBE the approximate modified Chapman–Enskog
method. With this aim let us rewrite Eq. (5.1.32) in the form

f (0)
{(
mV 2

2kBT
− 5

2

)[
V · ∂ lnT

∂r
− 1

n

∫
D

Dt

(
τ (0)

(
Df (0)

Dt

)
τ=0

)
dv

]

+ m

kBT
VV : ∂

∂r
v0 − mV 2

3kBT

[
∂

∂r
· v0

− 1

p

∫
mV 2

2

D

Dt

(
τ (0)

(
Df (0)

Dt

)
τ=0

)
dv

]
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+ m

p

[
V ·

∫
V
D

Dt

(
τ (0)

(
Df (0)

Dt

)
τ=0

)
dv

−
∫
V 2

2

D

Dt

(
τ (0)

(
Df (0)

Dt

)
τ=0

)
dv

]}
− D

Dt

(
τ (0)

(
Df (0)

Dt

)
τ=0

)
=

∫
f (0)f

(0)
1 (ψ ′

1 +ψ ′ −ψ −ψ1)dω. (5.2.1)

In the following calculations of the kinetic coefficient’s perturbations we neglect the
small influence ofτ -terms in square brackets of (5.2.1). It means that we intend to
obtain solution of the shortened approximate integral equation

(
Df (0)

Dt

)
τ=0

− D

Dt

(
τ (0)

(
Df (0)

Dt

)
τ=0

)
=

∫
f (0)f

(0)
1 (ψ ′

1 +ψ ′ −ψ −ψ1)dω, (5.2.2)

where the substantial derivative(Df (0)/Dt)τ=0 exists. Let us consider more general
case of multi-component mixture of gases while neglecting the influence of external
forcesFα . We use also approximation (1.3.86)τα = τ . It leads to some simplification
(Alexeev, 1988, 1992, 1994) of the following calculations, which nevertheless remain
complicated. Then,

(
Df

(0)
α

Dt

)
τ=0

− D

Dt

(
τ (0)

(
Df

(0)
α

Dt

)
τ=0

)

=
η∑
j=1

∫ [
f (0)α

′f (1)j
′ + f (1)α ′f (0)j

′ − f (0)α f
(1)
j − f (1)α f

(0)
j

]
dω,

dω= gαj bdbdϕ dvj . (5.2.3)

Supposeψα is the solution of equation

[
Df

(0)
α

Dt

]
τ=0

=
∑
j

∫
f (0)α f

(0)
j (ψ ′

α +ψ ′
j −ψα −ψj )dω, (5.2.4)

D

Dt
= ∂

∂t
+ vα · ∂

∂r
. (5.2.5)

We intend to find the solution of the linearized GBE (5.2.3) in the form

f (1)α = f (0)α ψα − D

Dt

[
τ (0)f (0)α ψα

]
. (5.2.6)



Kinetic coefficients in the theory of the generalized kinetic equations 197

After substituting (5.2.6) into (5.2.3):

[
Df

(0)
α

Dt

]
τ=0

− D

Dt

[
τ (0)

(
Df

(0)
α

Dt

)
τ=0

]

=
η∑
j=1

∫
f (0)α f

(0)
j (ψ ′

α +ψ ′
j −ψα −ψj)dω

−
η∑
j=1

∫ {
f (0)α

′D′

Dt

(
τ (0)f

(0)
j

′ψ ′
j

) + f (0)j ′D′

Dt

(
τ (0)f (0)α

′ψ ′
α

)
− f (0)α

D

Dt

(
τ (0)f

(0)
j ψj

) − f (0)j
D

Dt

(
τ (0)f (0)α ψα

)}
dω, (5.2.7)

where

D′

Dt
= ∂

∂t
+ V′

α · ∂
∂r
. (5.2.8)

Eq. (5.2.7) is being simplified with the help of (5.2.4):

D

Dt

[
τ (0)

(
Df

(0)
α

Dt

)
τ=0

]
=

∑
j

∫ {
f (0)α

′D′

Dt

(
τ (0)f

(0)
j

′ψ ′
j

) + f (0)j ′D′

Dt

(
τ (0)f (0)α

′ψ ′
α

)
− f (0)α

D

Dt

(
τ (0)f

(0)
j ψj

) − f (0)j
D

Dt

(
τ (0)f (0)α ψα

)}
dω. (5.2.9)

Maxwellian functions in front of substantial derivatives on right-hand side of (5.2.9) can
be introduced in round squares after signing the derivatives with accuracy O[ψ2]. For
example, let us consider the term

f (0)α
D

Dt

(
τ (0)f

(0)
j ψj

) = D

Dt

(
τ (0)f (0)α f

(0)
j ψj

) − τ (0)f (0)j ψj
Df

(0)
α

Dt
. (5.2.10)

The form (5.2.10) is obtained with the help of relation

D

Dt
≡ ∂

∂t
+ vα · ∂

∂r
= ∂

∂t
+ ∂

∂r
· vα, (5.2.11)

which is valid, becauser,vα, t are independent variables. But from (5.2.4) follows that
Df

(0)
α /Dt ∼ψ , and therefore the formulated affirmation.
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Then

D

Dt

(
τ (0)

[
Df

(0)
α

Dt

]
τ=0

)

=
η∑
j=1

∫ {
D′

Dt

(
f (0)α

′f (0)j
′τ (0)ψ ′

j

) + D′

Dt

(
f (0)α

′f (0)j
′τ (0)ψ ′

α

)
− D

Dt

(
f (0)α f

(0)
j τ (0)ψj

) − D

Dt

(
f (0)α f

(0)
j τ (0)ψα

)}
dω. (5.2.12)

This linear equation can be split into the following integral equations.

∂

∂t

(
τ (0)

[
Df

(0)
α

Dt

]
τ=0

)

= ∂

∂t

[
τ (0)

η∑
j=1

∫
f (0)α f

(0)
j (ψ ′

α +ψ ′
j −ψα −ψj)dω

]
, (5.2.13)

∂

∂r
·
(

v0τ
(0)

[
Df

(0)
α

Dt

]
τ=0

)

= ∂

∂r
·
[

v0τ
(0)

η∑
j=1

∫
f (0)α f

(0)
j (ψ ′

α +ψ ′
j −ψα −ψj )dω

]
, (5.2.14)

∂

∂r
·
(

Vατ (0)
[
Df

(0)
α

Dt

]
τ=0

)

= ∂

∂r
·
[
τ (0)

η∑
j=1

∫
f (0)α f

(0)
j

(
ψ ′
αV′

α−ψ ′
jV′
j −ψαVα−ψjV′

j

)
dω

]
. (5.2.15)

Obviously, Eqs. (5.2.4) and (5.2.13), (5.2.14) are consistent. Let us show that Eq. (5.2.15)
can be satisfied identically by solution of Eq. (5.2.15) in frame of Enskog’s moment
method; in other words, it can be stated by use the of moment method for solution of
equation

Vα

[
Df

(0)
α

Dt

]
τ=0

=
∑
j

∫
f (0)α f

(0)
j

(
ψ ′
αV′

α −ψ ′
jV′
j −ψ ′

αV′
α −ψ ′

jV
′
j

)
dω, (5.2.16)

whereψα is the Enskog solution, the moment equations corresponding to the first ap-
proximation, are satisfied identically. In variablesr, Vα , t after exclusion of time deriv-
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atives using hydrodynamic equations (Chapman and Cowling, 1952; Hirschfelder, Cur-
tiss and Bird, 1954), the left-hand side of equation takes the form (5.2.17)

Vα

[
Df

(0)
α

Dt

]
τ=0

= f (0)α Vα

[
n

nα
(Vα · dα)+ 2W0

αWα : ∂
∂r

v0

−
(

5

2
−W2

α

)(
Vα · ∂ lnT

∂r

)]
, (5.2.17)

where

dα = ∂

∂r

(
nα

n

)
+

(
nα

n
− ρα

ρ

)
∂ lnp

∂r
,

(5.2.18)

Wα =
√

m

2kBT
Vα.

ψα is linear function of derivatives and can be written as:

ψα = −Aα · ∂ lnT

∂r
−B↔α : ∂

∂r
v0 + n

∑
j

C(j)α · dj , (5.2.19)

C(j)α = C(j)α (Wα)Wα, Aα =Aα(Wα)Wα,

(5.2.20)
B
↔
α = W0

αWαBα(Wα).

Because of (5.2.19), Eq. (5.2.16) is split into three equations

1

nα
Vαif

(0)
α (δαn − δαk)Vα

=
∑
j

∫ [
V ′
αiC

(n)
α

′ + V ′
jiC

(n)
j

′ − V ′
αiC

(k)
α

′ − V ′
jiC

(k)
j

′ − VαiC(n)α

− VjiC(n)j + VαiC(k)α + VjiC(k)j
]
f (0)α f

(0)
j dω (i = 1,2,3), (5.2.21)

2Vαif (0)α W0
αWα

= −
∑
j

∫ [
V ′
αiB

↔
α
′ + VjiB↔j′ − VαiB↔α − VjiB↔j

]
f (0)α f

(0)
j dω (5.2.22)

and

Vαif
(0)
α

(
5

2
−W2

α

)
Vα

=
∑
j

∫ [
V ′
αiA

′
α + V ′

jiA
′
j − VαiAα − VjiAj

]
f (0)α f

(0)
j dω. (5.2.23)
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By solution of Eq. (5.2.4) as probe functionst(n,k)α (which correspond to functions
Aα,B

↔
α,C

(n)
α − C(k)α ), the finite linear combinations of Sonine polynomials can be used

(W
↔
α = Wα,W0

αWα,Wα relevant to (5.2.21)–(5.2.23)):

t
↔(n,k)
α =W↔α

ξ∑
m=0

t(n,k)αm S(m)n

(
W2
α

)
, m= 0,1,2, . . . . (5.2.24)

After multiplication of each side of Eqs. (5.2.21)–(5.2.23)by Sonine polynomials – cor-
respondinglyWαS

(m)
3/2(W

2
α), W0

αWαS
(m)
5/2(W

2
α ), WαS

(m)
3/2(W

2
α) – the following integrals

appear on the left-hand sides of equations:

I1 = 1

nα

∫
f (0)α Vαi(δαn − δαk)Vα · WαS

(m)
3/2

(
W2
α

)
dVα, (5.2.25)

I2 = 2
∫
f (0)α Vαif

(0)
α W0

αWα : W0
αWαS

(m)
5/2

(
W2
α

)
dVα, (5.2.26)

I3 =
∫
f (0)α Vαi

(
5

2
−W2

α

)
Vα · WαS

(m)
3/2

(
W2
α

)
dVα (5.2.27)

(i = 1, . . . ,3).

Integrands in (5.2.25)–(5.2.27) are odd functions of velocity components and then in-
tegralsI1, I2, I3 over all V-space are equal to zero. This affirmation is obvious for
integralsI1 andI3. For proof thatI2 = 0, it is sufficient to notice that

W0
αWα : W0

αWα = 2

3
W4
α . (5.2.28)

Let us consider now the right-hand sides of moment equations. By scalar multiplica-
tion of right-hand sides of Eqs. (5.2.21) and (5.2.23) byWαS

(m)
3/2(W

2
α ) and by following

integration over allVα , the bracket expressions appear of the type

[
VαiWαS

(p)
3/2

(
W2
α

)
,Wj S

(q)
3/2

(
W2
j

)]
αj

= − 1

nαnj

∫
f (0)α f

(0)
j S

(q)

3/2

(
W2
j

)
Wj · [

V ′
αiW

′
αS
(p)

3/2

(
W ′2
α

)
− VαiWαS

(p)

3/2

(
W2
α

)]
gαj bdbdϕ dvα dvj , (5.2.29)[

VαiWαS
(p)

3/2

(
W2
α

)
,WαS

(q)

3/2

(
W2
α

)]
αj

= − 1

nαnj

∫
f (0)α f

(0)
j S

(q)

3/2

(
W2
α

)
Wα · [

V ′
αiW

′
αS
(p)

3/2

(
W ′2
α

)
− VαiWαS

(p)
3/2

(
W2
α

)]
gαj bdbdϕ dvα dvj . (5.2.30)
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Expression (5.2.29) is a coefficient ofsptq in expansion of function

J = 1

nαnj

∫
f (0)α f

(0)
j (1− s)−5/2(1− t)−5/2

{
exp

(
−W

2
αs

1− s − W2
j t

1− t
)

× Wα · WjVαi − exp

(
−W

′2
α s

1− s − W2
j t

1− t
)

W′
α · W′

jV
′
αi

}
× gαj bdbdϕ dvα dvj . (5.2.31)

Let us use now in relation (5.2.31) other variables,G0, gαj , using formulae

Vα = G0 −Mjgjα, (5.2.32)

Vj = G0 +Mαgjα, (5.2.33)

whereG0 is mass center velocity of particlesα, relative coordinate axesj moving with
the mean mass velocityv0 of gas(Mj = mj/m0, m0 = mα +mj). In this coordinate
system,

1

2
mαV

2
α + 1

2
mjV

2
j = 1

2
m0

(
G2

0 +MαMjg2
αj

)
. (5.2.34)

Introduce notation

G̃0 =G0

√
m0

2kBT
, g̃αj = gαj

√
m0MαMj

2kBT
. (5.2.35)

Now we use in formula (5.2.31) the integration over variablesG0, gαj . Jacobian of
transformation can be written as

∂(G̃0, g̃jα)

∂(vα,vj )
= (mαmj )

3/2

(2kBT )3
. (5.2.36)

Formula (5.2.31) in variables̃G0, g̃αj has the form

J = (1− s)−5/2(1− t)−5/2π−3
∫

e−G̃2
0−g̃2

αj
(
e−S̃W2

αWαVαi

− e−S̃W ′2
α W′

αV
′
αi

)
Wj e−T̃ W2

j gαj bdbdϕ dG̃0 dg̃jα, (5.2.37)

where

S̃ = s

1− s , T̃ = t

1− t .

Calculate

1Hαj,i =
∫

exp
(−G̃2

0 − g̃2
αj − S̃W ′2

α − T̃ W2
j

)
W′
α · WjV

′
αi dG̃0. (5.2.38)
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With this aim introduce a new variable

c = G̃0 + 1

iαj

√
MαMj

(
T̃ g̃jα − S̃g̃′

jα

)
, (5.2.39)

where

iαj = 1− sMj − tMα
(1− s)(1− t) . (5.2.40)

Then exponential index in (5.2.37) has the form

G̃2
0 + g̃2

αj + S̃W ′2
α + T̃ W2

j = iαj c2 + jαj g̃2
αj , (5.2.41)

where

jαj = 1− 2MαMjst (1− cosχ)

1− sMj − tMα , χ = gjα, g̃′
jα. (5.2.42)

Notice, that

W′
α · Wj = (√

Mα G̃0 − √
Mj g̃jα

) · (√
Mj G̃0 + √

Mα g̃′
jα

)
= (√

Mα c − √
Mj cα

) · (√
Mj c − √

Mα cj
)

= √
MαMj c

2 − c · (Mj cα +Mαcj )+
√
MαMj cα · cj , (5.2.43)

W ′
αi =

√
Mα ci −

√
Mj cαi (i = 1,2,3). (5.2.44)

Therefore

W′
α · WjW

′
αi =Mα

√
Mj c

2ci −
√
Mα cic · (Mj cα +Mαcj )

+Mα
√
Mj cicα · cj −Mj

√
Mα cαic

2

+ √
Mj cαic · (Mj cα +Mαcj )

−Mj
√
Mα cαicα · cj , (5.2.45)

where

cα = Mα

iαj

(
T̃ g̃jα − S̃g̃′

jα

) + g̃′
jα, (5.2.46)

cj = Mj

iαj

(
T̃ g̃′

jα − S̃g̃′
jα

) − g̃′
jα. (5.2.47)

By integration over allc in c-space, all integralscontaining the odd “c” in integrand will
be equal to zero. It means that after substitution of (5.2.45) into integrand of (5.2.38),
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the first, second and fifth terms in right-hand side of (5.2.45) should be omitted. As a
result we have

1Hαj,i = 4π

√
2kBT

mα

∫ ∞

0
e−iαj c2c2

[
−1

3
c2

√
Mα (Mjcαi +Mαcji)

−Mj
√
Mα cαic

2 −Mj
√
Mα cαicα · cj

]
dce−jαj g̃2

αj . (5.2.48)

Carry the integration over “c” in (5.2.48):

1Hαj,i = π3/2

2

√
2kBT

m0

{(
Mjcαi +Mαcji

)
i
−5/2
αj − 3Mjcαii

−5/2
αj

− 2Mjcα · cj cαii
−3/2
αj

}
e−jαj g̃2

αj ,

or

1Hαj,i = −π
3/2

2

√
2kBT

m0

{
2Mjcαi + 2Mjcα · cj cαiiαj

−Mαcji
}

e−jαj g̃2
αj i

−5/2
αj , i = 1,2,3. (5.2.49)

Using also

iαjcα · cj = g̃2
αj (1− jαj − cosχ), (5.2.50)

we find

1Hαj,i = −π
3/2

2

√
2kBT

m0

{
2Mjcαi + 2Mjcαig̃2

αj (1− jαj − cosχ)

−Mαcji
}

e−jαj g̃2
αj i

−5/2
αj . (5.2.51)

After substitution ofcαi , cji from relations (5.2.46), (5.2.47) into integral
∫

1Hαj,i dg̃jα ,
the following integrals appear in calculations

J1 =
∫

e−jαj g̃2
αj Z1

(
g̃2
αj

)
g̃αj,i dg̃αj , (5.2.52)

J2 =
∫

e−jαj g̃2
αj Z2

(
g̃2
αj

)
g̃′
αj,i dg̃αj (i = 1,2,3). (5.2.53)
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The first integral mentioned above is known to be equal to zero as having the oddg̃αj,i
in integrand. Consider now integralJ2. Since

dG̃0 dg̃αj = dvα dvj

[
(mαmj )

1/2

2kBT

]3

and

dvα dvj = dv′
α dv′

j ,

then

dG̃′
0 dg̃′

αj = dvα dvj

[
(mαmj )

1/2

2kBT

]3

. (5.2.54)

The mass center velocity is not changing during collision of particles also as a module
of relative velocity by elastic collisions,̃G0 = G̃′

0, g̃αj = g̃′
αj . Then the use of variables

associated with backward collisions leads to relation

dG̃0 dg̃′
αj = dvα dvj

[
(mαmj )

1/2

2kBT

]3

, (5.2.55)

and to possible transformation of integralJ2:∫
e−jαj g̃′2

αj Z2
(
g̃′2
αj

)
g̃′
αj,i dg̃′

αj ,

wich also turns into zero because the integrand contains odd function. Calculate now

2Hαj,i =
∫

exp
(−G̃2

0 − g̃2
αj − S̃W2

α − T̃ W2
j

)
Wα · WjVαi dG̃0. (5.2.56)

Notice, that

Wα = √
Mα c − √

Mj cα + √
Mj

(
g̃′
jα − g̃jα

)
.

Using also

Wj = √
Mj c − √

Mα cj ,

all combinations of velocities we need for calculation of2Hαj,i in (5.2.56) can be found.
But we need not do it because (Chapman and Cowling, 1952) arbitrary function ofW′

α

andWj can be transformed into corresponding function ofWα andWj , if we suppose
χ = 0 (see (5.2.51)). Then all considerations which led to conditionsJ1 = 0,J2 = 0 are
valid and the bracket expression in (5.2.29) turns into zero.
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By calculation of bracket expression in (5.2.30), the following function appears:

Hαj,i (χ)=
∫

exp
(−G̃2

0 − g̃2
αj − S̃W ′2

α − T̃ W2
α

)
Wα · W′

αV
′
αi dG̃0, (5.2.57)

because the bracket expression in(5.2.30) is the coefficient ofsptq in expansion of
function

N = 1

nαnj

∫
f (0)α f

(0)
j (1− s)−5/2(1− t)−5/2{

e−W2
α S̃W2

αVαi

− e−W ′2
α S̃W′

α · WαVαi
}

e−W2
α T̃ gαj bdbdϕdvα dvj . (5.2.58)

Really, in variables̃G0, g̃αj functionN takes the form

N = (1− s)−5/2(1− t)−5/2π−3

×
∫ [
Hαj (0)−Hα(χ)

]
gαj bdbdϕdg̃jα, (5.2.59)

where

Hαj,i (0)=
∫

exp
(−G̃2

0 − g̃2
αj − SW2

α − TW2
α

)
W2
αVαi dG̃0.

Let us go from variables̃G0, g̃jα to variablesc, g̃jα (see, for example, Alekseev, 1982,
p. 167), supposing that

c = G0 + d1g̃jα + d2g̃′
jα. (5.2.60)

The valuesd1, d2 are chosen in a special way, i.e., from condition

G̃2
0 + g̃αj + SW ′2

α + TW2
α = iαj c2 + jαj g̃2

αj . (5.2.61)

This means that the integration over variablec may be easily realized. Not difficult to
find that if

d1 = −
√
MαMj

iαj
T̃ , d2 = −

√
MαMj

iαj
S̃,

then

iαj = 1−Mj(s + t)+ (Mj −Mα)st
(1− s)(1− t) , (5.2.62)

jαj = 1− st (M2
α +M2

j + 2MαMj cosχ)

1−Mj(s + t)+ (Mj −Mα)st , (5.2.63)
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and in this case

c = G̃ −
√
MαMj [s(1− t)g̃′

jα + t (1− s)g̃jα]
1−Mj(s + t)+ (Mj −Mα)st , (5.2.64)

or

c = G̃0 − 1

iαj

√
MαMj

(
S̃g̃′
jα + T̃ g̃jα

)
. (5.2.65)

Notice, that

Wα = √
Mα G̃0 − √

Mj g̃jα,

W′
α = √

Mα G̃0 − √
Mj g̃′

jα.

Then

Wα = √
Mα

(
c + 1

iαj

√
MαMj

(
S̃g̃′
jα + T̃ g̃jα

))
− √

Mj g̃jα,

W′
α = √

Mα

(
c + 1

iαj

√
MαMj

(
S̃g̃′
jα + T̃ g̃jα

))
− √

Mj g̃′
jα,

Wα = √
Mα c + √

Mj cα, (5.2.66)

W′
α = √

Mα c + √
Mj cj , (5.2.67)

where in similar manner as in (5.2.46), (5.2.47) the next notation is introduced

cα = Mα

iαj

(
T̃ g̃jα + S̃g̃′

jα

) − g̃jα, (5.2.68)

cj = Mα

iαj

(
T̃ g̃jα + S̃g̃′

jα

) − g̃′
jα. (5.2.69)

Using also (5.2.66), (5.2.67), we find

Wα · W′
αWαi = (

Mαc
2 + √

MαMj c · cj + √
MαMj c · cα +Mjcα · cj

)
× (√

Mα ci +
√
Mj cji

)
= · · · +Mα

√
Mj cic · cj +Mα

√
Mj cic · cα

+ √
Mj Mαc

2cji +
√
Mj Mjcjicα · cj . (5.2.70)
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In the right-hand side of relation (5.2.70) the terms which contain the odd powers of
velocity componentsc are omitted. Analogously, by (5.2.48) we have

Hαj,i (χ) = 4π

√
2kBT

mα

∫ ∞

0
e−iαj c2c2

[
1

3
Mα

√
Mj c

2(cji + cαi)

+Mα
√
Mj c

2cji +Mj
√
Mj cjicα · cj

]
dce−jαj g̃2

αj , (5.2.71)

and after integration

Hαj,i (χ) = π3/2

2

√
2kBT

mα

{
Mα

√
Mj (cji + cαi)i−5/2

αj

+ 3cjiMα
√
Mj i

−5/2
αj + 2Mj

√
Mj cjicα · cj i

−3/2
αj

}
e−jαj g̃2

αj ,

or

Hαj,i (χ) = i−5/2
αj

π3/2

2

√
2kBT

m0

√
Mj

Mα

{
Mα(cαi + 4cji)

+ 2Mjcjicα · cj iαj
}

e−jαj g̃2
αj . (5.2.72)

Further practically word for word all considerations can be repeated which led expres-
sions like (5.2.52), (5.2.53) equal to zero as odd integrand functions. Then bracket ex-
pressions of the type (5.2.30) turn into zero.

Finally notice, that Eq. (5.2.22) leads to bracket expressions of the kind

[
VαiW0

αWαS
(p)

5/2

(
W2
α

)
,W0

jWj S
(q)

5/2

(
W2
j

)]
αj

= − 1

nαnj

∫
f (0)α f

(0)
j W0

jWj S
(q)
5/2

(
W2
j

) : [
V ′
αiW

′0
α W′

αS
(p)
5/2

(
W ′2
α

)
− VαiW0

αWαS
(p)

5/2

(
W2
α

)]
gαj bdbdϕ dvα dvj , (5.2.73)[

VαiW0
αWαS

(p)

5/2

(
W2
α

)
,W0

αWαS
(q)

5/2

(
W2
α

)]
αj

= − 1

nαnj

∫
f (0)α f

(0)
j W0

αWαS
(q)

5/2

(
W2
α

) : [
V ′
αiW

′0
α W′

αS
(p)

5/2

(
W ′2
α

)
− VαiW0

αWαS
(p)

5/2

(
W2
α

)]
gαj bdbdϕ dvα dvj . (5.2.74)

As a result of analogous calculations it can be shown that bracket integrals (5.2.73),
(5.2.74) are equal to zero like (5.2.29), (5.2.30).
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5.3. Kinetic coefficient calculation with taking into account the statistical
fluctuations

In the frame of developed approximate method we need to use the following form of
distribution function for calculation of kinetic coefficients and hydrodynamic fluxes:

fα = f (0)α + f (0)α ψα − D

Dt

[
τ (0)f (0)α ψα

]
, (5.3.1)

where

ψα = −AαWα −BαW0
αWα : ∂

∂
r v0 + n
∑
j

C(j)α Wα · dj . (5.3.2)

Let us calculate diffusive fluxes ofα-species(α = 1, . . . , η).

Jα = ρα�Vα
=mα

∫
Vαf (0)α ψα dVα −mα

∫
Vα
D

Dt

[
τ (0)f (0)α ψα

]
dVα, (5.3.3)

where

D

Dt
= ∂

∂t
+ vα · ∂

∂r
. (5.3.4)

Let us denote

J∧
α =mα

∫
Vαf (0)α ψα dVα, (5.3.5)

Jτα = −mα
∫

Vα
D

Dt

[
τ (0)f (0)α ψα

]
dVα. (5.3.6)

Obviously diffusive fluxJ∧
α can be obtained from the Chapman–Enskog expression

(Hirschfelder, Curtiss and Bird, 1954)

J∧
α = mαn

2

ρ

η∑
j=1

mjDαjdj −DTα
∂ lnT

∂r
, (5.3.7)

whereDαj DTα are coefficients of diffusion and thermo-diffusion, correspondingly. For
calculation ofJτα we need to substitute (5.3.2) into integral (5.3.6) and use the additional
conditions which – as in Enskog theory – have the form∫

f (1)α dvα = 0, (5.3.8)
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η∑
α=1

mα

∫
vαf (1)α dvα = 0, (5.3.9)

η∑
α=1

∫
V 2
α f

(1)
α dvα = 0, (5.3.10)

becausef (1)α corresponds to classical solution of Enskog equation in the first approxi-
mationf (1)α = f (0)α ψα .

Then one supposes that numerical density of component, mean mass velocity of gas
mixture and temperature are defined by Maxwellian distribution function. Mentioned
transformations lead to result

Jτα = − ∂

∂t

(
τ (0)J∧

α

) − τ (0)
(

J∧
α · ∂
∂r

)
v0 − ∂

∂r
· (

v0τ
(0)J∧

α

)
− ∂

∂r
·
[
τ (0)mα

∫
VαVαf (0)α dVα

]
. (5.3.11)

Calculation of integral on the right-hand side of (5.3.11) is realized by the use of (5.3.2):∫
VαVαf (1)α dVα = − mα

15kT
S
↔

∫
Bα(Wα)V

4
α f

(0)
α dVα, (5.3.12)

whereS
↔

is tensor, defined by expression(i, k = 1,2,3)

Sik = 1

2

(
∂v0i

∂rk
+ ∂v0k

∂ri

)
− 1

3
δik
∂

∂r
· v0. (5.3.13)

Introduce dynamical viscosity ofα-component,

µα = 1

15

m2
α

2kBT

∫
Bα(Wα)V

4
α f

(0)
α dVα. (5.3.14)

Then (5.3.11) can be transformed:

Jτα = −τ (0)
(

J∧
α · ∂
∂r

)
v0 − ∂

∂t

(
τ (0)J∧

α

) − ∂

∂r
· (
τ (0)v0J∧

α

)
+ ∂

∂r
· 2τ (0)µαS

↔
. (5.3.15)

Using condition

η∑
α=1

J∧
α = 0, (5.3.16)



210 Generalized Boltzmann Physical Kinetics

we see that

∑
α

Jτα = 2
∂

∂r
· (
τ (0)µS

↔)
, (5.3.17)

whereµ is viscosity of gas mixture

µ=
∑
α

µα.

Therefore inconsistency in (5.3.17) appear which it is not equal to zero, and is pro-
portional to squared viscosity (see (1.3.66)) or – for dimensionless form of equation
– to squared Knudsen number. The origin of this inconsistency has to do with the use
of additional conditions in the form (5.3.8)–(5.3.10), obtained for shortened classical
solutionfα = f (0)α (1 + ψα). Practically this inconsistency is related with generalized
Barnett approximation, but nevertheless the sum of diffusive fluxes is turned into zero
for another definition of fluxesJα for generalized Navier–Stokes approximation

Jα = J∧
α − τ (0)

(
J∧
α · ∂
∂r

)
v0 − ∂

∂t

(
τ (0)J∧

α

) − ∂

∂r
· (
τ (0)v0J∧

α

)
, (5.3.18)

introducing the corresponding inconsistent terms in fluctuation parts of the generalized
equations.

Consider now pressure tensor

P
↔ = mα

∫
VαVαf (0)α dVα +mα

∫
VαVαf (0)α ψα dVα

−mα
∫

VαVα
∂

∂t

(
τ (0)f (0)α ψα

)
dVα

−mα
∫

VαVα
∂

∂r
· (
τ (0)vαf (0)α ψα

)
dVα. (5.3.19)

Let us now pass over cumbersome calculations and present their result (see also Alex-
eev, 1994):

P
↔
α = pαI↔ − 2µS

↔ − J∧
α τ
(0) ∂v0

∂t
− τ (0) ∂v0

∂t
J∧
α + 2

∂

∂t

(
τ (0)µαS

↔)
− 2v0

∂

∂r
· (
τ (0)µαS

↔) + 2τ (0)µα

[
S
↔ · ∂
∂r

]
v0 + 2

[
∂

∂r
· (
τ (0)v0

]
µαS

↔)
− J∧

α τ
(0)

(
v0 · ∂

∂r

)
v0 −

[(
v0 · ∂

∂r

)
v0

]
J∧
α τ
(0) + T↔α

−D↔α − v0H
↔
α
v0. (5.3.20)
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The cross-disposition of brackets in (5.3.20)underlines the order of tensor calculations:[
∂

∂r
· (
τ (0)v0

]
µαS

↔) ≡
(

v0 · ∂
∂r

)
µαS

↔ +µαS↔ ∂
∂r

· v0; (5.3.21)

T
↔
α ,D

↔
α , v0H

↔
α are tensors with components of the form(k, �= 1,2,3)

Tk�,α = ∂

∂rk

(
τ (0)Kα

∂T

∂r�

)
+ ∂

∂r�

(
τ (0)Kα

∂T

∂rk

)

+ δk�
3∑
i=1

∂

∂ri

(
τ (0)Kα

∂T

∂ri

)
, Kα = kB

mα
DTα + 2

5
λ′
α, (5.3.22)

Dk�,α = ∂

∂rk

(
τ (0)Lα�

) + ∂

∂r�

(
τ (0)Lαk

) + δk�
3∑
i=1

∂

∂ri

(
τ (0)Lαi

)
,

(5.3.23)
Lαk = p

ρ
n

∑
β

mβ
(
Dαβ −D1

αβ

)
dβk,

v0Hk�,α = −2
∑
i

∂

∂ri

{
τ (0)v0kµα

[
1

2

(
∂v0�

∂ri
+ ∂v0i

∂r�

)
− 1

3
δi�

∂

∂ri
· v0

]}
.

(5.3.24)

Eq. (5.3.22) contains the Boltzmann’s constantkB and the coefficient of thermal con-
ductionλ′

α (Hirschfelder, Curtiss and Bird, 1954)

λ′
α = −5

4
kBnα

√
2kT

mα
aα1, (5.3.25)

whereaα1 is a coefficient in expansion

Aα =
ξ∑
m=0

aαmS
(m)
3/2

(
W2
α

)
. (5.3.26)

Relation (5.3.23), apart from usual “zero” diffusive coefficient contains

Dαβ = ρnα

2nmβ

√
2kBT

mα
C
(β,α)

α0 , (5.3.27)

also the “first” diffusive coefficient defined by relation

D1
αβ = ρnα

2nmβ

√
2kBT

mα
C
(β,α)
α1 . (5.3.28)
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Pressure tensor of gas mixtureP
↔

forms by summation over all components of gas mix-
ture

P
↔ = pI↔ − 2ηS

↔ + 2
∂

∂t

(
τ (0)µS

↔) − 2v0 · (
τ (0)µS

↔) + 2τ (0)µ

[
S
↔ · ∂
∂r

]
v0

+ T↔ −D↔ − v0H
↔
, (5.3.29)

where

T
↔ =

∑
α

T
↔
α; D

↔ =
∑
α

D
↔
α; v0H

↔ =
∑
α

v0H
↔
α. (5.3.30)

To use hydrodynamic equations in the generalized Navier–Stokes approximation we
need to calculate the thermal flux

qα = q∧
α − mα

2

∫
VαV 2

α

∂

∂t

(
τ (0)f (0)α ψα

)
dVα

− mα

2

∫
VαV 2

α

∂

∂r
· (

vατ (0)f (0)α ψα
)
dVα. (5.3.31)

Calculations lead to result:

qα = q∧
α − ∂

∂t

(
τ (0)q∧

α

) + 1

2
v2

0τ
(0)J∧

α

∂

∂r
· v0 + 1

2
v2

0

(
v0 · ∂

∂r

)(
τ (0)J∧

α

)
+ 1

2
J∧
α τ
(0)

(
v0 · ∂

∂r

)
v2

0 + 2τ (0)µα

(
v0 · ∂

∂r

)(
v0 · S↔)

+ 2τ (0)µα
(
v0 · S↔) · ∂

∂r
v0 − ∂

∂r
· (
τ (0)µαS

↔
v2

0

) + v2
0
∂

∂r
· (
τ (0)µαS

↔)
− ∂

∂r
·
[

7pα
ρα
τ (0)

(
µ1
α −µα

)
S
↔

]
+ τ (0)Kα

[
∂

∂r
v0 · ∂T

∂r
+ ∂T

∂r
· ∂
∂r

v0

+ ∂T

∂r
∂

∂r
· v0

]
− τ (0) pn

ρ

[
∂

∂r
v0 ·

∑
β

mβ
(
Dαβ −D1

αβ

)
dβ

+
∑
β

mβ
(
Dαβ −D1

αβ

)
dβ · ∂

∂r
v0 +

∑
β

mβ
(
Dαβ −D1

αβ

)
dβ
∂

∂r
· v0

]

− 5

2

p

ρ
τ (0)

∑
β

mβ
(
Dαβ −D1

αβ

)(
dβ · ∂

∂r

)
v0

+ 5

2
τ (0)Kα

(
∂T

∂r
· ∂
∂r

)
v0. (5.3.32)

Eq. (5.3.32) contains left- and right scalar tensor products of diada∂
∂r v0.

The “first” viscosity coefficient introduced in (5.3.32) is

µ1
α = 1

2
kBT nαbα1. (5.3.33)
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After summation over all components of the gas mixture we obtain heat flux for the
mixture:

q = q∧ − ∂

∂t

(
τ (0)q∧) + 2τ (0)µ

(
v0 · ∂

∂r

)(
v0 · S↔)

+ 2τ (0)µ
(
v0 · S↔) · ∂

∂r
v0 − ∂

∂r
· (
τ (0)S

↔
v2

0

) + v2
0
∂

∂r
· (
τ (0)µS

↔)
− ∂

∂r
·
[
7S

↔
τ (0)

∑
α

pα

ρα

(
µ1
α −µα

)]
+ τ (0)K

[
∂

∂r
v0 · ∂T

∂r
+ ∂T

∂r
· ∂
∂r

v0

+ ∂T

∂r
∂

∂r
· v0

]
− τ (0) pn

ρ

[
∂

∂r
v0 ·

∑
αβ

mβ
(
Dαβ −D1

αβ

)
dβ

+
∑
αβ

mβ
(
Dαβ −D1

αβ

)
dβ · ∂

∂r
v0 +

∑
αβ

mβ
(
Dαβ −D1

αβ

)
dβ
∂

∂r
· v0

]

− 5

2
τ (0)

p

ρ

∑
αβ

mβ
(
Dαβ −D1

αβ

)(
dβ · ∂

∂r

)
v0

+ 5

2
Kτ(0)

(
∂T

∂r
· ∂
∂r

)
v0. (5.3.34)

As is evident from the foregoing, the heat flux – in its fluctuation part – depends also
on coefficients of diffusion and viscosity in considered physical system. It remains only
to calculate integrals, corresponding to average values in the generalized Navier–Stokes
approximation. These integrals are given in Appendix 3. We can state that developed
theory of calculation of kinetic coefficients leads to the appearance of additionalτ -terms
which contain time and space fluctuations including cross effects of different transport
mechanisms.
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CHAPTER 6

Some Applications of the Generalized Boltzmann
Physical Kinetics

The classical Boltzmann equation (BE) is valid only on characteristic scales related to
the hydrodynamic time of flow and average time between particle collisions. It was pre-
viously established that the inclusion of the third possible scale, the time of collisions
between particles, results in the emergence of additional terms of the Boltzmann equa-
tion, which are of the same order of magnitude as the other terms in the equation (cf.,
Alexeev, 1994, 1995c, 2000b). It means that additional terms (in comparison with clas-
sical BE) in GBE are proportional to Knudsen number and cannot be considered small
values in regionKn>̃1. But even ifKn � 1, the corresponding terms generally speak-
ing cannot be omitted because these terms contain small coefficients in front of senior
derivatives, which can lead to effects of “boundary layer”. The solution of the problem
using the generalized Boltzmann equation (GBE) results in the change, to some extent,
in the results in the field of traditional applications of GBE and classical hydrodynamic
theory, which is a direct consequence of the kinetic theory. In treating some problems,
the results obtained by the generalized theory coincide with experimental data much
more precisely than similar results of the classical theory and sometimes describe the
processes for which classical theories are simply invalid.

In the following we intend to demonstrate the possibilities of the generalized Boltz-
mann kinetics solving some problems in area of traditional application of BE: transport
processes in weakly ionized gas with inelastic collisions; investigation of the sound
wave propagation; calculation of the shock wave structure.

6.1. Investigation of the generalized Boltzmann equation for electron energy
distribution in a constant electric field with due regard for inelastic collisions

We begin with numerical solutions of the generalized Boltzmann equation, which are
carried out for electrons of a weakly ionized plasma in a constant electric field with
due regard for inelastic collisions for the case of constant collision frequency between
electrons and heavy particles(νea = 1/τ = const). For this purpose, a set of cross sec-
tions of collisions between electrons and heavy particles is used, applied in simulation
of processes in a hydrogen plasma. The results are compared with those obtained by
means of numerical solution of the “traditional” Boltzmann equation.
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Until now the results related to the GBE as a rule have been obtained using ana-
lytical methods. These methods impose considerable limitations on the application of
the equation for description of real objects and, in particular, make the detailed account
of inelastic interactions impossible. It is these interactions that are important in solv-
ing numerous problems of physics and plasma chemistry. The aim of this study was to
construct an algorithm for numerical solution of GBE for plasma electrons in a con-
stant electric field with due regard for inelastic collisions between electrons and heavy
particles.

In view of this, a nontrivial problem is that on the set of cross sections used in so-
lution of the equation. Strictly speaking, this should be a set corresponding to a certain
atom (molecule) obtained by calculation or experimentally. In practice, such a rigorous
approach cannot be realized because of the factthat far from all the cross sections are
known even for well-studied particles such as inert gases and hydrogen. Therefore, sets
of cross sections are used which were constructed from the known ones in such a way
that the calculated drift velocity and the first Townsend coefficient should coincide with
experimental quantities in a wide range of values of reduced electric fieldE/N . In so
doing, the cross sections entering the set may be changed in magnitude and shifted along
the axis of electron energy (as compared to initial values). Thus, it is only a full set of
cross sections that has the physical meaning, because it yields the electron distribution
function in energies, corresponding to the gas being described. No cross-section may
be added to or excluded from this set. The rate coefficients of the processes involving
electrons are calculated with the help of electron energy distribution and cross sections
of these processes.

All known solutions of the BE are obtained using such sets of cross sections. In this
study, we restricted ourselves to the construction of the algorithm of numerical solution
of the GBE for the case of constant collision frequency between electrons and heavy
particles(νea = const). As is known, this condition is valid for helium and hydrogen
(Shkarovsky, Johnstone and Bachinsky, 1969; Golant, 1959). In solving the GBE, we
used the set of cross sections for molecular hydrogen (Gal’tsev et al., 1979; Lebedev
and Epstein, 1995).

The second objective of this study was to compare the results obtained by numerical
solution of the GBE and BE for one and the same set of cross sections. The results
of such comparison are of extraordinary importance in defining the trend of further
treatment of the GBE. Indeed, if both equations yield coinciding results, this may be
indicative of the fact that, for the problems being treated, additional terms appearing in
the GBE make no contribution to the results. This conclusion must simply be tested for
various sets of cross sections.

If the results are different, the role of additional terms is considerable. However, the
physical interpretation of the results is hardly possible at this stage, because, as follows
from the foregoing, the used set of cross sections corresponds to the BE rather than
to GBE. Therefore, the further stage should be construction of a set of cross sections
for the GBE (in the way described above) and physical interpretation of the obtained
solutions. This is an independent problem falling beyond the scope of this study.
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Detailed derivation of the equations for numerical solution of the GBE is given be-
low. The generalized Boltzmann equation for plasma electron component is written in
the form

Dfe

Dt
− D

Dt

(
τ
Dfe

Dt

)
= Jea, (6.1.1)

where

D

Dt
= ∂

∂t
+ ve · ∂

∂r
+ Fe · ∂

∂ve
;

τ = 1/Nσ(v)v is the average time between collisions of electrons and heavy particles
(the bar designates averaging over the electron distribution in energies); andJea is the
collision integral for electrons, including elastic and inelastic processes. For compari-
son, the classical Boltzmann equation is given,

Dfe

Dt
= Jea. (6.1.2)

Consider the case of spatially homogeneous weakly ionized gas, assuming that col-
lisions between charged particles may be ignored. This means that

νee � δνea. (6.1.3)

Here,νee is the frequency of collisions between electrons;νea = Nσea(v)v is the fre-
quency of collisions between electrons and neutral particles;N is the concentration of
heavy particles;σea is the cross section of electron collisions with atoms (molecules);
andδ is the fraction of energy lost by a electron in a single collision against a neutral
particle. It is also assumed that the external electric field is stationary, and there is no
magnetic field. In this case, Eq. (6.1.1) is written in the form

Fe · ∂fe
∂ve

− τ ∂
2fe

∂ve∂ve
: FeFe = Jea, (6.1.4)

whereFe = eE/me. Solution of (6.1.4) for the energy distribution of electrons is found
using the traditional perturbation method with the help of expansion,

fe(ve)= f0(ve)+ Fe · vef1(ve)+ · · · . (6.1.5)

In the case of weak anisotropy, we may restrict our consideration to the first two
terms of energy expansion, and, with the elastic electron collisions alone taken into
account, the set of equation with respect tof0(v) andf1(v) has the form (4.2.6), (4.2.7)

f1 + 1

3
ve
∂f1

∂ve
− τ

3

{
2

ve

∂f0

∂ve
+ ∂2f0

∂v2
e

}
= 1

F 2
e

J0, (6.1.6)
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∂f0

∂ve
− 3

5
τF 2
e

{
4
∂f1

∂ve
+ ve ∂

2f1

∂v2
e

}
= −3

2

1

Fe
J1. (6.1.7)

In Eqs. (6.1.6) and (6.1.7),J0, J1 are the collision integrals, which should be pre-
sented in the form conventional for the Boltzmann equation (4.2.8), (4.2.9),

J0 = meT̂a

mav2
e

∂

∂ve

[
v3
eν
(el)
ea

(
f0

T̂a
+ 1

meve

∂f0

∂ve

)]
, (6.1.8)

J1 = 2

3
Fe
v2
e

�
f1, (6.1.9)

whereν
(el)
ea is the frequency of elastic collisions;� is the mean free path of electrons;

and T̂a = kBT is the gas temperature in energy units. Further transformation of Eqs.
(6.1.6) and (6.1.7) makes it possible to derive the equation for the case ofνea = const

v̌2
e

[
1+ 3me

ε̌ma

]
f̌ ′′′

0 + v̌e
[
2+ 6me

ε̌ma
+ 3mev̌2

e

ma

]
f̌ ′′

0

−
[
2+ 6me

ε̌ma
+ v̌2

e

(
10

3
+ 5me
ma

− 12
me

ma

)]
f̌ ′

0 − 5
me

ma
v̌3
e f̌0 = 0, (6.1.10)

where

v̌e = ve

τFe
, ε̌ = meτ

2F 2
e

T̂a
, f̌0 = f0

f0(ve = 0)
.

The next stage of transformation of the generalized Boltzmann equation is the inclu-
sion of real cross sections of elastic and inelastic collisions. The Boltzmann equation
with due regard for inelastic collisions is written in the form (Lukovnikov and Fetisov,
1969)

Fe · ∂fe
∂ve

= J (el)
ea +

∑
m

J (m)ea +
∑
n

J
(n)
i + J (r)ea . (6.1.11)

Here,J (el)
ea , J (m)ea , J (n)i , J (r)ea are the terms of the collision integral, taking into account

elastic collisions between electrons and neutral particles, excitation of themth level,
n-fold ionization, and recombination, respectively. We introduce the following notation
for the inelastic part of the collision integral:

J (inel)
ea =

∑
m

J (m)ea +
∑
n

J
(n)
i + J (r)ea . (6.1.12)

Now, write the generalized Boltzmann equation with due regard for inelastic colli-
sions

Fe · ∂fe
∂ve

− τ ∂
2fe

∂ve∂ve
: FeFe = J (el)

ea + J (inel)
ea , (6.1.13)
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which is reduced, with the help of Eq. (6.1.5), to the following set of equations:

f1 + 1

3
ve
∂f1

∂ve
− τ

3

{
2

ve

∂f0

∂ve
+ ∂2f0

∂v2
e

}
= 1

F 2
e

J
(el)
0 + 1

F 2
e

J (inel)
ea (f0), (6.1.14)

∂f0

∂ve
− 3

5
τF 2
e

{
4
∂f1

∂ve
+ ve ∂

2f1

∂v2
e

}
= −3

2

1

Fe

[
J
(el)
1 + J (inel)

ea (f1)
]
, (6.1.15)

whereJ0 andJ1, are defined by Eqs. (6.1.8) and (6.1.9), respectively.
We dwell into more detail on the choice of the inelastic part of the collision integral.

We will use the following approximation for the component parts ofJ
(inel)
ea (the first

term on the right-hand side allows for electron energy losses in collisions against heavy
particles in direct processes, and the second one for the energy return to electrons upon
collisions of the second kind) (Gal’tsev et al., 1979; Lebedev and Epstein, 1995):

J (m)ea = −ν(m)e (ve)f (ve)+ ν(m)e
(
v(m)e

)v(m)e

ve
f

(
v(m)e

)
,

J
(n)
i (ve)= −ν

(n)
i (ve)f (ve)+ ην(n)i

(
v(n)e

)v(n)e
ve
f

(
v(n)e

)
,

J (r)ea = −νr (ve)f (ve), (6.1.16)

where

ν(m)e =Nveσ (m)e (ve), ν
(n)
i =Nveσ (n)i (ve);

v
(m)
e , v(n)i are the velocities of electrons defined by the equations

v(m)e
2 = v2

e + 2ε(m)e
me

, v
(n)
i

2 = ηv2
e + 2ε(n)i

me
. (6.1.17)

Here,ε(m)e , ε(n)i , σ (m)e , σ (n)i are the threshold energies and cross sections of themth
andnth processes, respectively, which are defined by the equilibrium between the pri-
mary and secondary electronsη≈ 1. For a weakly ionized plasma, the termsJ (n)ea , J (r)ea in
the collision integral may be ignored (Karoulina and Lebedev, 1988, 1992; Lukovnikov
and Fetisov, 1969).

We will now turn to the transformation of Eqs. (6.1.14) and (6.1.15) for the case
τ = const. It follows from Eqs. (6.1.14) and (6.1.15) that

F 2
e

{
v3
e f1 − τv2

e

∂f0

∂ve

}′

= 3T̂a

{
v3
eν
(el)
ea

(
f0

T̂a
+ 1

meve

∂f0

∂ve

)}′
+ 3v3

e J
(inel)
ea (f0), (6.1.18)
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∂f0

∂ve
− 3

5
τF 2
e

{
4
∂f1

∂ve
+ ve ∂

2f1

∂v2
e

}
= −νeavef1, (6.1.19)

whereνea = ν
(el)
ea + ν

(inel)
ea .

Relations (6.1.18) and (6.1.19) make it possible to excludef1 from the set of equa-
tions, because an explicit representation forf1, may be obtained from Eq. (6.1.18).

It follows directly from Eq. (6.1.18) that

{
v3
e f1

}′ = 3T̂a
me

F 2
e ma

{
v3
eν
(el)
ea

(
f0

T̂a
+ 1

meve

∂f0

∂ve

)}′
+

(
τv2
e

∂f0

∂ve

)′

+ 3
v2
e

F 2
e

J (inel)
ea (f0). (6.1.20)

On performing the integration of Eq. (6.1.20) in a way similar to that used for the
expression for the case of elastic collisions in Alekseev (1995a), we derive

v3
e f1 = 3T̂a

me

F 2
e ma

v3
eν
(el)
ea

(
f0

T̂a
+ 1

meve

∂f0

∂ve

)
+ τv2

e

∂f0

∂ve

+ 3
1

F 2
e

∫ ve

0
v2
e J
(inel)
ea (f0)dve. (6.1.21)

It follows directly from Eq. (6.1.21) that

f1 = 3T̂a
me

F 2
e ma

ν(el)
ea
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f0

T̂a
+ 1

meve

∂f0

∂ve

)
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∂f0

∂ve

+ 3

F 2
e v

3
e

∫ ve

0
v2
e J
(inel)
ea (f0)dve. (6.1.22)

We perform double differentiation of Eq. (6.1.22) to derive

∂f1

∂ve
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me

F 2
e ma
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4
e

∫ ve

0
v2
e J
(inel)
ea (f0)dve + 3

F 2
e ve
J (inel)
ea (f0), (6.1.23)
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+
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6T̂a
F 2
e mave
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, (6.1.24)

accordingly,

J (inel)
ea (f0) =

∑
α

[
ν(inel)
ea

(
ve + vαe

)v(m)e

ve
f0

(
ve + vαe

) − ν(inel)
ea (ve)f0(ve)

]
,

whereν
(el)
ea is the frequency of elastic collisions;ν(inel)

ea is the frequency of inelastic
collisions;vαe is the threshold of the processa; andv(m)e is calculated by Eq. (6.1.17).

The resultant equation is considerably simplified if collisions of the second kind are
ignored, and the integral of inelastic collisions is written in the form

J (inel)
ea (fe)= −

∑
α

ν(inel)
eaα

fe(ve)≡ −ν(inel)
ea fe(ve).

On substituting Eqs. (6.1.22)–(6.1.24) into (6.1.19), we derive
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∫ ve

0
v2
eν
(inel)
ea f0 dve = 0. (6.1.25)
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In dimensionless form, the equation for the isotropic part of energy distribution of
electrons may be presented in the form
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where

m̌= me

ma
, v̆e = ve

τFe
, ε̆ = meF

2
e τ

T̂a
,

ν̆
(el)
ea = ν

(el)
ea

1/τ
, ν̆

(inel)
ea = ν

(inel)
ea

1/τ
, f̆0 = f0

f0(ve = 0)
.

(6.1.27)

Note that Eq. (6.1.26) transforms to Eq. (6.1.10) if elastic collisions are ignored
(ν̆
(el)
ea → 1 andν̆

(inel)
ea → 0, respectively).

The boundary conditions for the solution of Eq. (6.1.26) have the form

f̆0(v̆e = 0)= 1,

(
∂f̆0

∂v̆e

)
v̆e=0

= 0, f̆0(v̆e = ∞)= 0. (6.1.28)

Eq. (6.1.26) was solved by the iterative three-diagonal method of Gauss elimination
technique for the differential second-order equation (see Appendix 4) using a PC i486.
The calculation is time depended on the parameterE/N and was within the limits of
10–30 minutes (Alekseev, Lebedev and Michailov, 1997).

As was pointed out in the introduction, at this stage of the investigation into the
capabilities and prospects of application of the GBE, it is necessary to determine the
ratio of energy distributions of electrons calculated by the GBE and traditional BE. In
the latter case, the algorithm of solution of the BE and computer code were used that
were described in detail in Lebedev and Epstein (1995) and Karoulina and Lebedev
(1988, 1992). The equation was solved for the isotropic part of energy distribution of
electrons obtained from the BE in binomial expansion in spherical harmonics of the
distribution function.
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Note once again that the distribution functions of electrons (DFE) were found for
conditions under which the electron–electron collisionsand collisions of the second
kind may be ignored. Besides the DFE, some moments of the energy distribution are
considered below, such as the average electron energy(ε̄) (Lebedev and Epstein, 1995;
Karoulina and Lebedev, 1988, 1992)

ε̄ =
∫ ∞

0
ε3/2f0(ε)dε, (6.1.29)

electron diffusion coefficient(D)

D = 4π

3

∫ ∞

0

v4
e∑
α ναea

f0(v)dv, (6.1.30)

and the ratio of mobility of electrons (drift velocity) calculated by the GBE to the mo-
bility calculated by the BE(µGBE/µBE). The electron mobility was defined with due
regard for normalization of the distribution function (6.1.29) and expansion in spherical
harmonics (6.1.5) by the formula

µGBE = 4π

3

e

me

∫ ∞

0
v4
e f1(ve)dve. (6.1.31)

Results are given that were derived within the generalized Boltzmann kinetic theory
(GBE) and Boltzmann kinetic theory (BE), respectively.

Figure 6.1 shows the characteristic form of the electron distribution functions in
hydrogen plasma obtained by the BE (curve 1) and GBE (curve 2). The energy distribu-
tions differ considerably, and, as was pointed out in the introduction, this is indicative of
the fact that the role of additional terms in the GBE is great. It is of interest to compare

Fig. 6.1. Electron distribution function in energies forT = 1000 ◦C, p = 1 torr, E = 500 V/m. (1) The
solution of the Boltzmann equation; (2) the solution of the generalized Boltzmann equation.



224 Generalized Boltzmann Physical Kinetics

Fig. 6.2. The ratio of the distribution functions to Maxwellian distribution (MDF). (1) The ratio of solution
of the Boltzmann equation to MDF; (2) the ratio of solution of the generalized Boltzmann equation to MDF.

Table 6.1

(E/N)1016 Average energy Diffusion coefficient Mobilityµ× 10−6

(V/cm2) (eV) D× 10−6 (cm2/s) (cm2/(V·s)
GBE BE GBE BE GBE BE

2.07 1.85 1.17 1.67 1.24 1.36 1.46
3.11 2.88 1.80 2.29 1.59 1.23 1.25
4.14 3.91 2.59 2.97 2.07 1.14 1.15
5.18 4.81 3.27 3.59 2.50 1.13 1.12
6.21 5.56 3.78 4.11 2.84 1.12 1.10
7.25 6.19 4.21 4.56 3.11 1.11 1.09
8.02 6.59 4.48 4.84 3.35 1.10 1.08
9.06 7.05 4.78 5.18 3.55 1.10 1.07

10.10 7.45 5.06 5.46 3.73 1.09 1.07
11.10 7.79 5.31 5.69 3.90 1.09 1.06
12.20 8.09 5.54 5.93 4.06 1.09 1.05
13.20 8.35 5.75 6.12 4.20 1.08 1.05
14.20 8.58 5.94 6.29 4.33 1.09 1.04

the shapes of energy distributions. Because the average energies of electrons calculated
by the DFEs using two different methods are different, it is reasonable to perform com-
parison with the help of the functionsf0/fm (fm is the Maxwellian DFE at the same
average electron energy as that defined byf0). The abscissa is the quantityε/ε̄ rather
than the electron energy. Thus, by comparison, it is possible to exclude from consid-
eration the differences caused by different average electron energies. Such curves are
shown in Figure 6.2. Table 6.1 and Figures 6.3 and 6.4 give the dependencies ofε̄, D
andµGBE/µBE on the parameterE/N .

The problems related to the used set of cross sections (see the introduction) apart, and
assuming this set to be model, we can draw the following conclusions. First, for one and
the same value ofE/N , the quantities̄ε andD calculated by the GBE are greater than
those calculated using the BE. Second, although the ratio off0 to the Maxwellian DFE
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Fig. 6.3. Dependence of the diffusion coefficient on the parameterE/N . (1) The Boltzmann equation; (2) the
generalized Boltzmann equation.

Fig. 6.4. Dependence of the ratio of electron mobilities on the parameterE/N .

is similar (Figure 6.2), the difference from the Maxwellian DFE is greater in the region
of low energies and smaller in the region of high energies for the DFE calculated using
the GBE rather than the BE. This means that the rate coefficients of high-threshold
processes are higher in the first case than in the second one, and additional terms in the
GBE result in an increase of the energystored in electron gas per electron.

These results are also indicative of the fact that the calculated values of the mobility
and ionization coefficient are different from the measured ones, and the used set of cross
sections should be changed as applied to the GBE. This should be the main trend of
further studies into numerical solution of the GBE. Other trends include the construction
of algorithms of solution of the GBE for the case of arbitrary dependence of the collision
frequencyvea on the energy (velocity) of electrons, as well as treatment of the behavior
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of electron gas in variable electric fields. An analytical approach to solution of the latter
problem is developed in Alekseev (1995b).

6.2. Sound propagation studied with the generalized equations of fluid dynamics

The propagation of sound is a classical problem in kinetic and hydrodynamic theories.
Let an infinite plate oscillate in a gas with the frequencyω in the direction of its normal.
Puta = ωτ , whereτ is the mean time between collisions. For a Boltzmann gas of hard
spheres one has

pτ =Πµ. (6.2.1)

In addition to the static pressurep and dynamic viscosityµ, the hydrodynamic rela-
tion (6.2.1) contains the parameterΠ , which is equal to 0.786 if the distribution func-
tion is expanded in terms of Sonine polynomials, and 0.8 in the first-order (Maxwell)
approximation.

The parametera may be linked to the Reynolds number analogue

r = Π

a
= p

ωµ
. (6.2.2)

For large enough values ofr, classical hydrodynamics works quite satisfactorily. In
linear acoustics, the attenuation of sound tends to zero asr → ∞, and the velocity of
sound is given by

c2
0 = γ p0

ρ0
, (6.2.3)

whereρ0 is the density of the unperturbed gas and

γ = χ−1 = Cp

CV
(6.2.4)

is the ratio of the heat capacity at constant pressure to that at constant volume.
Complications arise whenr ∼ 1 and especially in the limit asr → 0. The Euler equa-

tions do not “feel” that the situation has changed and yield a constant velocity of sound
and zero attenuation over the entire range ofr. The Navier–Stokes equation leads to an
entirely unreasonable prediction that the attenuation tends to zero after having reached
a maximum atr ∼ 1, and that the speed of sound tends to infinity asr → 0. Therefore
the problem of sound propagation at smallr numbers requires a kinetic theory treat-
ment. Without entering into a detailed discussion of the methods mentioned (see, e.g.,
Cercignani, 1975), it should be admitted that the situation as a whole is unsatisfactory
in this field.

In particular, the increased number of moments employed when solving the Boltz-
mann equation by moment methods gives a poorer agreement with experimental data.
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One commonly speaks of the “critical Reynolds number”rcr, below which it is im-
possible to obtain a plane-wave solution. For each particular type of model or moment
equations there exists a unique numberrcr, thus revealing the purely mathematical –
rather than physical – nature of the effect observed.

Let us apply the generalized equations offluid dynamics to the propagation of sound
waves in a monatomic gas. In linear acoustics, density and temperature perturbations
are written as

ρ = ρ0(1+ s), (6.2.5)

T = T0(1+ η), (6.2.6)

respectively, and the solution of the generalized hydrodynamic equations is taken in the
form

s = s̄ exp(iωt − k′x), (6.2.7)

η= η̄ exp(iωt − k′x), (6.2.8)

v = v̄ exp(iωt − k′x), (6.2.9)

with v the hydrodynamic velocity, andk′ the complex wave number.
We now write down the system of non-stationary generalized Euler equations in a

one-dimensional case (cf. (2.7.52)–(2.7.54)):

∂

∂t

{
ρ − τ

[
∂ρ

∂t
+ ∂

∂t
(ρv)

]}
+ ∂

∂x

{
ρv − τ

[
∂

∂t
(ρv)+ ∂

∂x

(
ρv2) + ∂p

∂x

]}
= 0, (6.2.10)

∂

∂t

{
ρv − τ

[
∂

∂t
(ρv)+ ∂

∂x

(
ρv2) + ∂p

∂x

]}
+ ∂

∂x

{
ρv2 +p− τ

[
∂

∂t

(
ρv2 + p) + ∂

∂x

(
ρv3 + 3pv

)]}
= 0, (6.2.11)

∂

∂t

{
ρv2 + 3p− τ

[
∂

∂t

(
ρv2 + 3p

) + ∂

∂x

(
ρv3 + 5pv

)]}
+ ∂

∂x

{
ρv3 + 5pv − τ

[
∂

∂t

(
ρv3 + 5pv

)
+ ∂

∂x

(
ρv4 + 8pv2 + 5

p2

ρ

)]}
= 0. (6.2.12)

From the equation of state

p = ρRT, (6.2.13)
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in whichR is the universal gas constant and which is valid for the Maxwellian distrib-
ution function, it follows that

p = p0(1+ s + η). (6.2.14)

On carrying out the linearization, Eqs. (6.2.10)–(6.2.12) reduce to

∂s

∂t
+ ∂v

∂x
− τ

[
∂2s

∂t2
+ p0

ρ0

∂2

∂x2
(s + η)+ 2

∂2v

∂t∂x

]
= 0, (6.2.15)

∂v

∂t
+ p0

ρ0

∂

∂x
(s + η)− τ

[
∂2v

∂t2
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p0

ρ0

∂2
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p0

ρ0

∂2v
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]
= 0, (6.2.16)

3
∂

∂t
(s + η)+ 5

∂v

∂x

− τ
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3
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∂t2
(s + η)+ 5

p0

ρ0

∂2

∂x2 (s + 2η)+ 10
∂2v

∂t∂x

]
= 0. (6.2.17)

To consider in somewhat more detail the linearization process, we use the continuity
equation (6.2.10) as an example. Let us rewrite it as

∂ρ

∂t
+ ∂

∂x
(ρv)− τ

[
∂2ρ

∂t2
+ ∂2

∂x2

(
p+ ρv2) + 2
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∂t∂x
(ρv)

−
(
∂ρ
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(ρv)

)
∂ ln τ

∂x
−

(
∂

∂t
(ρv)+ ∂

∂x

(
p+ ρv2))

∂ ln τ

∂x

]
= 0.

(6.2.18)

Because for the one-component (“simple”) gas of hard spheres

τ = 1√
2πσ 2

√
πm

2kBT
= const

n
√
T
, (6.2.19)

we have

∂ ln τ

∂t
= − 1

ρ

∂ρ

∂t
− 1

2T

∂T

∂t
, (6.2.20)

∂ ln τ

∂x
= − 1

ρ

∂ρ

∂x
− 1

2T

∂T

∂x
. (6.2.21)

Therefore, in linear acoustics, terms containing derivatives of lnτ contribute nothing to
the first order equations.

Using the representations (6.2.7)–(6.2.9) we now arrive at a system of equations

iωs − k′v − τ
[
−ω2s + p0

ρ0
k′2(s + η)− 2iωk′v

]
= 0, (6.2.22)
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iωv − p0

ρ0
k′(s + η)− τ

[
−ω2v − 2iω

p0

ρ0
k′(s + η)+ 3

p0

ρ0
k′2v

]
= 0, (6.2.23)

3iω(s + η)− 5k′v

− τ
[
−3ω2(s + η)+ 5

p0

ρ0
k′2(s + 2η)− 10iωk′v

]
= 0. (6.2.24)

If the rank of matrix equals the number of equations then the system of homogeneous
algebraic equations (6.2.22)–(6.2.24) has only a trivial solution The requirement that
there be a nonzero solution to this system is that its determinant must be zero:∣∣∣∣∣∣∣∣∣∣

iω+ω2τ − τ p0

ρ0
k′2 −τ p0

ρ0
k′ −k+ 2iωτk′
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k′2

3iω+ 3ω2τ − 5τ
p0

ρ0
k′2 3iω+ 3ω2τ − 10τ

p0

ρ0
k′2 −5k′ + 10iωτk′

∣∣∣∣∣∣∣∣∣∣
= 0

giving an algebraic equation of the sixth order in the wave numberk′:

5τ3p
3
0

ρ3
0

k′6 − p2
0

ρ2
0

[
5iωτ2 + 5ω2τ3 + 5

3
τ

]
k′4

+ p0

ρ0

[
5

3
iω+ 2ω2τ − 2

3
iω3τ2 − 1

3
ω4τ3

]
k′2

+ iω3 + 3ω4τ − 3iω5τ2 −ω6τ3 = 0. (6.2.25)

This equation reduces to the dimensionless form

3a3χ2k̂6 − [
3ia2 + 3a3 + a]

χ̂ k̂4 +
[
i + 6

5
a − 2

5
ia2 − 1

5
a3

]
k̂2

+ 3

5χ
i + 9

5χ
a − 9

5χ
a2 − 9

5χ
a3 = 0, (6.2.26)

where we have introduced the dimensionless wave numberk̂ = k′c0/ω with the charac-
teristic velocity

c0 =
√
γ
p0

ρ0
. (6.2.27)

The separation of the real from imaginary part in Eq. (6.2.26), according to the equality

k̂ = α + iβ, (6.2.28)
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now yields the system of equations forα andβ :

3a3χ2(
α2 − β2)(

α4 + β4 − 14α2β2) + 12αβa2
(
α2 − β2)

χ

− (
3a2 + a)

χ
(
α4 + β4 − 6α2β2) + (

α2 − β2)(
6

5
a − 1

5
a3

)
− 2αβ

(
1− 2

5
a2

)
+ 9

5χ
− 3

5χ
a3 = 0, (6.2.29)

6a3χ2αβ
(
3α4 + 3β4 − 10α2β2) − 3a2χ

(
α4 + β4 − 6α2β2)

− 4
(
3a2 + a)

χαβ
(
α2 − β2) + (

α2 − β2)(
1− 1

5
a2

)
+ 2αβ

(
6

5
a − 1

5
a3

)
+ 3

5χ
− 9

5χ
a2 = 0. (6.2.30)

From Eq. (6.2.7) it follows

s = s̄ exp

(
−ω α
c0
x

)
exp

[
iω

(
t − β

c0
x

)]
,

showing that the factorα characterizes the attenuation of sound and thatβ = c0/c is the
ratio of the classical Eulerian speed of sound to its calculated value.

Let us now consider two asymptotic solutions to Eqs. (6.2.29) and (6.2.30).
(1) If a = ωτ → 0, then in the limiting casea = 0 it follows from Eqs. (6.2.29) and

(6.2.30) that

k̂2 = −3

5
χ−1. (6.2.31)

Using the value

χ = 5

3
(6.2.32)

for a monatomic gas (see Eq. (6.2.4)), one is led to the classical Euler limit

k′ = ±i
ω

c0
. (6.2.33)

The wave numberk′ proves to be imaginary; for the density perturbation, for example,
the solution is written as

s = s̄ exp

[
iω

(
t ± x

c0

)]
. (6.2.34)
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Thus, in the classical Euler description sound is undamped and its velocity remains
constant and equal toc0 (cf. Eq. (6.2.27)). In other words, for oscillations travelling in
the positivex direction one obtains

α = 0, β = 1. (6.2.35)

(2) If a→ ∞, then it follows from Eq. (6.2.26) that

k̂6 − 5

3
k̂4 − 5

27
k̂2 = 25

27
, (6.2.36)

or (see Eqs. (6.2.26) and (6.2.30))

−x(
x2 − 12y

) − 5

3
x2 + 20

3
y + 5

27
x = 25

27
,

3x2 − 4y + 10

3
x = 5

27
,

(6.2.37)

where

β2 − α2 = x, α2β2 = y. (6.2.38)

From Eq. (6.2.37), one finds

x3 + 5

3
x2 + 35

54
x − 25

162
= 0, (6.2.39)

and the asymptotic solution then follows readily as

α = 0.509, β= 0.650. (6.2.40)

Figures 6.5 and 6.6 plot the dimensionless velocity of sound,β , and the dimension-
less attenuation rate,α, as calculated by the generalized Euler equations (Alexeev, 1994;
Alekseev, Poddoskin and Mikhailov, 1990), the Navier–Stokes equations, and the gen-
eralized Navier–Stokes equations (Alekseev, 1990a, 1990b), and compares the results
with the experimental data of Greenspan (1956), and Meyer and Sessler (1957).

Detailed generalized Navier–Stokes calculations are given elsewhere (Alekseev,
1990a, 1990b), they are rather cumbersome and we present here main steps of transfor-
mations. Linearization of the generalized hydrodynamic equations (GHE) with taking
into account (6.2.7)–(6.2.9) lead to following equations:

– continuity equation

[
i + a − χak̂2]

s +
[
−χak̂2 − 9

2

χ2

Π
a3k̂4

]
η

+
[
− k̂

c0
+ 2ia

k̂

c0
− 8

3
χ
a2

c0Π
k̂3 + 4i

χa3

c0Π
k̂3

]
v = 0, (6.2.41)
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Fig. 6.5. Comparison of observed (symbols) and calculated (lines) dimensionless velocity of soundβ = c0/c
as a function of the Reynolds number analoguer . 1, generalized Euler equation; 2, generalized Navier–Stokes
equation; 3, Navier–Stokes equation. Open circles, data by Greenspan; filled circles, data by Meyer and

Sessler.

Fig. 6.6. Comparison of observed (symbols) and calculated (lines) dimensionless attenuation rateα as a
function of the Reynolds number analoguer : 1, generalized Euler equation;2, generalized Navier–Stokes
equation; 3, Navier–Stokes equation;4, Bumett equation; 5, super-Burnett equation; 6, moment equations (the

number of momentsN = 105). Open circles, data by Greenspan; filled circles, data by Meyer and Sessler.

– equation of motion

[−χk̂ + 2iaχk̂
]
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[
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Π
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Π
a3k̂3 + 2iχak̂

]
η

+
[
i

c0
− 4

3

χa

Πc0
k̂2 + 4i

χa2

Πc0
k̂2 + a

c0
− 3χ

a
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3

Πc0
Ak̂4

+ 8

3

χa3

Πc0
k̂2

]
v = 0, (6.2.42)
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– energy equation

[−5χak̂2 + 3i + 3a
]
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[
3i − 15

2

χ

Π
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2
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χ
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Πc0
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a

c0
k̂

]
v = 0. (6.2.43)

Here

A= 1− µ1

µ
, B = 1− λ1

2λ
, (6.2.44)

µ1, λ1 – additional coefficients of viscosity and thermal conductivity (5.3.33), (5.3.25),
which are calculated – in comparison to usual coefficients viscosityµ and thermal con-
ductivity λ, using the first and second coefficients of Sonine polynomial expansions, for
exampleµ1 = pb1/2.

As a result, GHE lead to the dispersion equation of the tenth power:
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+ 207

2Π
a3 − a3 − 23

2Π
a + 6a + i

[
−161

2Π
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2Π
a2 − 2a2 + 5

]}
χk̂2

+ {−3a3 + 9a + i
[−9a2 + 3

]} = 0. (6.2.45)

Dispersion equation (6.2.45) has two obvious asymptotic solutions

(a) a→ 0 (r→ ∞, see also (6.2.2)). Eq. (6.2.45) is transforming to (6.2.31)

5χk̂2 + 3= 0,

(b) a→ ∞ (r → 0). From Eq. (6.2.45) it can be found:

{336AB− 60A}χ3k̂6 + {−336AB+ 52A+ 224B− 70}χ2k̂4

+
{
−128A+ 112B+ 46

3

}
χk̂2 − 40

3
= 0. (6.2.46)

The models of hard spheresA= 0.9415,B = 0.956 and solution of Eq. (6.2.46) lead to
(compare with (6.2.40))

α = 0.428, β= 0.564. (6.2.47)

Introduction of Lennard–Jones model of particle interaction instead of the hard spheres
model does not lead to significant influence on results of calculations. For example, in
the limit r → 0 (T = 300 K) calculations lead practically to the same attenuation rate
and toβ = 0.55.

We now proceed to discuss the numerical results obtained from the generalized hy-
drodynamical equations and to make comparisons with available published data. We
will also consider some aspects of the method of moments as applied to the Boltz-
mann equations used in the sound propagation problem. We will base our analysis on
the results of Sirovich and Thurber (1965), presented in Figures 6.7–6.9 with necessary
notational changes.

Figure 6.7 compares the numerically calculated dimensionless velocity of sound
β = c0/c and dimensionless attenuation rateα as functions of the Reynolds number
analoguer for the eight- and eleven-moment models using the interaction potential of
Maxwellian molecules and that of the hard sphere models. Notice that the two models
yield very close results.

Figures 6.8 and 6.9 plot similar data for hard spheres and Maxwellian molecules and
compare them with the experimental data of Greenspan (1956) and Meyer and Sessler
(1957) mononatomic gases. Also shown are Navier–Stokes results and those obtained
by Pekeris, Alterman and Finkelstein(1960, 1962) in their unprecedently voluminous
computations using the 105- and 483-moment models.

A comparison of the experimental data with the theoretical results obtained with the
Boltzmann equations suggests what appears at first sight to be a paradoxical conclusion
– the more accurate a theoretical model, the worse its agreement with experiment. We
see indeed that the hard sphere model, of Sirovich and Thurber (1965) works better with
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Fig. 6.7. Comparison of the velocity of sound (a) andthe attenuation rate (b) as calculated from the Boltz-
mann equation for two models: 1 – 11-moment hard sphere model, 2 – 11-moment model of Maxwellian

molecules, 3 – 8-moment hard sphere model, 4 – 8-moment model of Maxwellian molecules.

eight moments than with eleven, and that the 105-moment results of Pekeris, Alterman
and Finkelstein (1960, 1962) are much poorer.

Considering the weak correlation betweenthe molecular interaction model and the
velocity of sound and attenuation rate calculations, the results of the 483-moment com-
putations for the Maxwellian molecules within the ranger < 1 should be viewed as
simply catastrophic. Note that as the number of the moments used increases, the “crit-
ical” numberr decreases (Sirovich and Thurber, 1965), apparently raising hopes for a
better final result.

A similar situation exists with regard to the hydrodynamic results: while the Navier–
Stokes equations are totally invalid forr < 1, “corrected” models (e.g., the Burnett
equation) are even less successful. It canbe argued that, paradoxically though it may
seem, the best classical theory approach is to employ the Euler equation which, although
yielding zero attenuation and a constant velocity of sound, at least does not involve
divergences or nonphysical “critical” points.

Viewed in the context of the generalized Boltzmann kinetic theory, this effect has a
very clear origin. Let us introduce the Knudsen number as the ratiol/lω of the mean
free path of hard-sphere particles to the wavelength

lω = 2π
c

ω
. (6.2.48)



236 Generalized Boltzmann Physical Kinetics

Fig. 6.8. Comparison of observed (symbols) and calculated (lines) velocities of sound (a) and attenuation
rates (b) as calculated from the Boltzmann equation for the hard sphere model: 1 – 11-moment model, 2 –
8-moment model, 3 – 105-moment model, 4 – Navier–Stokes equation. Open circles – data by Greenspan

filled circles data by Meyer and Sessler.

Since in the hard-sphere model

l = 1√
2πnσ 2

, µ= 5

16

√
mkBT√
πσ 2

, (6.2.49)

whereσ is the particle diameter, it follows from Eqs. (6.2.2) and (6.2.3) that

Kn = l

lω
= 8

5π
√

2πγ

1

r
. (6.2.50)

In this case, the ratio of the heat capacitiesγ = Cp/CV at constant pressure and con-
stant volume is 5/3, and using Eq. (6.2.49) we can recalculate the scale of the Reynolds
number analoguer to an equivalent scale of the Knudsen number as shown in Figu-
res 6.7–6.9.

Thus, discrepancies between the experiment and the “revised” theoretical models
based on the Boltzmann equations start to appear for Knudsen number valuesKn ∼ 1.
This is to be expected because the additional terms in the kinetic equation of the gener-
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Fig. 6.9. Comparison of observed (symbols) and calculated (lines) velocities of sound (a) and attenuation
rates (b) as calculated from the Boltzmann equation for the model of Maxwelhan molecules: 1 – 11-moment
model, 2 – 8-moment model, 3 – 483-moment model, 4 – Navier–Stokes equation. Open circles – data by

Greenspan, filled circles – data by Meyer and Sessler.

alized Boltzmann theory first become comparable in magnitude and then start to domi-
nate the terms on the left-hand side of the Boltzmann equations as the Knudsen number
increases. This means, in particular, that neither the Burnett equations nor, less still,
super-Burnett equations hold promise for higher Knudsen number computations.

The generalized Boltzmann equation performs much better. The generalized Euler
equations and Navier–Stokes equations give quite satisfactory agreement with the ex-
perimental data over the entire range of Knudsen numbers, including the asymptotic re-
gions. The generalized Navier–Stokes equations fit the experimental points better than
the generalized Euler equations. Another important point about this result is that it is
obtained from the hydrodynamic equations, this raises hopes for a “through” compu-
tation of hydrodynamic flows including shock layers, shock waves, and intermediate
Knudsen numbers, thus eliminating the necessity of coupling the hydrodynamic and
free-molecular solutions.

Coupling problems of this kind are discussed widely in the scientific literature (see,
e.g., Longo, Preziosi and Bellomo, 1992; Bourgat et al., 1992). In the next section we
will see that the generalized hydrodynamicalequations make it possible to perform
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accurate through computations via the shock wave or, in other words, to examine the
structure of the shock wave.

6.3. Shock wave structure examined with the generalized equations of fluid
dynamics

Let us consider the structure of the shock wave in a monatomic gas based on the solu-
tion of the generalized hydrodynamic equations. The solution of the usual gas-dynamic
equations in this case is given by discontinuous density, velocity, and temperature func-
tions interrelated by the Rankine–Hugoniot equations.

This classical problem of kinetic theory has long since become a kind of a testing
ground for approximate kinetic theories, as well as for methods of solving the Boltz-
mann equation. Note, that although the solution of this problem has also been obtained
with the Navier–Stokes equations, but the conditions for the applicability of the Navier–
Stokes equations (small variations of hydrodynamic quantities over the molecular mean
free path) are of course not fulfilled – at Mach numbers not too close to unity – and a
qualitative description of the transition layer is the most that seems achievable. In this
case the viscous terms in the Navier–Stokes equations play the same role as the artificial
viscosity terms introduced into the Euler equations in shock wave calculations.

The generalized Euler equations in theone-dimensional steady case are (see
Eqs. (2.7.52)–(2.7.54))

d

dx

(
ρv0 − τ (0) d

dx
(ρv0 + p)

)
= 0, (6.3.1)

d

dx

(
ρv2

0 + p− τ (0) d

dx

(
ρv3

0 + 3pv0
))

= 0, (6.3.2)

d

dx

(
ρv3

0 + 5pv0 − τ (0) d

dx

(
ρv4

0 + 8pv2
0 + 5

p2

ρ

))
= 0. (6.3.3)

Recall that in the hard-sphere modelτ (0)p = 0.8µ in the first-order approximation
within the framework of the Enskog method.

Eqs. (6.3.1)–(6.3.3) in the one-dimensional steady case are readily integrated once
to yield

ρv0 = τ (0) d

dx

(
p+ ρv2

0

) +C1, (6.3.4)

p+ ρv2
0 = τ (0) d

dx

(
v0

(
3p+ ρv2

0

)) +C2, (6.3.5)

v0
(
5p+ ρv2

0

) = τ (0) d

dx

(
8pv2

0 + 5
p2

ρ
+ ρv4

0

)
+C3. (6.3.6)

To integrate Eqs. (6.3.1)–(6.3.3), it is necessary to specify two boundary conditions for
the hydrodynamical velocity, density, and pressure. These are the so-called Hugoniot
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Fig. 6.10. Comparison of observed (experimental points by Schmidt, 1969) and calculated (lines) dimension-
less shock wave width̄δ as a function of the Mach numberM : 1 – generalized Euler equations, 2 – generalized

Navier–Stokes equations, 3 – Navier–Stokes equations.

conditions. The constantsC1, C2 andC3 for Eqs. (6.3.4)–(6.3.6) are determined by the
conditions before the shock wave

(ρv0)b = C1, (6.3.7)(
p+ ρv2

0

)
b = C2, (6.3.8)[

v0
(
5p+ ρv2

0

)]
b = C3, (6.3.9)

where the subscript “b” refers to the flow before the shock wave.
However, the numerical integration of Eqs. (6.3.4)–(6.3.6) is complicated by the ne-

cessity of satisfying the boundary conditions at the opposite ends of the integration re-
gion. A simpler approach in this case is to solve the boundary value problem directly, by
applying the three-diagonal method of Gauss elimination technique for the differential
second-order equation (see Appendix 4).

This is exactly what Polev and the present author did in 1988 (Alekseev and Polev,
1990).

Let us define the width of the shock wave by the relation

d = ρa − ρb

(dρ/dx)max
, (6.3.10)

where the subscript “a” refers to the flow parameters after the shock wave, and
(dρ/dx)max corresponds to the maximum value of the density gradient in the shock
wave.

Let us next define the dimensionless shock wave width

δ̄ = lb

d
, (6.3.11)
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whereλb is the mean free path in the region before the shock. For the hard-sphere model

lb = m√
2πρbσ 2

, (6.3.12)

or, using Eqs. (6.2.3) and (6.2.49),

lb = 16

5

√
5

6π

µb

cbρb
, (6.3.13)

where is the velocity of sound before the shock as calculated in the Euler approximation.
It is also useful to define the dimensionless density

ρ̄ = ρ − ρb

ρa − ρb
. (6.3.14)

Figure 6.10 plots the dimensionless shock wave widthδ̄ as a function of the Mach
numberM. The theoretical curves 1, 2, and 3 (computed with the generalized Euler
equations, the generalized Navier–Stokes equations, and the ordinary Navier–Stokes
equations (Alekseev and Polev, 1990; Alexeev and Chikhaoui, 1993), respectively)
are compared to the experimental data of Schmidt (1969). Curves 1 and 2 lie some-
what above the experimental points, the generalized Navier–Stokes calculations giving
a better fit. Notice that the Navier–Stokes results (curve 3) become unsatisfactory for
M > 1.6.

The use of the Grad method also has proved unsatisfactory. Grad himself used the
thirteen-moment approximation to determine the shock wave structure (Grad, 1949).
He found that a solution to this problem does not exist forM > 1.65, and Holway
later established (Holway, 1964) that the Grad series for the distribution function in the
Boltzmann equation diverges forM > 1.85.

It is important to note that our results on shock wave structure were obtained in the
framework of the generalized hydrodynamic equations, leading to the expectation that
these equations may be used effectively in through calculations for arbitrary Mach and
Knudsen numbers.



CHAPTER 7

Numerical Simulation of Vortex Gas Flow Using
the Generalized Euler Equations

7.1. Unsteady flow of a compressible gas in a cavity

To demonstrate the research potential of numerical vortex-flow simulation using the
generalized hydrodynamic equations, we examine the two-dimensional unsteady flow
of a compressible gas. We begin our consideration with calculations of flow in a rectan-
gular cavity and after that the mathematicalmodeling of flows in channels of different
forms will be delivered.

We examine the two-dimensional unsteady flow of a compressible gas in a cavity
(Alexeev and Mikhailov, 1999; Fedoseyev and Alexeev, 1998a). The problem to be
solved is the following. Consider a flow over a flat surface and suppose there suddenly
appears – as a result of some mechanical action, for example – a certain cavity of square
cross section, whose length is much longer than the side of the square (Figure 7.1). It is
assumed that at some instant of time gas suddenly starts to move along the segmentOL
of the axisx with the velocityVs which is subsequently maintained constant.

The system of the generalized Euler equations for a two-dimensional, unsteady and
nonisothermic flow of compressible gas is written in the following way:

Fig. 7.1. Unsteady flow of compressible gas in a cavity.

241
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Here, mean time between collision is equal

τ = Πµ

p
,

where the factorΠ allows for the model of interaction of gas particles. In the so-called
“elementary” kinetic theory,Π = 1; v2

0 = u2 + v2, andv0 is the hydrodynamical flow
velocity with componentsu andv.

The system of generalized equations (7.1.1)–(7.1.4) was made dimensionless by the
use of dimensionless variablesp̂ = p/p∞, ρ̂ = ρ/ρ∞, û = u/Vs , v̂ = v/Vs , and t̂ =
tVs/L.
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(ρ̂ûv̂)+ Eu

∂p̂

∂x̂

]}
+ ∂

∂ŷ
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∂ŷ

(
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The effect of the force of gravity is neglected, so that there are two similarity criteria
in the picture:Eu= p∞/(ρ∞V 2

s ) andRe= LVsρ∞/µ∞, where Vs is the velocity of
the external flow. The parameterΠ corresponds to the first-order approximation in the
hard-sphere model:Π = 0.8.

These systems of dimensional hydrodynamic equations (7.1.1)–(7.1.4) and corre-
sponding dimensionless equations (7.1.5), (7.1.6) will be applied in following two-
dimensional flow calculations in this chapter. The difference consists mainly in geome-
try of flow boundaries and boundary conditions.

The initial conditions(t = 0) are as follows

ρ = ρ∞, p = p∞, v = 0,

u= Vs for y = 0, u= 0 for y > 0,

∂u

∂t
= 0,

∂v

∂t
= 0,

∂ρ

∂t
= 0,

∂p

∂t
= 0.

The boundary conditions to be satisfied are

u(x,0)= Vs, v(x,0)= 0,

u(x,L)= 0, v(x,L)= 0 for x ∈ [0,L],
u(0, y)= 0, v(0, y)= 0,

u(L,y)= 0, v(L,y)= 0 for y ∈ [0,L],⌈
∂ρ

∂x

⌉
x=0

= 0,

⌈
∂ρ

∂x

⌉
x=L

= 0 for y ∈ [0,L],
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⌈
∂ρ

∂y

⌉
y=0

= 0,

⌈
∂ρ

∂y

⌉
y=L

= 0 for x ∈ [0,L],
⌈
∂p

∂x

⌉
x=0

= 0,

⌈
∂p

∂x

⌉
x=L

= 0 for y ∈ [0,L],
⌈
∂p

∂y

⌉
y=0

= 0,

⌈
∂p

∂y

⌉
y=L

= 0 for x ∈ [0,L].

(a) (b)

(c)

Fig. 7.2. A flow of gas in the space atRe= 6.24 andEu = 2.33 for the moments of time: (a)̂t = 0.20,
(b) t̂ = 0.50, (c) t̂ = 1.40. The calculations are performed by the GHE.
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These boundary conditions imply that thereis no slip, no leakage of compressible
gas through the wall, and no heat transfer at the cavity wall – a good enough model to
demonstrate the potential of the generalized hydrodynamical equations. The computa-
tions performed covered a wide range of Reynolds numbers. Many calculated results,
including those for other types of flow (along a heated cylinder and over a step) may
be found elsewhere (Fedoseyev and Alexeev, 1998a, 1998b), and in what follows only
some characteristic results will be given.

Along with the program described above, calculations using the generalized Euler
equations and the Navier–Stokes equations were carried out simultaneously. While the
cavity flowfield solutions obtained by the different approaches are qualitatively different
for the drastically unsteady regime, they start getting closer for sufficiently long times.

(a) (b)

(c)

Fig. 7.3. A flow of gas in the space atRe= 365.0 and Eu= 1.0 for the moments of time: (a)̂t = 2.0,
(b) t̂ = 5.0, (c) t̂ = 30.0. The calculations are performed by the GHE.
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Increasing the Reynolds number increases the difference between the flowfield patterns
obtained from the generalized Euler equations and the Navier–Stokes equations.

Figure 7.2 illustrates the development of vortex flow withRe = 6.24, Eu =
2.33, Kn = 0.13, and the Mach numberM = 0.51 for the moments of timêt =
0.20,0.50,1.40, respectively. The vortex that forms under these conditions correspond-
ing to the intermediate range of the Knudsen numbers values evolves from the left
corner of the space towards the center andstays above the middle of the space. The
arrows in Figures 7.2–7.4 and subsequent figures indicate only the direction of the flow,
and the arrow length does not depend onthe magnitude of velocity vector.

Figures 7.3 and 7.4 correspond to the flow mode withRe= 365, Eu = 1, Kn =
0.00343, andM = 0.775. Figure 7.3 corresponds to calculations by the generalized

(a) (b)

(c)

Fig. 7.4. A flow of gas in the space atRe= 365.0 and Eu= 1.0 for the moments of time: (a)̂t = 2.0,
(b) t̂ = 5.0, (c) t̂ = 30.0. The calculations are performed by the NS equations.
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Fig. 7.5. The profiles of longitudinal and transverse velocity atRe= 365.0 and Eu= 1.0 in the quasi-steady
mode. Curves 1 and 2 correspond to the GHE and NS equations, respectively.

hydrodynamic equations (GHE), and Figure 7.4 to calculations by the Navier–Stokes
equations (NS) for the same moments of time, namely fort̂ = 2.0,5.0,30.0, which
enables one to identify the differences in the behavior of flow during transition to the
quasi-steady mode. In the essentially unsteady region, the patterns of flow differ con-
siderably. However, for the moments of timet̂ > 5.0 a convergence of the qualitative
patterns of flow begins. A “central” eddy and two bottom secondary eddies form, and,
at t̂ = 30.0, the flow patterns become very similar from the qualitative standpoint. How-
ever, in the quasi-steady mode, the profiles of longitudinal and transverse velocities dif-
fer as well, as is illustrated by Figure 7.5, in which the curves 1 are derived by solving
the GHE, and the curves 2 by solving NS equations.

As the Reynolds number increases, the flow pattern for the hydrodynamic GHE and
NS models in the transition mode become ever more different.

Results forRe= 3200,Eu= 1.0, Kn = 0.0003915, andM = 0.775 at (dimension-
less) instants of timêt = 4.0,9.5, and 230.0 are shown in Figures 7.6 and 7.7 for the
generalized Euler equations and the Navier–Stokes equations, respectively. Notice that
the concept of a quasi-stationary regime becomes rather vague in this case.

Figure 7.8 shows the position of the center of the central vortex at large times.
Points 1–11 were calculated from the generalized hydrodynamical equations for the di-
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(a) (b)

(c)

Fig. 7.6. Gas flow in a cavity at times: (a)t̂ = 4.9, (b) t̂ = 9.5, and (c)t̂ = 230.0. Calculations are made using
the generalized Euler equations forRe= 3200,Eu= 1.0.

mensionless instants of timet̂ = 201.0,202.0,203.5,204.0,205.0,205.8,207.0,208.0,
209.0,210.0, and 211.5. It turns out that the vortex center performs a rotational motion.

The lid-driven flow in a rectangular cavity has been used extensively as a test bed for
computational schemes. From experimental point of view this type of flow belongs to
so-called “benchmark experiments” providing relevant date base for numerical model-
ers. Moreover, an experimental program was beginning as a result of large differences
in data obtained by various schemes.

It is a well-known fact that two-dimensional Navier–Stokes calculations for an in-
compressible isothermal fluid (water) for the central cross section of a cavity correlate
very poorly with experimental data (Kozeff and Street, 1984a, 1984b, 1984c) even if
the length of the cavity is much larger than its width. Nor do three-dimensional Navier–
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(a) (b)

(c)

Fig. 7.7. Gas flow in a cavity at times: (a)t̂ = 4.0, (b) t̂ = 9.5, and (c)t̂ = 230.0. Calculations are made using
the Navier–Stokes equations forRe= 3200,Eu= 1.0.

Stokes calculations improve the picture (Arnal et al., 1992; Verstappen and Veldman,
1996). It has been found that three-dimensional Navier–Stokes calculated results ob-
tained on coarser meshes may agree better with experimental data than do formally
more accurate solutions (Arnal et al., 1992).

Detailed experiments had been carried by J. Koseff and R. Street with lid-driven
cavities (Kozeff and Street, 1984a, 1984b, 1984c). The central component of their ex-
perimental facility is a rectangular cavity of a width of 150 mm in the direction of
lid motion, a maximum vertical depth of 925 mm and a span of 450 mm transverse
to the direction of lid motion. The qualitative positions (found in experiments in the
symmetry plane) of upper secondary eddy, primary eddy, upstream secondary eddy, and
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Fig. 7.8. Position of the center of the central vortex (relative to the center of the cavity) for instants of
time t̂ = 201.0,202.0,203.5,204.0,205.0,205.8,207.0,208.0,209.0,210.0, and 211.5 (points 1–11, respec-
tively). Calculations were made using the generalized hydrodynamical equations forRe= 3200,Eu= 1.0.

downstream secondary eddy correspond to GHE calculations for rather high Reynolds
numbers. In the Koseff and Street experiments the visualization method was used for
water flows in the range of Reynolds numbers from 1000 to 10 000. In particular, they
studied the following aspects of the flow in a square cavity: (1) the presence of turbu-
lence in the flow; (2) the three-dimensionality of the flow and associated flow struc-
tures; (3) the size of the downstream secondary eddy as a function of Reynolds number;
(4) the formation of Taylor-type instabilities during the first 30 seconds or so after the
lid is started.

Velocity measurements were made for Reynolds numbers of 3200 and 10 000 on two
vertical planes. These planes were the symmetry plane, a plane parallel to it, and one
17.5 mm from the end-wall (Kozeff and Street, 1984b).

Unfortunately, we have no experimental results on the situation we are considering
– i.e., gas flow in a cavity – and as to the comparison of experimental and theoreti-
cal flow data for a gas and a liquid (even at the sameRe), this requires great caution.
Nevertheless, the calculatedRedependence of the ratio of the size of the bottom near-
wall vortexD3 (downstream secondary eddy) to the cavity widthL (see Figure 7.9)
is in general agreement with experiment (Kozeff and Street, 1984a, 1984b, 1984c).
Interestingly, because of the growingoscillations of hydrodynamical quantities, it is
found that even in the quasi-stationary regime fluctuations in the position of the vor-
tex,D3/L, increase in magnitude. As seen in Figure 7.9, the region of fluctuations is
represented by an expanding band, which shows a transition to fully developed turbu-
lence.
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Fig. 7.9. Relative sizeD3/L of the bottom vortex plotted versus Reynolds numberRe for Eu= 1.0. Solid
lines represent theoretical results.

Fig. 7.10. Oscillations of the absolute value of velocityv̂0 at the point(x̂ = 0.13,ŷ = 0.87) over a period of
t̂ = 0.6 in the near “quasi-stationary” flow regime forRe= 3200,Eu= 1.0. Zero timet̂0 = 185.0.

Figure 7.10 demonstrates oscillations in the absolute magnitude of the dimensionless
velocity v̂0 at the point(x̂ = 0.13,ŷ = 0.87)over a dimensionless time periodt̂ = 0.6
for Re= 3200. Note the irregular nature ofthe oscillations. Thus, already atRe= 3200
the flow starts to exhibit typical features of a turbulent regime.

Figures 7.11 and 7.12 contain comparison of horizontal and vertical velocity profiles
for numerical and experimental results (2D and 3D variants for symmetry plane),Re=
3200,Re= 10 000 correspondingly for the GHE and Navier–Stokes models and also
for known k–ε turbulence model. All results obtained by the finite element method
for GHE are modified for description of liquid media (Fedoseyev and Alexeev, 1998a,
1998b).

Details of numerical schemes applied for GHE solution are discussed below. Note
that the use of the generalized hydrodynamical equations with viscous terms makes
it possible to construct the extremely effective difference schemes, thus making these
equations even more attractive.
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Fig. 7.11. Comparison of horizontal velocity profiles (1–4) for numerical (solid and dashed lines) and ex-
perimental (squares) results, and vertical velocity profiles (5–8) for numerical (solid and dashed lines) and
experimental (triangles) results,Re= 3200: 1 – NS, 2 –k–ε model, 3 – GHE (2D), 4 – GHE (3D), 5 – GHE

(3D), 6 – GHE (2D), 7 –k–ε model, 8 – NS.

Fig. 7.12. Comparison of horizontal velocity profiles (1–3) for numerical (dashed lines) and experimental
(squares) results, and vertical velocity profiles (4–6) fornumerical (dashed lines) and experimental (triangles)

results,Re= 104: 1 – NS, 2 –k–ε model, 3 – GHE (2D), 4 – GHE (2D), 5 –k–ε model, 6 – NS.
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7.2. Application of the generalized hydrodynamic equations: to the investigation
of gas flows in channels with a step

In this section generalized hydrodynamic equations, which include explicitly the Kol-
mogorov fluctuations of hydrodynamic quantities, are used for mathematical simulation
of vortex gas flows. The calculations are performed in the range of Reynolds number
values from 64 to 10 000 for two-dimensional unsteady nonisothermal flow of com-
pressible gas in a channel with a step.

Turbulent flows of gases and liquids have been the subject of intensive study for
well over a hundred years, which explains the large number of possible applications.
Considering here backward-facing step flow as investigated above, the lid-driven flow in
a rectangular cavity has been used extensively as a test bed for computational schemes.
This type of flow also belongs to a set of benchmarks providing relevant date base for
numerical modelers.

We will treat the problem in the following formulation. Let a steady flow of gas in a
flat channel be initially accompanied by a momentary dip in the bottom that transforms
the flow into an unsteady, generally speaking, turbulent, flow in a channel with a step.
For the purposes of mathematical simulation, use is made of the geometry of a flat
channel with a square step, as shown in Figure 7.13.

The flow on the left in the narrow channel zone exhibits the behavior of Poiseuille
flow and has a parabolic velocity profile. We will demonstrate that generalized hydro-
dynamic equations, derived using the locally Maxwellian approximation (generalized
Euler’s equations, GEuE), lead to Poiseuille flow in standard assumptions: (a) the flow
is one-dimensional and steady; (b) the densityρ = const; (c) the hydrodynamic velocity
depends ony alone,v0 = v0x(y); (d) the static pressure depends onx alone,p = p(x).

We will first turn to the continuity equation, which is written as

∂

∂r
ρv0 − τ

(
�p+ ∂2

∂r∂r
: ρv0v0

)
= 0. (7.2.1)

In the foregoing assumptions, Eq. (7.2.1) is satisfied identically. Indeed, the first and
third terms of the left-hand part of Eq. (7.2.1) tend to zero by virtue of the conditions
(a)–(c), and the equation

�p= 0 (7.2.2)

Fig. 7.13. Schematic of the region being investigated.
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reduces in this case to the condition

∂2p

∂x2 = 0,

which leads to the equality

∂p

∂x
= const, (7.2.3)

which is one of the conditions of realization of Poiseuille flow.
We will now treat the generalized equation of motion in a projection onto thex-axis.

In view of the conditions (a)–(c) and Eq. (7.2.3), we find from Eq. (7.1.2),

∂p

∂x
= τ (0)p ∂

2u

∂y2
. (7.2.4)

However, in view of relationτ =Πµ/p, we derive the known Poiseuille relation

∂p

∂x
=Πµ∂

2u

∂y2
, (7.2.5)

in which the factorΠ allows for the model of interaction of gas particles. The inte-
gration of Eq. (7.2.5) simultaneously with (7.2.3) yields a parabolic velocity profile.
Consequently, the GHE under the above-formulated conditions leads to a parabolic ve-
locity profile which is adopted as the boundary condition for the equation of motion on
the left-hand boundary of the calculation region.

We will introduce the characteristic quantities of flow that are used in what follows
as scales in reducing the GEE to the dimensionless form:ρ∞, p∞, v∞, andµ∞ de-
note the density, static pressure, velocity, and dynamic viscosity at the channel inlet;
the scale of lengthh is the channel width at the outlet; and the time scale has the form
of h/v∞. The similarity criteria, i.e., the Reynolds and Euler numbers, are written as
Re= ρ∞v∞h/µ∞ andEu= p∞/(ρ∞v2∞). The force of gravity is neglected, so that
there are two similarity criteria in the picture. The dimensionless quantities are further
marked by the sign ˆ above the respective symbol. We will conventionally divide the
flow region into two, “top” and “bottom”, parts that are shown in Figure 7.13 at I and II,
respectively; this is necessary solely for convenience of description of the initial condi-
tions and calculation results. We will further describe other geometric characteristics of
the calculation region, shown in Figure 7.13, namely,L, the length of the region being
investigated;a, the height of the backward-facing step (in the given concrete conditions,
a = h/2);1, the front section of the region being investigated (flow inlet section); 6, the
rear section of the region being investigated (flow outlet section); 2, the step plane;
3, the top plane; 4, the bottom plane; and 5, the vertical wall of the step.

It is assumed that a steady laminar flow with the velocity profile in the form of a
Poiseuille parabola exists in region I at the initial moment of time, while in region II
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Table 7.1
Initial values of flow parameters in region I

Velocities and their derivatives Pressure and density and their derivatives

û(t̂ = 0)= f (ŷ),
(
∂û

∂t̂

)
t̂=0

= 0 p̂(t̂ = 0)= 1,

(
∂p̂

∂t̂

)
t̂=0

= 0

v̂(t̂ = 0)= 0,

(
∂v̂

∂t̂

)
t̂=0

= 0 ρ̂(t̂ = 0)= 1,

(
∂ρ̂

∂t̂

)
t̂=0

= 0

Table 7.2
Initial values of flow parameters in region II

Velocities and their derivatives Pressure and density and their derivatives

û(t̂ = 0)= 0,

(
∂û

∂t̂

)
t̂=0

= 0 p̂(t̂ = 0)= 1,

(
∂p̂

∂t̂

)
t̂=0

= 0

v̂(t̂ = 0)= 0,

(
∂v̂

∂t̂

)
t̂=0

= 0 ρ̂(t̂ = 0)= 1,

(
∂ρ̂

∂t̂

)
t̂=0

= 0

the flow is absent (in other words, the flow velocity is zero). The results of further cal-
culations readily transform to the model of flow of liquid (water) in a channel; in so
doing, it is possible to omit the energy equation and assume the liquid to be incom-
pressible.

The systems of dimensional hydrodynamic equations (7.1.1)–(7.1.4) and cor-
responding dimensionless equations (7.1.5)–(7.1.8) are applied in following two-
dimensional flow calculations. The difference with Section 7.1 consists mainly in geom-
etry of flow boundaries and boundary conditions. We begin with initial conditions con-
tained in Tables 7.1 and 7.2.

In Table 7.1,f (ŷ)= k1ŷ
2 + k2ŷ+ k3 and the coefficientski (i = 1, . . . ,3) are found

from the conditions
f (0)= 0,
1

2
f (h− a)= 1,

f (h− a)= 0.

(7.2.6)

The boundary values of flow in the calculation region must be treated in application
to each geometric element. Although the flow region is not too complex, for convenience
in calculations we will writeout the boundary conditions on eachsurface (Figure 7.13).

The boundary conditions specified in Table 7.3 call for further comment. They cor-
respond to the conditions of no-slip on the wall and non-percolation, and the wall is
assumed to be absolutely heat-resistant. For plane 1, the conditions are preassigned at
a distance of 3a from the step. This distance may be varied with a view to eliminating
the nonphysical reactive effect of flow behind the step on the initial flow in the narrow
zone of the channel.
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Table 7.3
Boundary conditions

For section 1 For plane 2 For plane 3

x = 0 y = h− a y = 0
ˆ̄u(ŷ)= f (ŷ) û(x)= 0 û(x)= 0
ˆ̄v(ŷ)= 0 v̂(x)= 0 v̂(x)= 0

∂2 ˆ̄p
∂x̂2

= 0
∂p̂

∂ŷ
= 0

∂p̂

∂ŷ
= 0

∂ ˆ̄ρ
∂x

= 0
∂ρ̂

∂ŷ
= 0

∂ρ̂

∂ŷ
= 0

For plane 4 For plane 5 For section 6

y = h x = 3a x =L

û(x)= 0 û(y)= 0
∂ ˆ̄u
∂x̂

= 0

v̂(x)= 0 v̂(y)= 0
∂ ˆ̄v
∂x̂

= 0

∂p̂

∂ŷ
= 0

∂p̂

∂x̂
= 0

∂2 ˆ̄p
∂x̂2

= 0

∂ρ̂

∂ŷ
= 0

∂ρ̂

∂x̂
= 0

∂ ˆ̄ρ
∂x

= 0

At sections 1 and 6, the so-called “soft” boundary conditions are written relative
to the averaged (rather than true) hydrodynamic quantities. Such conditions proved to
be very effective in the case of numerical realization and eliminated the reactive effect
upstream due to the numerical effect of cutting off the region.

The calculations (Alexeev and Mikhailov, 2001) were performed using an explicit
difference scheme of the first order of accuracy with respect to time and of the second
order of accuracy on the coordinates with constant dimensionless steps with respect to
time and coordinates. The properties of generalized hydrodynamic equations are such
that they enable one to realize stable numerical calculations in a wide range of Reynolds
number values from units to tens of thousands. In calculations within this problem, the
evolution of flow was studied for the values ofRe from 64 to 10 000 andEu = 1.0.
Special attention was given to the values ofReof 1000 to 3200 as transition values
between the laminar and turbulent modes of flow.

Table 7.4 gives the values of steps of the computational mesh and of the geometrical
parameters involved in the calculations. Calculations with a smaller spatial step of the
mesh failed to reveal substantial changes in the topology of flow in the treated range of
Reynolds number values. The similarity criteria, i.e., the Knudsen and Mach numbers,
may be represented in terms ofReandEuusing the average velocity of molecules for a
Maxwellian distribution,

Kn =Π
√

8

π

1

Re
√

Eu
, (7.2.7)
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Table 7.4
Values of the parameters involved in the calculations

Re= 64 Re= 365 Re= 10000
�t̂ = 1.0× 10−4 �t̂ = 1.0× 10−3 �t̂ = 1.0× 10−4

�x̂ =�ŷ = 0.0333 �x̂ =�ŷ = 0.0333 �x̂ =�ŷ = 0.0333
ĥ= 1.0 ĥ= 1.0 ĥ= 1.0
L̂= 12.0 L̂= 12.0 L̂= 15.0

Re= 1000 Re= 3200
�t̂ = 1.0× 10−3 �t̂ = 1.0× 10−4

�x̂ =�ŷ = 0.0333 �x̂ =�ŷ = 0.0333
ĥ= 1.0 ĥ= 1.0
L̂= 12.0 L̂= 15.0

Table 7.5
Parameters of mathematical simulation

Re= 64, Kn= 1.995× 10−2, Eu= 1.0, M = 0.7747
Re= 1000, Kn= 1.277× 10−3, Eu= 1.0, M = 0.7747
Re= 10000, Kn= 1.277× 10−4, Eu= 1.0, M = 0.7747
Re= 365, Kn= 3.498× 10−3, Eu= 1.0, M = 0.7747
Re= 3200, Kn= 3.989× 10−3, Eu= 1.0, M = 0.7747

Kn =Π
√

8γ

π

M

Re
, (7.2.8)

whereγ is the heat capacity ratio,γ = Cp/CV . The respective rescaling of parameters
is given in Table 7.5.

Demonstrations of the calculation results using “snapshots” of the flow cannot fully
describe its behavior in the calculation region. This is due to the fact that the parameters
of a flow of liquid, even if it is laminar, do not remain unvaried in time at every point.
We will treat in more detail one of the options of calculation of flow, namely, that with
Re= 1000.

It follows from Figure 7.14 (Re= 1000 and̂t = 10) that regionV is some vortex for-
mation that develops fairly actively with time. Such vortexes arise both during evolution
of the region of return flow indicated in Figure 7.14 by the symbolP (a detailed view of
return flow is given in Figure 7.15) and during stagnation of flow in the vicinity of the
bottom wall. In viewing successively the entire pattern of flow in time, one can clearly
see how independent and fairly intense vortexes (a detailed view of vortexV is given
in Figure 7.16), swirling clockwise, originate and start moving along the flow to the
outlet behind section 6 (see Figure 7.13). The transverse dimensions of vortexesV are
not constant and amount to 0.20–0.30 of the flow region heighth. The extended form
of vortexV in Figure 7.14 does not correspond to the actual pattern; it is defined by the
scale difference along theOx andOy axes. The evolution of bottom vortexes strongly
resembles the soliton behavior, except for the fact that they are vortexes proper rather
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Fig. 7.14. A general view of the flow atRe= 1000 at the moment of timêt = 10 (for better illustration, the
scale equality of the coordinates is not observed).

Fig. 7.15. A detailed view of return flow behind the step (Re= 1000,t̂ = 10).

Fig. 7.16. A detailed view of vortexV for Re= 1000 and̂t = 10.



260 Generalized Boltzmann Physical Kinetics

Fig. 7.17. A detailed view of vortex zonesW for Re= 1000 and̂t = 10.

Fig. 7.18. A general view of flow atRe= 1000 at the moment of timêt = 110 (for better illustration, the
scale equality of the coordinates is not observed).

Fig. 7.19. A detailed view of wall vortexS at Re= 1000 and̂t = 110.
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Fig. 7.20. A general view of flow atRe= 1000 at the moment of timêt > 140; the scale equality of the
coordinates is not observed.

Fig. 7.21. A diagrammatic view of the point of flow attachment behind the step.

than single waves. In their motion, vortexesV “push out” the vortex formations shown
in Figure 7.14 asW (a detailed view ofW is given in Figure 7.17) from the calculation
region to take their place and later move beyond the calculation region. Owing to the
special boundary conditions at the flow section (Table 7.3, section 6), the vortex forma-
tions are not “reflected” but “pass” unobstructed to the non-calculation region behind
the section. The motion of bottom vortexes downstream may lead to additional erosion
of the channel bottom.

However, in passing the calculation region, vortexV , in addition to pushing out the
vortex formations, introduces some disturbance of its own. This disturbance promotes
the formation of wall vortexes on the top plane of the flow region (3 in Figure 7.13)
that also move along the flow towards section 6 and exist until the moment the flow
reaches the quasi-stationary state. It is well seen in Figure 7.18 (Re= 1000 and̂t = 110),
namely, regionS (a more detailed view of regionS is given in Figure 7.19), while
vortexes of theV -type degenerate, become smaller, and finally disappear.

At Re= 1000, in contrast to higher values ofRe, the flow reaches the quasi-stationary
state (Figure 7.20) in which no further intense origination of vortexes is observed either
on the bottom boundary of flow behind the step (4 in Figure 7.13) or on the top boundary
(3 in Figure 7.13). One can clearly see the characteristic point of flow attachment behind
the step.

For a more correct representation of thecharacteristic point of flow attachment to
the bottom wall, we will treat a schematic, but properly scaled, Figure 7.21 in which,
according to Figure 7.13,h is the height of the slot,a is the height of the step,L is
the total length of the calculation region, andxp is the position of the point of flow
attachment.
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Fig. 7.22. A general view of flow atRe= 3200 at the moment of timêt = 50; the scale equality of the
coordinates is not observed.

Fig. 7.23. A detailed view of turbulent “spot” in regionF at Re= 3200 and̂t = 50.

Fig. 7.24. A general view of flow atRe= 10000 at the moment of timêt = 50; the scale equality of the
coordinates is not observed.

The flow in a channel with a step was investigated by numerous researches (see,
e.g., Eaton, 1981). Moreover, this type of flow is included in the system of benchmark
experiments or test experiments aimed at estimating the quality of numerical algorithms.
Note that the flow topology and the position of the point of flow attachment are in good
agreement with the experimental data. The position ofxp is usually located within five
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(a)

(b)

(c)

Fig. 7.25. The distribution of pressure atRe= 1000 along the lineŝy = constfor different moments of time:
(a) ŷ = 0.1, (b) ŷ = 0.5, (c) ŷ = 0.9; 1 – t̂ = 20, 2 – t̂ = 30, 3 – t̂ = 40, 4 – t̂ = 50, 5 – t̂ = 60, 6 – t̂ = 70,

7 – t̂ = 80, 8 –t̂ = 90, 9 –t̂ = 100.
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(a)

(b)

Fig. 7.26. The distribution of pressure atRe= 3200 along the lineŝy = constfor different moments of time:
(a) ŷ = 0.1, (b) ŷ = 0.2, (c) ŷ = 0.5, (d) ŷ = 0.9; 1 – t̂ = 10, 2 –t̂ = 15, 3 – t̂ = 20, 4 – t̂ = 25, 5 –t̂ = 30,

6 – t̂ = 35, 7 –t̂ = 40, 8 –t̂ = 45, 9 –t̂ = 50.

to eight times the step heighta, but the position of this point depends strongly on both
the flow parameters and the singularities of the experimental setup.

We will point out yet another, not physical but numerical, effect that is observed in
the case of insufficient length of calculation region, namely, the existence of a strong
dependence of the valuexp on the relative lengthL/h of the calculation region. This
dependence ceased to have an effect when ratioL/h in our calculations exceeded
ten. Table 7.6 gives values ofxp for different values ofRe, obtained in the calcula-
tions.

Given for illustration in Figures 7.22–7.24 are patterns of flows for other values of
Re, in addition to the caseRe= 1000 that has already been discussed in detail. Note
the absence from Figure 7.22 of the clearly defined region of return flow behind the
step. This regionP ∗ is a turbulized region of return flow with an unstable structure. The
region shown atG in Figure 7.22 is nothing but a turbulized structure moving (similarly
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(c)

(d)

Fig. 7.26. (Continued).

Table 7.6
Values of the coordinate of the point of flow attachment (forRe< 3200, the values ofxp are given for the
flow that reached the quasi-stationary state)

1 Re= 64 xp = 5
2 Re= 365 xp = 7
3 Re= 1000 xp = 10
4 Re= 3200 xp = 5−12 indeterminacy due to instability of the point of flow attachment
5 Re= 10000 xp indeterminacy due to strong turbulization of the flow

to regionV in Figure 7.14) along the flow. Note further regionF , which is a “spot”
of small-scale turbulence shown in more detail in Figure 7.23. Also of interest is the
representation of the general view of the flow atRe= 10 000. Figure 7.24 illustrates the
respective flow. Also marked in Figure 7.24 are regions analogous with those of the flow
shown in Figure 7.22; however, the absence of regionF does not mean that this region
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does not arise with the given value of Reynolds number: the process of its origination
and evolution occurs at subsequent moments of time. We do not illustrate the flows for
Re< 1000. The flow topology in this case becomes simpler and less interesting. After
a short time of relaxation, such flows repeat in general terms the flow pattern given in
Figure 7.20.

Mathematical simulation enables one to obtain very extensive information about the
hydrodynamic parameters of flow that may hardly be represented graphically to any de-
gree of detail. Figures 7.25 and 7.26 give only the space and time evolution of pressure
in a channel. We do not believe it necessary to provide the data of mathematical sim-
ulation, based on the Navier–Stokes equations. The appropriate comparison and com-
ments may be found for another flow topology in Alexeev and Mikhailov (1999) and
Fedoseyev and Alexeev (1998a, 1998b).

Note that the generalized hydrodynamic equations represent an effective tool for
solving problems in hydrodynamics and gas dynamics.

7.3. Vortex and turbulent flow of viscous gas in channel with flat plate

We will treat the problem in the following formulation. Let an initially steady-state flow
of gas in a flat channel be accompanied in some part of the channel by a momentary
separation of flow that transforms the flow into an unsteady-state, generally speaking,
turbulent flow. For the purposes of mathematical simulation, we use the geometry of a
flat channel with a rectangular plate of finite length, as shown in Figure 7.27.

On the left (in a wide zone of the channel before the plate), the flow exhibits a
Poiseuille pattern and has a parabolic velocity profile. It was demonstrated in the previ-
ous Section 7.2, that the generalized hydrodynamic equations – derived with the help of
locally Maxwellian distribution function (generalized Euler equations, GEuE) – lead to

(a)

(b)

Fig. 7.27. (a) The flow scheme and (b) the system ofcoordinates, surfaces are shown on which boundary
conditions are preassigned (the broken line corresponds to a flow past a semi-infinite plane).
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Poiseuille flow with standard assumptions: (a) the flow is one-dimensional and steady-
state; (b) the densityρ = const; (c) the hydrodynamic velocity depends ony alone,
v0 = v0x(y); (d) the static pressure depends onx alone,p = p(x).

Generalized Euler equations (GEuE) under the conditions formulated above lead to
a parabolic velocity profile, which is adopted as the boundary condition for the equation
of motion on the left-hand boundary of the calculation region.

We will introduce the characteristic quantities of flow that are used in what follows
as the scales in reducing the GEuEs to a dimensionless form:ρ∞, p∞, v0∞ = u∞, and
µ∞ denote the density, static pressure, velocity, and dynamic viscosity at the channel
inlet. The channel width at the inlet is used as the scale of lengthD, and the time scale
has the formD/u∞. The similarity criteria, i.e., the Reynolds and Euler numbers, are
written asRe= ρ∞u∞D/µ∞ andEu= p∞/(ρ∞v2∞) The dimensionless quantities are
further marked by the sign ˆ above the respective symbol.

The geometric characteristics of the calculation region are given in Figure 7.27,
namely,D, the width of the region (channel) being investigated;L, the length of the
plate in the channel;L1, the distance from the front section to the beginning of the
plate;b, the distance from the top boundary of the channel to the plate; andL0, the
length of the calculation region.

The boundary and initial conditions are preassigned on the following surfaces and
sections of the flow region being investigated: 1, the front section of the region (flow
inlet section); 2, the top plane; 3, the bottom plane; 4, the tip surface of the plate; 5, the
bottom surface of the plate; 6, the outlet section of the region (flow outlet section).

Table 7.7 gives the initial conditions for the flow being simulated. These conditions
correspond to the existence, at the initial moment of time, of a laminar flow with the
velocity profile in the form of Poiseuille parabola. The plate is introduced into the flow
at the time zero.

In Table 7.7,f (ŷ)= k1ŷ
2+k2ŷ+k3, and the coefficientski (i = 1, . . . ,3) are found

from the conditionsf (0)= 0, f (D/2)= 1, f (D)= 0.
The boundary values in the calculation region of flow must be treated in application

to each geometric element. For this purpose, the boundary conditions written out on
each surface (see Figure 7.27) are given in Table 7.8. The boundary conditions given
in Table 7.8 call for some comment. They correspond to the conditions of no-slip on
the wall and non-percolation, the wall is assumed to be absolutely non-heat-conducting,
and the variation of density in the vicinity of a solid surface is taken to be minor. For
the section 1, the conditions are preassigned at the distanceL1 from the plate tip. This
distance may be varied with a view to eliminating the nonphysical reactive effect of
flow behind the plate on the initial flow. At the section 6, the so-called “soft” boundary
conditions are written relative to the averaged (rather than true) hydrodynamic quanti-
ties. Such conditions turned out to be very effective in the case of numerical realization
and eliminated the upstream reactive effect due to the numerical effect of cutting off the
region. The calculations were performed using an explicit difference scheme of the first
order of accuracy with respect to time and of the second order of accuracy with respect
to coordinates with constant dimensionless time and coordinate steps.

In calculations (Alexeev and Mikhailov, 2003) within the framework of this problem,
the behavior of flow was studied for the values ofRefrom 1000 to 10 000 andEu= 1.0.
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Table 7.7
Initial values of flow parameters

Velocities and their derivatives Pressure and density and their derivatives

û(t̂ = 0)= 0,

(
∂û

∂t̂

)
t̂=0

= 0 p̂(t̂ = 0)= 1,

(
∂p̂

∂t̂

)
t̂=0

= 0

v̂(t̂ = 0)= 0,

(
∂v̂

∂t̂

)
t̂=0

= 0 ρ̂(t̂ = 0)= 1,

(
∂ρ̂

∂ t̂

)
t̂=0

= 0

Table 7.8
The boundary conditions for the calculated region of flow

For section 1 For surface 2 For surface 3

ˆ̄u(0, y)= f (y)
ˆ̄v(0, y)= 0(
∂2 ˆ̄p
∂x̂2

)
x̂=0

= 0

(
∂2 ˆ̄ρ
∂x̂2

)
x̂=0

= 0

û(x,D)= 0

v̂(x,D)= 0(
∂p̂

∂ŷ

)
ŷ=1

= 0

(
∂ρ̂

∂ŷ

)
ŷ=1

= 0

û(x,0)= 0

v̂(x,0)= 0(
∂p̂

∂ŷ

)
ŷ=0

= 0

(
∂ρ̂

∂ŷ

)
ŷ=0

= 0

For surface 4 For surface 5 For section 6

�u(x,b)= 0 �u(x,b)= 0

(
∂ ˆ̄u
∂x̂

)
x=L0

= 0

�v(x, b)= 0 �v(x, b)= 0

(
∂ ˆ̄v
∂x̂

)
x=L0

= 0

(
∂p̂

∂ŷ

)
ŷ=b̂+0

= 0,

(
∂p̂

∂ŷ

)
ŷ=b̂−0

= 0,

(
∂2 ˆ̄p
∂x̂2

)
x=L0

= 0

(
∂ρ̂

∂ŷ

)
ŷ=b̂+0

= 0

(
∂ρ̂

∂ŷ

)
ŷ=b̂−0

= 0

(
∂2 ˆ̄ρ
∂x̂2

)
x=L0

= 0

Special attention was given to the range of variation ofRevalues from 1000 to 3200, as
the region of transition values between the laminar and turbulent modes of flow.

Table 7.9 gives the values of steps of the computational mesh and the geometric pa-
rameters of the problem for the employed values ofRe.The similarity criteria (Knudsen
and Mach numbers) may be calculated in terms ofReandEu using the average ve-
locity of molecules for a Maxwellian distribution (see (7.2.7), (7.2.8)). The respective
rescaling of parameters is given in Table 7.9.

We will now discuss the results of calculation of flow past a plate of finite length.
Relevant illustrations are given for the flow past a plate whose length is equal to the
channel depth. The plate is located at the channel mid-depth. Also given for some typ-
ical cross sections of the channel are flow velocity profiles corresponding to different
moments of dimensionless time. The cross sections selected for illustration are located
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Table 7.9
Parameters involved in the calculations

Re= 1000 Re= 3200 Re= 10000

�
�
t = 1.0× 10−3

�
�y = 0.0333

D̂ = 1.0, b̂= 0.5
L̂= 1.0, L̂1 = 2.5

�
�
t = 1.0× 10−4

�
�y = 0.0333

D̂ = 1.0, b̂ = 0.5
L̂= 1.0, L̂1 = 2.5

�
�
t = 1.0× 10−5

�
�x =��y = 0.0333

D̂ = 1.0, b̂= 0.5
L̂= 1.0, L̂1 = 2.5

1. 2. 3.
Re= 1000
Kn = 1.277× 10−3

Eu= 1.0, M = 0.7747

Re= 3200
Kn = 3.989× 10−3

Eu= 1.0, M = 0.7747

Re= 10000
Kn= 1.277× 10−4

Eu= 1.0, M = 0.7747

Fig. 7.28. Velocity profiles on theOx (left) andOy (right) axes at a distanceLx = D/2 to the left of the
beginning of the plate;Re= 1000,t̂ = 0.2.

as follows: (a) before the plate at a distance equal to half its length, (b) immediately
before the plate, (c) in the middle of the plate, (d) before the very end of the plate, and
(e) behind the plate at a distance equal to half its length. The mathematical simulation
helps to produce a large volume of information including illustrative information about
the topology of flow. Therefore, we will first make a description of flow past a plate of
finite length atRe= 1000 (Figures 7.28–7.42).

For the initial moment of time, a Poiseuille parabolic profile of flow is retained in
section (a), the perturbation due to the plate in this section is still low, and the velocity
componentv is extremely small. A vertical velocity component emerges due to the
deceleration of flow as a result of the effect of the friction forces, and a characteristic
asymmetric profile of the velocity componentu is formed. In the region where the flow
comes off the plate, a marked vorticity of unsteady-state flow arises, which is reflected in
the pulsations of the transverse velocity profile. Quite away from the plate downstream
the flow, the longitudinal velocity profile becomes parabolic again, and the pulsations of
the transverse velocity are small. By the moment of timet̂ = 3.0, the perturbations of the
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Fig. 7.29. Velocity profiles on theOx (left) andOy (right) axes at a distanceLx = �x to the left of the
beginning of the plate;Re= 1000,t̂ = 0.2.

Fig. 7.30. Velocity profiles on theOx (left) andOy (right) axes at a distanceLx = D/2 to the right of the
beginning of the plate (middle of the plate);Re= 1000,t̂ = 0.2.

Fig. 7.31. Velocity profiles on theOx (left) andOy (right) axes at a distanceLx =�x to the left of the end
of the plate;Re= 1000,t̂ = 0.2.
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Fig. 7.32. Velocity profiles on theOx (left) andOy (right) axes at a distanceLx =D/2 to the right of the
end of the plate;Re= 1000,t̂ = 0.2.

Fig. 7.33. Velocity profiles on theOx (left) andOy (right) axes at a distanceLx = D/2 to the left of the
beginning of the plate;Re= 1000,t̂ = 3.0.

Fig. 7.34. Velocity profiles on theOx (left) andOy (right) axes at a distanceLx = �x to the left of the
beginning of the plate;Re= 1000,t̂ = 3.0.
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Fig. 7.35. Velocity profiles on theOx (left) andOy (right) axes at a distanceLx = D/2 to the right of the
beginning of the plate (middle of the plate);Re= 1000,t̂ = 3.0.

Fig. 7.36. Velocity profiles on theOx (left) andOy (right) axes at a distanceLx =�x to the left of the end
of the plate;Re= 1000,t̂ = 3.0.

Fig. 7.37. Velocity profiles on theOx (left) andOy (right) axes at a distanceLx = D/2 to the right of the
end of the plate;Re= 1000,t̂ = 3.0.
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Fig. 7.38. Velocity profiles on theOx (left) andOy (right) axes at a distanceLx = D/2 to the left of the
beginning of the plate;Re= 1000,t̂ = 25.0.

Fig. 7.39. Velocity profiles on theOx (left) andOy (right) axes at a distanceLx = �x to the left of the
beginning of the plate;Re= 1000,t̂ = 25.0.

Fig. 7.40. Velocity profiles on theOx (left) andOy (right) axes at a distanceLx =D/2 to the right of the
beginning of the plate (middle of the plate);Re= 1000,t̂ = 25.0.
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Fig. 7.41. Velocity profiles on theOx (left) andOy (right) axes at a distanceLx =�x to the left of the end
of the plate;Re= 1000,t̂ = 25.0.

Fig. 7.42. Velocity profiles on theOx (left) andOy (right) axes at a distanceLx = D/2 to the right of the
end of the plate;Re= 1000,t̂ = 25.0.

hydrodynamic characteristics propagate upstream, and a marked profile of transverse
velocity arises in the cross section (a) as well.

We will now turn to the results of calculation of the flow past a plate atRe= 3200,
which corresponds to the mode of transition from the laminar to turbulent flow. By
the moment of timêt = 2.0, in addition to forming in the vicinity of the plate surface
and before and behind the plate, vortexes begin to form at the top and bottom surfaces
defining the channel width as well. Figures 7.43–7.48 give the topology of flow in the
vicinity of plate, Re= 3200, t̂ = 2.0 and the profiles of components of flow velocity
in the cross sections (a)–(e) for the moment of timet̂ = 5.0. The dash length is not
proportional to the modulus of velocity and corresponds only to the velocity direction.

By this moment of time, the top and bottom wall vortexes weaken but become more
extended; with time, an unsteady-state flow changes to a quasi-steady-state mode. In
particular, the fluctuations of the longitudinal velocity profile at the middle of the plate
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Fig. 7.43. The topology of flow in the vicinity of plate,Re= 3200, t̂ = 2.0. The dash length is not propor-
tional to the modulus of velocity.

Fig. 7.44. Velocity profiles on theOx (left) andOy (right) axes at a distanceLx = D/2 to the left of the
beginning of the plate;Re= 3200,t̂ = 5.0.

Fig. 7.45. Velocity profiles on theOx (left) andOy (right) axes at a distanceLx = �x to the left of the
beginning of the plate;Re= 3200,t̂ = 5.0.
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Fig. 7.46. Velocity profiles on theOx (left) andOy (right) axes at a distanceLx = D/2 to the right of the
beginning of the plate;Re= 3200,t̂ = 5.0.

Fig. 7.47. Velocity profiles on theOx (left) andOy (right) axes at a distanceLx =�x to the left of the end
of the plate;Re= 3200,t̂ = 5.0.

Fig. 7.48. Velocity profiles on theOx (left) andOy (right) axes at a distanceLx = D/2 to the right of the
end of the plate;Re= 3200,t̂ = 5.0.
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decrease somewhat, and in the cross section (e), the fluctuations of the transverse veloc-
ity of flow decrease.

Let, at the initial moment of time, a flow in a channel abruptly separate in two parallel
flows. In this case, from the hydrodynamic standpoint, the problem reduces to a flow
past a semi-infinite plate of finite thickness that suddenly appeared in the channel. The
boundary conditions preassigned at the outlet of any of two channels formed are similar
to the conditions at the section 6 (see Table 7.8).

Figures 7.49–7.52 illustrate, for a flow mode atRe= 1000 and̂t = 50.0, the spatial
evolution of the profiles of longitudinal and transverse velocities of flow in channels for
sections located at distancesLx from the beginning of the semi-infinite plate equal to
�x (step of the space grid on theOx-axis),D/2, D and 10D, respectively. The effect
of a semi-infinite plate on the upstream rearrangement of flow is by and large similar to
the perturbation of flow due to a plate of finite length; therefore, it is not treated in what
follows. Note that, at a distance of approximatelyD, the longitudinal velocity profiles

Fig. 7.49. Velocity profiles on theOx (left) andOy (right) axes at a distanceLx = �x to the right of the
beginning of the plate;Re= 1000,t̂ = 50.0.

Fig. 7.50. Velocity profiles on theOx (left) andOy (right) axes at a distanceLx =D/2 to the right of the
beginning of the plate;Re= 1000,t̂ = 50.0.
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Fig. 7.51. Velocity profiles on theOx (left) andOy (right) axes at a distanceLx = D to the right of the
beginning of the plate;Re= 1000,t̂ = 50.0.

Fig. 7.52. Velocity profiles on theOx (left) andOy (right) axes at a distanceLx = 10D to the right of the
beginning of the plate;Re= 1000,t̂ = 50.0.

do not become parabolic: the maximum velocity is shifted from the center of channel to
the plate. This shift is caused by the fact that, at the inlet to the wide part of the channel at
the initial moment of time, a Poiseuille profile has a maximum of longitudinal velocity
located on the level of the plate that suddenly appeared in the channel. By the moment of
time t̂ = 50.0, the longitudinal velocity profiles in the section 10D assume a parabolic
form, and the fluctuations of longitudinal velocity are very low.

For a better illustration of the processes occurring during a flow past flat bodies in
a channel, we will consider the distribution of dimensionless pressure over the channel
length. The graphs are plotted for two values of the Reynolds number over two segments
parallel to the channel walls (see Figures 7.53–7.56). It is interesting to investigate the
reaction of the generalized hydrodynamic equations to a variation of the boundary con-
ditions. If the “soft” condition at the inlet to the calculation region d2 ˆ̄p/dx2 = 0 is
replaced by the “rigid” conditionp̂ = 1, the pressure perturbations propagating up-
stream will not go beyond the limits of the calculation region. As a result, a system of
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Fig. 7.53. A schematic representation of pressure chart plotting lines; each line is located at a distance of 0.15
from the nearest surface.

Fig. 7.54. The distribution of dimensionless pressureover the channel length on a line in the vicinity of the
channel wall atRe= 1000 at different moments of time (1 –t̂ = 0.2; 2 – t̂ = 3.0; 3 – t̂ = 25.0; 4 – t̂ = 100.0).

The coordinates of the beginning and end ofa plate placed in the channel are indicated.

standing pressure waves will be formed in the vicinity of the left-hand boundary of the
calculation region; in so doing, the pattern of downstream variation of pressure changes
little.

It is known that extensive experimental data exist on the drag coefficients in a flow
past a plate, as well as prediction data based, as a rule, on the boundary layer theory.
We will compare the results of mathematical simulation using the generalized hydrody-
namic equations (GEE) to the Blasius theory.
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Fig. 7.55. The distribution of dimensionless pressureover the channel length on a line in the vicinity of the
channel wall atRe= 3200 at different moments of time. The coordinates of the beginning and end of a plate

placed in the channel are indicated.

Fig. 7.56. The time variation of the coefficient of total drag for a plate of finite length atRe= 1000. The
number of calculation points over the plate length is 300.
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We will write the Blasius formula for the coefficientcf of total drag of a plate of
finite lengthL:

cf = 1.328√
ReL

(7.3.1)

whereReL is the Reynolds number calculated using the plate lengthL and the incident
flow velocity. The Blasius formula (7.3.1) was derived within the laminar boundary
layer (Schlichting, 1964). In the general case in a dimensionless form, the total drag
coefficient may be represented as

cf = 2W

ρ∞u2∞S/2
, (7.3.2)

whereW is drag of one side of the plate

W = h
∫ L

x=0
τ0 dx. (7.3.3)

In relations (7.3.2), (7.3.3)τ0 is local drag coefficient of the plate corresponding to its
surfacew,

τ0 = µ
(

du

dy

)
w

, (7.3.4)

S is an area of the plate streamed by flow,S = 2Lh, h is width of the plate.
As a result one obtains the coefficient of total drag

cf =
∫
(L)
µ(du/dy)w dx

ρ∞u2∞L/2
, (7.3.5)

(the integral determined in Eq. (7.3.5) is calculated by the plate length), or in dimen-
sionless form

cf = 2
∫
(L̂)
µ̂(dû/ŷ)w dx̂

Re
. (7.3.6)

The values ofcf calculated by the foregoing formula using the grid functions forRe=
1000 are given in Table 7.10, and forRe= 3200 in Table 7.11; given in the same table
for comparison are values found by formula (7.3.1). The Blasius formula corresponds
to the steady-state mode of flow; therefore, the values ofcf are duplicated in the right-
hand column for all moments of time.

It follows from Tables 7.10, 7.11 that, at the initial moments of time, the value of total
drag coefficient significantly exceeds the value ofcf calculated by the Blasius formula.

Figure 7.56 shows the time evolution of the coefficient of total drag of a plate at
Re= 1000. At the initial moments of time, the drag coefficient significantly exceeds the
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Table 7.10
The coefficient of total drag of a plate, found by numerical calculation and by
Blasius formula,Re= 1000

cf cf
(numerical calculation) (Blasius formula)

t̂ = 0.2 0.07908 0.041995
t̂ = 3.0 0.04730 0.041995
t̂ = 25.0 0.04826 0.041995
t̂ = 100.0 0.04931 0.041995

Table 7.11
The coefficient of total drag of a plate, found by numerical calculation and by
Blasius formula,Re= 3200

cf cf
(numerical calculation) (Blasius formula)

t̂ = 0.1 0.03289 0.024246
t̂ = 2.0 0.02876 0.024246
t̂ = 5.0 0.02898 0.024246
t̂ = 30.0 0.02952 0.024246

plate resistance in a steady-state laminarflow; then, it decreases with time, experiences
oscillation, and approaches the value calculated by the Blasius formula while remaining
above it. Figure 7.57 corresponds to the variation of the local dimensionless friction co-
efficient over the plate length for different moments of time. The Blasius curve is given
along with the results of mathematical simulation using the generalized hydrodynamic
equations (GHE). Figures 7.58 and 7.59 are similar to Figures 7.56 and 7.57, but they
are plotted forRe= 3200. The results of calculation of local coefficients of friction on
a plate using the Blasius formula and the GHEs differ significantly. However, the total
(integral) drag of the plate (which, in fact, represents the objective of experimental mea-
surements) for these models in the quasi-steady-state mode in the investigated range of
Reynolds number values differ little from one another (within 15%, see Tables 7.10 and
7.11). Therefore, the total drag is a “conservative” quantity.

Parameters reflecting the energy of turbulent pulsations are often used in the theory
of turbulent flows (see, for example, Labusov and Lapin, 1996). In order to demonstrate
the results of appropriate mathematical simulation, we will introduce the parameterε

related to the square of pulsating components of velocity,

ε =
√

1

3

[(
ûfl∞

)2 + (
v̂fl∞

)2] × 100%, (7.3.7)

where

ûfl = Πµ̂

p̂

1

ReEu

[
∂v̂0x

∂ t̂
+

(
v̂0 · ∂

∂ r̂

)
v̂0x + Eu

ρ̂

∂p̂

∂x̂

]
, (7.3.8)



Numerical simulation of vortex gas flow 283

Fig. 7.57. The variation of the local drag coefficient for aplate of finite length. The dimensionless coordinates
0 and 1 indicate the beginning and the end of the plate,Re= 1000: 1 – calculation by the Blasius formula;
2 – numerical calculation, timêt = 1.0 (the remaining curves for the subsequent moments of time are fairly

close and, therefore, not numbered).

Fig. 7.58. The time variation of the coefficient of total drag for a plate of finite length atRe= 3200.
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Fig. 7.59. The variation of the local drag coefficient for aplate of finite length. The dimensionless coordinates
0 and 1 indicate the beginning and the end of the plate,Re= 3200: 1 – calculation by the Blasius formula;
2 – numerical calculation, dimensionless timet̂ = 1.0 (the remaining curves for the subsequent moments of

time are fairly close and, therefore, not numbered).

v̂fl = Πµ̂

p̂

1

ReEu

[
∂v̂0y

∂ t̂
+

(
v̂0 · ∂

∂ r̂

)
v̂0y + Eu

ρ̂

∂p̂

∂ŷ

]
. (7.3.9)

These pulsating components of velocity may, of course, be calculated both in the
“external” (as indicated by the subscript∞ with pulsating components of velocity) and
in the “internal” flow.

Figure 7.60 gives, for different momentsof time, the results of calculation of the
parameterε along the top longitudinal line indicated in Figure 7.53. While, atRe=
1000, a certain stabilization of the predicted parameterε occurs with time, atRe= 3200
only a certain range of variation of energy parameters is observed.

Note that the “snapshots” of the flow, used to demonstrate the calculation results,
cannot fully describe the flow behavior in the calculation region. This is due to the fact
that the parameters of a flow of liquid, even if this flow is laminar, do not remain un-
varied in time at every point. We will point out yet another, not physical but numerical,
effect that is observed in the case of insufficient length of the calculation region. The
calculation results are strongly dependent on the relative length of the calculation re-
gion. However, no such dependence is observed in the case of an adequate length of the
calculation region of flow. The choice of the length of the calculation region is based on
the comparison of calculation results for different lengths of the region.



Numerical simulation of vortex gas flow 285

Fig. 7.60. The values ofε along the top line (Figure 7.53) in the flow for different time moments;Re= 3200.

It is interesting to notice that many recent works (see, for example, Tij and Santos,
1994; Malek, Baras and Garcia, 1997; Uribe and Garcia, 1999; Aoki, Takata and Nakan-
ishi, 2002) have shown that the pressure and temperature profiles in plane Poiseuille
flow exhibit a different qualitative behavior from the profiles obtained by Navier–Stokes
equations. As comment to these results, Uribe and Garcia (1999) wrote that “Poiseuille
flow is the first scenario in which the Navier–Stokes equations have been shown to be
susceptible to significant improvement for a flow with relatively small gradients”.

In more detail the problem formulation looks as follows. Stationary Poiseuille
flow is confined between two rigid parallel plates. Two cases are considered. In the
acceleration-driven case the boundary conditions are taken as periodic in the flow di-
rection and external force – for example gravity force – is applied in this (x) direc-
tion. In the pressure-driven case the boundary conditions are set to create the pres-
sure gradient but without external forces. The results of Navier–Stokes calculations
are compared with data of Direct Simulation Monte Carlo (DSMC) (Bird, 1994;
Alexander, Garcia and Alder, 1995).

The typical simulated flow is a hard sphere of gas for whichKn = 0.1,M = 0.5,
Eu= 0.5 thenRe∼ 5. In boundary conditions for Navier–Stokes equations (NS) the
slip and jump corrections for fully accommodating surface were introduced (Uribe and
Garcia, 1999).

Two main discrepancies were discovered between NS and DSMC modeling. For
acceleration-driven case, in DSMC one observes a non-constant pressure profile and
a temperature dip in the center of the channel (Uribe and Garcia, 1999). For NS and
DSMC, pressure profiles iny direction have opposite curvatures. Moreover, the DSMC
data indicate a reverse temperature jump at the wall – gas temperature near the wall is
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slightly greater than the wall temperature – despite that the global temperature gradient
normal to walls is negative.

All these interesting effects need additional investigations. Comparison indicated re-
sults with data of modeling based on the generalized Euler equations lead to conclu-
sion that mentioned effects can be observed but as a result of non-stationary non-one-
dimensional calculations.

As an additional explanation let us consider the stationary one-dimensional acceler-
ation-driven case for hard sphere of gas, withσ the corresponding particle’s diameter.
Let us suppose that

ρ = ρ(y), u= u(y), p = p(y), T = T (y).

In this case the generalized Euler equations (2.7.49)–(2.7.51) lead to the system of hy-
drodynamic equations

∂p

∂y
= 0, (7.3.10)

T 2∂
2u

∂y2
+ T

2

∂T

∂y

∂u

∂y
+ 16pσ2

5kBΠ
g

√
πmT

kB
= 0, (7.3.11)

∂2T

∂y2 + 1

2T

(
∂T

∂y

)2

+ 2m

5kB

(
∂u

∂y

)2

+ 2m2

5k2
BT
g2 = 0. (7.3.12)

For this case and in this approximation, Navier–Stokes equations is written as follows:

∂p

∂y
= 0, (7.3.13)

T 2∂
2u

∂y2 + T

2

∂T

∂y

∂u

∂y
+ 16pσ2

5kB
g

√
πmT

kB
= 0, (7.3.14)

∂2T

∂y2
+ 1

2T

(
∂T

∂y

)2

+ 4m

15kB

(
∂u

∂y

)2

= 0. (7.3.15)

The main difference between systems of Eqs. (7.3.10)–(7.3.12)and (7.3.13)–(7.3.15)
consists, in appearance in the generalizedEuler energy equation, of an additional term
which contains – opposite to NS energy equation – gravitation in explicit form (more
precisely – after transaction to the dimensionless form of energy equation – the ratio of
gravitational energy to thermal energy, or in general case, the ratio of energy of external
field to thermal energy).

Note in conclusion that the generalized hydrodynamic equations represent an effec-
tive tool for solving problems in gas dynamics.



CHAPTER 8

Generalized Boltzmann Physical Kinetics in Physics
of Plasma and Liquids

We now proceed to apply the generalized Boltzmann kinetic theory to plasmas and
liquids, where self-consistent forces with appropriately cut-off radius of their action are
introduced to expand the capabilities of the GBE.

8.1. Extension of generalized Boltzmann physical kinetics for the transport
processes description in plasma

Let us call that the dimensionless equation of the Bogolyubov–Born–Green–Kirkwood–
Yvon (BBGKY) hierarchy for thes-particle distribution functionfs (s = 1, . . . ,N)
(N -number of particles in the system) has the form

∂f̂s

∂ t̂b
+

s∑
i=1

v̂ib · ∂f̂s
∂ r̂b

+
s∑

i,j=1

F̂ij · ∂f̂s
∂ 
̂vib

+ α
s∑
i=1

F̂i · ∂f̂s
∂ v̂ib

= −ε 1

N

s∑
i=1

N∑
j=s+1

∫
Fij · ∂

∂ v̂ib
f̂s+1

(
t̂ , Ω̂1, . . . , Ω̂s, Ω̂j

)
dΩ̂j , (8.1.1)

wheref̂s = fsv3s
0bn

−s ; v0b is the characteristic collision velocity;n is the number den-
sity of particles;α = F0λ/F0 is the ratio of the scales of the internal and external forces;
dΩj = drj dvj is an elementary phase volume of the particlej whose position is deter-
mined by the radius-vectorrj and whose velocity isvj . We employ dot notation for a
scalar product. A spatial variable is non-dimensionalized by introducing the interaction
lengthrb, and characteristic time scale is set byrbv

−1
0b ; ε corresponds to the number of

particles which is contained in the interaction volumeυint and serves as a small parame-
ter in the kinetic theory of rarefied neutral gases. There are actually at least three groups
of scales to consider in a rarefied gas. Apart fromrb, v0b, t0b = rb/v0b, there exist
“mean free path”λ-scales (the mean free pathλ, the mean free-flight velocityv0λ, and
the characteristic time scaleλ/v0λ) andL-parameters corresponding to hydrodynamic
flow parameters (the characteristic hydrodynamic dimensionL, the hydrodynamic ve-
locity v0L, and the hydrodynamic timeL/v0L).

287
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The fundamental aspect of plasma physics is the presence of multi-particle interac-
tion. The choice of the characteristic scales which determine the evolution of a plasma
volume and are used in the method of many scales below is discussed in Appendix 5. Let
us introduce a small parameterε = nr3

b = υint assuming that the interaction energy per
particle is much less than the particle’s kinetic energy. We also assume that the plasma
is non-degenerate and employ the multi-scale approach. In the discussion to follow we
shall concern ourselves with describing a physical system at the level of one-particle
distribution functionf1 on the scalesrb ≡ l, λ, L (l – the Landau length,λ – the mean
free path of a probe particle between two “close” collisions, andL – hydrodynamic
scale). Note that the mean free path of a plasma particle is introduced as

λn =Λ−1λ, (8.1.2)

withΛ being the Coulomb logarithm. The mean free pathλn or the corresponding mean
time between the collisions are involved in the definition of kinetic coefficients (Bragin-
ski, 1963). In the multi-scale method,f̂s is expressed in the form of an asymptotic series

f̂s =
∞∑
υ=0

f̂ νs (t̂b, r̂ib, v̂ib; t̂λ, r̂iλ, v̂iλ; t̂L, r̂iL, v̂iL)ευ, (8.1.3)

in which the functionsf̂ νs depend on all the three types of variables.
From the above BBGKY equation, taking the derivatives of the composite functions

on the left-hand side and then equating the coefficients ofε0 andε1, we find that

∂f̂ 0
1

∂t̂b
+ v̂ib · ∂f̂

0
1

∂ r̂1b
+ αF̂1 · ∂f̂

0
1

∂ v̂1b
= 0, (8.1.4)

∂f̂ 1
1

∂t̂b
+ v̂ib · ∂f̂

1
1

∂ r̂1b
+ αF̂1 · ∂f̂

1
1

∂ v̂1b
+ ε2∂f̂

0
1

∂t̂λ
+ v̂ib · ∂f̂

0
1

∂ r̂1λ
+ ε2F̂1 · ∂f̂

0
1

∂ v̂1λ

+ ε1ε2ε3∂f̂
0

1

∂t̂L
+ ε1v̂ib · ∂f̂

0
1

∂ r̂1L
+ ε2

ε3
F̂1 · ∂f̂

0
1

∂ v̂1L

= −
η∑
δ=1

Nδ

N

∫
F̂1, j∈Nδ · ∂

∂ v̂1b
f̂ 0

2, j∈Nδ dΩ̂j∈Nδ , (8.1.5)

whereη is the number of components in the mixture,Nδ is the number of particles of the
δth kind,ε1 = λ/L (the Knudsen number),ε2 = v0λ/v0b, ε3 = v0L/v0λ. The integration
in Eq. (8.1.5) is performed on therb scale. Importantly, no restriction is placed on the
value of the Knudsen number. Eq. (8.1.4) shows that the functionf̂ 0

1 does not change
along the phase trajectory on therb-scale – in other words, following the integration on
therb-scale we have

f̂ 0
1 = f̂ 0

1 (t̂λ, v̂1λ, r̂1λ; t̂L, v̂1L, r̂1L). (8.1.6)
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If the last function is known,̂f 1
1 needs to be found from Eq. (8.1.5). This is possible if

certain additional assumptions are posed on the functionf̂ 0
2 on the right-hand, integral

part of the expression (8.1.5). Thus we see that the system of equations contains linked
terms. In real life, the dependence (8.1.6) is unknown in advance. Then Eq. (8.1.5)
can serve to determinêf 0

1 on theλ- andL-scales, but in this case it becomes doubly
linked with respect to both the lower index “2” and the upper index “1”. As a result, the
problem of breaking the equations arises.

Let us now write the analogue of Eq. (8.1.4) for the two-particle functionf̂ 0
2 depen-

dent on time and on the dynamic variables for the particles 1 andj :

∂f̂ 0
2

∂t̂b
+ v̂1b · ∂f̂

0
2

∂ r̂1b
+ v̂j∈Nδ, b · ∂f̂ 0

2

∂ r̂j∈Nδ,b
+ F̂1, j∈Nδ · ∂f̂

0
2

∂ v̂1b

+ F̂j∈Nδ,1 · ∂f̂ 0
2

∂ v̂j∈Nδ
+ αF̂1 · ∂f̂

0
2

∂ v̂1b
+ αF̂j∈Nδ · ∂f̂ 0

2

∂ v̂j∈Nδ,1
= 0. (8.1.7)

Introducing the new variablêx1, j∈Nδ = r̂1,b − r̂j∈Nδ, b, we find from Eq. (8.1.7) that:

−F̂1, j∈Nδ · ∂f̂
0

2

∂ v̂1b
= ∂f̂ 0

2

∂t̂b
+ v̂1b · ∂f̂

0
2

∂ r̂1b
+ (v̂1b − v̂j∈Nδ, b) ·

∂f̂ 0
2

∂ x̂1, j∈Nδ

+ F̂j∈Nδ,1 · ∂f̂ 0
2

∂ v̂j∈Nδ, b
+ αF̂1 · ∂f̂

0
2

∂ v̂1b
+ αF̂j∈Nδ · ∂f̂ 0

2

∂ v̂j∈Nδ, b
. (8.1.8)

Using the last equation, we obtain the representation for the integral in Eq. (8.1.5):

−
∫

F̂1, j∈Nδ · ∂

∂ v̂1b
f̂ 0

2

(
t̂ , Ω̂1, Ω̂j∈Nδ

)
dΩ̂j∈Nδ

=
∫
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2
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+
∫

F̂j∈Nδ,1 · ∂f̂ 0
2

∂ v̂j∈Nδ, b
dΩ̂j∈Nδ . (8.1.9)

The last integral on the right-hand side of Eq. (8.1.9) can be written in the form

∫
F̂j∈Nδ,1 · ∂f̂ 0

2

∂ v̂j∈Nδ, b
dΩ̂j∈Nδ

=
∫ [∫

∂

∂ v̂j∈Nδ, b
· (

F̂j∈Nδ,1f̂ 0
2

)
dv̂j∈Nδ

]
dr̂j∈Nδ . (8.1.10)
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But the inner integral can be transformed by the Gauss theorem into an integral taken
over an infinitely distant surface in the velocity space, which vanishes becausef̂ 0

2 → 0

for v̂j → ∞. Let us now introduce two-particle correlation function̂W2(t̂ , Ω̂1, Ω̂j∈Nδ)
(hereinafterfj is the one-particle function corresponding to the particlesNj ):

f̂ 0
2

(
t̂ , Ω̂1, Ω̂j

)
= f̂ 0

1

(
t̂ , Ω̂1

)
f̂j∈Nδ

(
t̂ , Ω̂j∈Nδ

) + Ŵ0
2

(
t̂ , Ω̂1, Ω̂j∈Nδ

)
. (8.1.11)

The next-to-last integral in Eq. (8.1.9) then becomes

∫ (
∂f̂ 0
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(8.1.12)

In expression (8.1.12), the first integral on the right is zero because of the rela-
tion (8.1.4), and the third integral is zero for the same reasons as in Eq. (8.1.10). The
situation with the second and fourth integrals, however, requires a more detailed treat-
ment. Consider first the integral

A=
∫
f̂ 0

1

∂f̂ 0
j∈Nδ
∂t̂b

dΩ̂j∈Nδ . (8.1.13)

The dynamic variables determining the motion of the given trial particles 1 andj are
correlated one with another in the collision of the particles, i.e., on therb-scale. In the
center-of-mass system, the equations of motion for these particles are written as

v̇1b = F1j , v̇jb = Fj1, p1 = −pj , (8.1.14)

where an over dot denotes differentiation with respect to time, andp is the particle
momentum.

Using Eqs. (8.1.14) and integrating by parts, we arrive at the relation

A∼= −F̂a1δ · ∂f̂1

∂ v̂1b
, (8.1.15)
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whereF̂a1δ is the average force acting on particle 1 during its collision with particlej

which has an arbitrary velocity and an arbitrary position on therb-scale (particlesj
belong to the speciesδ):

F̂a1δ =
∫
f̂j F̂1j dv̂j∈Nδ dr̂j∈Nδ . (8.1.16)

Thus, the integralA vanishes provided that the self-consistent force of internal nature
can be neglected, in particular, in comparison with the external force acting on particle 1.
We next transform the integralA further by using the series (8.1.2), to obtain

A∼= −F̂a1δ · ∂f̂
0

1

∂ v̂1b
− εF̂a1δ · ∂f̂

1
1

∂ v̂1b
. (8.1.17)

The last term in Eq. (8.1.17) ensures, aswe shall see below, that the generalized
kinetic equation is written in a symmetrical form. Now consider the fourth – the last –
integral on the right-hand side of Eq. (8.1.12). To do this, we write down an equation for
the two-particle functionf2 of the Bogolyubov chain, in which, in this case, we do not
separate the groups of particles belonging to a certain chemical component. The two-
particle functionf2 corresponds to the dynamical variables of particlesN1, N2 and is
written in the formf2 = f2(1,2).

Thus, one finds

∂f2

∂t
+ v1 · ∂f2

∂r1
+ v2 · ∂f2

∂r2
+ F12 · ∂f2

∂v1
+ F21 · ∂f2

∂v2
+ F1 · ∂f2

∂v1
+ F2 · ∂f2

∂v2

=
∫ {

F13 · ∂
∂v1

[
f1(1)f1(2)f1(3)+ f1(1)W2(2,3)+ f1(2)W2(1,3)

+ f1(3)W2(1,2)
] + F23 · ∂

∂v2

[
f1(1)f1(2)f1(3)+ f1(1)W2(2,3)

+ f1(2)W2(1,3)+ f1(3)W2(1,2)
]}

dΩ3, (8.1.18)

where the three-particle functionf3 has been approximated by using correlation func-
tions as follows:

f3(Ω1,Ω2,Ω3, t) = f1(Ω1, t)f1(Ω2, t)f1(Ω3, t)+ f1(Ω1, t)W2(Ω2,Ω3, t)

+ f1(Ω2, t)W2(Ω1,Ω3, t)+ f1(Ω3, t)W2(Ω1,Ω2, t)

+W3(Ω1,Ω2,Ω3, t). (8.1.19)

The effect of the correlation functionW3(Ω1,Ω2,Ω3, t) is here neglected.
Eq. (8.1.18) written in the zeroth approximation inε as an equation for findingf 0

2 is
identical with Eq. (8.1.7) only when the zero-order correlation functions are zero, viz.

W0
2 (Ω2,Ω3, t)= 0, W0

2 (Ω1,Ω3, t)= 0,

W0
2 (Ω1,Ω2, t)= 0, W0

3 (Ω1,Ω2,Ω3, t)= 0, (8.1.20)
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and when the interaction forces determining the effect of the third particle on the first
and the second ones during their “close” collision are small, i.e.,F13 ≈ 0, F23 ≈ 0.
Hence, in the multi-scale approach, polarization terms on the right-hand side of
Eq. (8.1.18) appear in the next, of small order o(ε2) approximation.

Thus, in the multi-scale approach, the last integral on the right-hand side of
Eq. (8.1.12) vanishes because of the condition (8.1.20). The integral relation (8.1.9)
can be written in the form∫

F̂1, j∈Nδ · ∂

∂ v̂1b
f̂ 0

2

(
t̂ , Ω̂1, Ω̂j∈Nδ

)
dΩ̂j∈Nδ

=
∫
(v̂1b − v̂j∈Nδ ) ·

∂f̂ 0
2

∂ x̂1, j∈Nδ
dΩ̂j∈Nδ

− F̂a1δ · ∂f̂
0

1

∂ v̂1b
− εF̂a1δ · ∂f̂

1
1

∂ v̂1b
. (8.1.21)

We now introduce the cylindrical coordinate systeml̂, b̂, ϕ with the origin at pointr1
andl̂-axis parallel to the vector of the relative velocity of the colliding particles 1 andj .
Then, in terms of̂b (dimensionless impact parameter) andϕ (azimuth angle), the first
term on the right-hand side of Eq. (8.1.21) is written as

Ĵ st,0 =
η∑
δ=1

Nδ

N

∫
ĝj∈Nδ,1

[∫ +∞

−∞
∂f̂ 0

2

∂l̂
dl̂

]
b̂db̂dϕ dv̂j∈Nδ, b

=
η∑
δ=1

Nδ

N

∫ [
f̂ 0

2 (+∞)− f̂ 0
2 (−∞)]ĝj∈Nδ,1b̂db̂dϕ dv̂j∈Nδ, b. (8.1.22)

The integration in Eq. (8.1.22) was performed on therb-scale, i.e., the distribution

functionsf̂ 0
2 (+∞), f̂ 0

2 (−∞) are calculated for the velocitiesv̂′
1, v̂′

j∈Nδ andv̂1, v̂j∈Nδ
in the situation where the particles are found outside of their region of interaction – in
other words, before or after the collision (with primed velocities in the latter case). If
before the collision the conditions ofmolecular chaos are fulfilled on theλ-scale, then
the two-particle DFs can be expressed as a product of one-particle DFs. In this case
Ĵ st,0 is the Boltzmann collision integral:

Ĵ st,0 =
η∑
δ=1

Nδ

N

∫ [
f̂ ′0

1 f̂
′0
j∈Nδ − f̂ 0

1 f̂
0
j∈Nδ

]
ĝj∈Nδ,1b̂db̂dϕ dv̂j∈Nδ . (8.1.23)

Lenard (1960) and Balescu (1960) solved the equation for the correlation func-
tion W2 under the assumptions of a weakened initial correlation, no time delay, and
spatially uniform DFf1. The corresponding collision integral (the Balescu–Lenard col-
lision integral) incorporates the polarization of the plasma and allows elimination of
the logarithmic divergence of the Boltzmann collision integral for a Coulomb plasma
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(Lenard, 1960; Balescu, 1960, 1975; Klimontovich, 1975). If, however, the Boltzmann
collision integral is still used in plasma description, a cut-off procedure involving Debye
screening must be employed.

Using expressions (8.1.20), the kinetic equation (8.1.5) is in the form

∂f̂ 1
1

∂t̂b
+ v̂1b · ∂f̂

1
1

∂ r̂1b
+ (
αF̂1 + εF̂a1

) · ∂f̂
1
1

∂ v̂1b
+ ε2∂f̂

0
1

∂t̂λ
+ v̂1b · ∂f̂

0
1

∂ r̂1λ

+ ε1ε2ε3∂f̂
0

1

∂t̂L
+ ε1v̂1b · ∂f̂

0
1

∂ r̂1L
+ F̂a1 · ∂f̂

0
1

∂ v̂1b
+ ε2F̂1 · ∂f̂

0
1

∂ v̂1λ

+ ε2

ε3
F̂1 · ∂f̂

0
1

∂ v̂1L
= Ĵ st,0, (8.1.24)

where

F̂a1 =
η∑
δ=1

Nδ

N
F̂a1δ.

It should be emphasized that in its dimensional form the factorεF̂a1δ can be written in
the form

εFa1δ = 1

v2
0b/rb

∫
fj∈NδF1, j∈Nδ dvj∈Nδ drj∈Nδ , (8.1.25)

if it is remembered that

ε = nr3
b , f̂ = f v3

0bn
−1, v̂ = v

v0b
, r̂ = r

rb
, F̂1j = F1j

v2
0b/rb

.

The scale of the internal forceF1j corresponds to choosing the Landau lengthl asrb.
Let us now write Eq. (8.1.24) in the form (cf. Eq. (1.3.58))

D1f̂
1
1

Dt̂b
+ d1f̂

0
1

dt̂b,λ,L
= Ĵ st,0, (8.1.26)

where we have introduced the notation

D1f̂
1
1

Dt̂b
= ∂f̂ 1

1

∂t̂b
+ v̂1b · ∂f̂

1
1

∂ r̂1b
+ (
αF̂1 + εF̂a1

) · ∂f̂
1
1

∂ v̂1b
, (8.1.27)

d1f̂
0

1

dt̂b,λ,L
= ε2∂f̂

0
1

∂t̂λ
+ v̂1b · ∂f̂

0
1

∂ r̂1λ
+ ε1ε2ε3∂f̂

0
1

∂t̂L
+ ε1v̂1b · ∂f̂

0
1

∂ r̂1L

+ F̂a1 · ∂f̂
0

1

∂ v̂1b
+ ε2F̂1 · ∂f̂

0
1

∂ v̂1λ
+ ε2

ε3
F̂1 · ∂f̂

0
1

∂ v̂1L
. (8.1.28)
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We now wish to use Eq. (8.1.26) for describing the evolution of the distribution function
f̂ 0

1 – but the trouble is, this equation involves a single-order termD1f̂
1
1 /D1t̂b linked

with respect to upper index. So we are faced with the problem of how to approximate
this term – a problem which is similar in a sense to that of approximating the two-
particle distribution function in the collision integral. Using the series (8.1.3) allows an
exact representation for the term of interest:

D1f̂
1
1

Dt̂b
= D

Dt̂b

[
∂f̂1

∂ε

]
ε=0
. (8.1.29)

The termD1f̂
1
1 /Dt̂b describes how the distribution function varies over times of the

order of the collision time, or equivalently on therb-scale. If this term is left out of
account then, from the viewpoint of the derivation of the hierarchy of kinetic equations,
this means that

(1) the distribution function does not vary on therb-scale (provided we also neglect the
average internal force that gives rise to the second and third terms on the right in
Eq. (8.1.21));

(2) the particles are point-like and structureless;
(3) changes in DF due to collisions take place instantaneously and are described by the

source termĴ st,0.

In the field description, however, the DFf1 on the interaction scale (rb-scale) de-
pends onε through the dynamic variablesr, v, t related by the laws of classical me-
chanics, thus allowing the approximation

D1f̂
0

1

Dt̂b

[(
∂f̂1

∂ε

)
ε=0

]
∼= D1

D(−t̂b)
[
∂f̂ 0

1

∂(−t̂b)
(
∂(−t̂b)
∂ε

)
ε=0

+ ∂f̂1

∂ r̂1b
· ∂ r̂b
∂(−t̂b)

(
∂(−t̂b)
∂ε

)
ε=0

+ ∂f̂1

∂ v̂1b
· ∂ v̂b
∂(−t̂b)

(
∂(−t̂b)
∂ε

)
ε=0

]
= − D1

Dt̂b

[(
∂t̂b

∂ε

)
ε=0

D1f̂1

Dt̂b

]
∼= − D1

Dt̂b

[(
∂t̂b

∂ε

)
ε=0

D1f̂
0

1

Dt̂b

]
. (8.1.30)

In expression (8.1.30) we have introduced an approximation proceeded against the
direction of time, which corresponds to the condition of there being no correlations for
t0 → −∞, with t0 being a certain instant of time on therb-scale at which the particles
start to interact.

In this way, Markov processes are separated out from all stochastic processes possi-
ble in the system.
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For the particles of the chemical sortα (α = 1, . . . , η) we employ the following
normalized DF:

fα = f1Nα

N
,

∫
fα dvα = nα,

∫
nα dr =Nα. (8.1.31)

In Eq. (8.1.31),f1 is a one-particle DF. Returning to the expression (8.1.26) written
in the dimensional form, we convolute the multi-scale substantial derivatives to obtain
(Alekseev, 2003)

Dfα

Dt
− D

Dt

[
τα
Dfα

Dt

]
=

η∑
β=1

∫ [
f ′
αf

′
β − fαfβ

]
gβαbdbdϕ dvβ, (8.1.32)

where

D

Dt
= ∂

∂t
+ vα · ∂

∂r
+ Fsc

α · ∂

∂vα
, Fsc

α = Fα + Faα . (8.1.33)

Let us comment on Eq. (8.1.32).
(1) We consider that the particle numbered 1 in the multi-component mixture belongs

to a componentα, which is exactly what the subscriptα on the symbol of the DF
indicates. Note also that we dropped the superscript 0 from this symbol: carrying it no
longer makes sense because all the equationshereinafter already contain only functions
of zero order (in the sense of the series expansion in terms of the density parameterε).

(2) The parameterτα is written in the form (see also (1.3.69))

τ1∈Nα = ε

[∂ε/∂t] ε=0
, (8.1.34)

whereε is the number of particles of all kinds that find themselves in the interaction
volume of an a particle by the instant of timet ; introducingεeq (the “equilibrium”
particle density in the close interaction volume), Eq. (8.1.34) is written in a typical
relaxation form

∂ε

∂t
= −ε(t)− ε

eq

τα
. (8.1.35)

The denominator in Eq. (8.1.34) is interpreted as the number of particles that find them-
selves within the interaction volume of a certain particle belonging to theαth component
per unit time; the derivative is calculated under the additional conditionε = 0.

Clearly, this number is equal to the number of collisions occurring in the interaction
volume per unit time. Hence,τα is the mean time between collisions of a particle of the
αth sort with particles of all other sorts. The procedure includes the action, during the
collision of the particles, of the self-consistent forceFsc being the sum of the external
force and the forceFa of internal origin.

As the derivation of formula (8.1.34) suggests,τα is determined by close collisions
occurring in the plasma.
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By analogy with expression (8.1.2), we have

τnα =Λ−1τα, (8.1.36)

whereτnα is the mean time between collisions.
In the hydrodynamic approximation, the timeτα can be expressed in terms of the

viscosityµα of the componentα (Braginski, 1963; Trubnikov, 1963); for example, for
ions one has

τα =ΛΠµαp−1
α . (8.1.37)

Eq. (8.1.37) involves the coefficientΠ , which is determined by the interaction model
(for ionsΠ = 1.04 (Braginski, 1963; Trubnikov, 1963)) and the static pressure

pα = nαkBTα. (8.1.38)

The generalized Boltzmann equation is invariant under the Galileo transformation and
has a correct free-molecular and Maxwellian asymptotic behavior.

We shall now write down the system of generalized hydrodynamic equations. These
equations have been obtained previously for gaseous systems in an external field of
forces. The distinguishing feature of the generalized Enskog equations we display below
is the inclusion of the self-consistent forcesFsc (see formulas (8.1.33)).

The continuity equation for the componentα is given by

∂

∂t

{
ρα − τα

[
∂ρα

∂t
+ ∂

∂r
· (ρα v̄α)

]}
+ ∂

∂r
·
{
ρα v̄α − τα

[
∂

∂t
(ρα v̄α)+ ∂

∂r
· ραvαvα − ραF (1)sc

α

− qα

mα
ρα v̄α × Bsc

]}
=Rα, (8.1.39)

the equation of motion is written as

∂

∂t

{
ρα v̄α − τα

[
∂

∂t
(ρα v̄α)+ ∂

∂r
· ραvαvα − ραF (1)sc

α − qα

mα
ρα v̄α × Bsc

]}
− F (1)sc

α

[
ρα − τα

(
∂ρα

∂t
+ ∂

∂r
· (ρα v̄α)

)]
− qα

mα

{
ρα v̄α − τα

[
∂

∂t
(ρα v̄α)

+ ∂

∂r
· ραvαvα − ραF (1)sc

α − qα

mα
ρα v̄α × Bsc

]}
× Bsc+ ∂

∂r
·
{
ραvαvα

− τα
[
∂

∂t
(ραvαvα )+ ∂

∂r
· ρα(vαvα)vα − ραF (1)sc

α v̄α − ρα v̄αF (1)sc
α

− qα

mα
ρα

(
vα × Bsc

)
vα − qα

mα
ραvα

(
vα × Bsc

)]}
= Īα,mot (8.1.40)
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and the equation of energy has the form

∂

∂t

{
ραv2

α

2
+ εαnα − τα

[
∂

∂t

(
ραv2

α

2
+ εαnα

)
+ ∂

∂r
·
(

1

2
ραv2

αvα + εαnα v̄α

)
− ραF (1)sc

α · v̄α

]}
+ ∂

∂r
·
{

1

2
ραv2

αvα + εαnα v̄α

− τα
[
∂

∂t

(
1

2
ραv2

αvα + εαnα v̄α

)
+ ∂

∂r
·
(

1

2
ραv2

αvαvα + εαnαvαvα

)
− ραF (1)sc

α · vαvα − 1

2
ραv2

αFsc
α − εαnαFsc

α

]}
−

{
ραF (1)sc

α · v̄α − τα
[

F (1)sc
α ·

(
∂

∂t
(ρα v̄α)+ ∂

∂r
· ραvαvα

− ραF (1)sc
α − qαnα v̄α × Bsc

)]}
= Īα,en (α = 1, . . . , η), (8.1.41)

whereFsc
α is the total self-consistent force acting on the unit mass of species of theαth

kind, F (1)sc
α is the component of the self-consistentforce independent of the velocity of

the charged particle,Bsc is the magnetic induction,qα the charge of the particleα, εα its
internal energy, andρα the density of componentα; the bar indicates an average over
the velocities.

Thus, the generalized Enskog hydrodynamic equations involve self-consistent forces
due to the collective nature of plasma particle interactions. In the following sections we
discuss the applicability of the abovetheory to plasma physics problems.

8.2. Dispersion equations of plasma in generalized Boltzmann theory

The generalized Boltzmann equation describes how the one-particle distribution func-
tion fα (α = 1, . . . , η) in a η-component gas mixture changes over times of the order
of the time between collisions, of the order of the hydrodynamic flow time, and, unlike
the conventional Boltzmann equation, over a time of the order of the collision time. The
GBE for a plasma medium has the form

Dfα

Dt
− D

Dt

(
τα
Dfα

Dt

)
= Jα, (8.2.1)

where

D

Dt
= ∂

∂t
+ vα · ∂

∂r
+ Fα · ∂

∂vα
(8.2.2)

is the substantial (particle) derivative containing the self-consistent forceFα, Jα is the
classical (Boltzmann) collision integral, andτα is the mean time between the close
particle collisions. In the hydrodynamic regimeτα can be expressed in terms of the
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Coulomb logarithmΛ, viscosityµα , static pressurepα , and the coefficientΠ dependent
on the particle interaction model (see Eq. (8.1.37)).

The generalized Boltzmann equation in general and that for plasma in particular
have a fundamentally important feature that the additional GBE terms prove to be of
the order of the Knudsen number. This does not mean that in the hydrodynamic limit
(smallKn) these terms may be neglected: the Knudsen number in this case appears as a
small parameter of the higher derivative in the GBE. Consequently, the additional GBE
terms (as compared to the BE) are significant for anyKn, and the order of magnitude of
the difference between the BE and GBE solutions is impossible to tell beforehand.

In this connection, it is of interest to apply the GBE model to obtain the dispersion
relation for a plasma in the absence of a magnetic field. In doing so, we will make the
same assumptions that were used in the BE-based derivation, namely:

(a) the integral collision term is neglected;
(b) the evolution of electrons and ions in a self-consistent electric field corresponds to

a nonstationary one-dimensional model;
(c) the distribution functions for ions,fi , and for electrons,fe , deviate little from their

equilibrium counterpartsf0i andf0e ;
(d) a wave numberk and a complex frequencyω are appropriate to the wave mode

considered;
(e) the quadratic GBE terms determining the deviation from the equilibrium DF are

neglected, and
(f) the self-consistent forcesFi andFe are small.

Results of the calculations made under these assumptions are given in Appendix 6.
Proceeding now to the dispersion relation, we lift one of these assumptions, the first, by
introducing the Bhatnagar–Gross–Krook (BGK) collision term

Jα = −fα − f0α

ν−1
α

(8.2.3)

into the right-hand side of the GBE. Here,f0α andν−1
α = τrel,α are respectively a certain

equilibrium distribution function and the relaxation time for species of theαth kind.
Using Eqs. (A6.9) and (8.2.1), we arrive at the dispersion relation

1 = − e2

ε0k

{
1

me

∫ +∞

−∞
(∂f0e/∂u)[i − τe(ω− ku)]

i(ω− ku)− τe(ω− ku)2 − νe
du

+ 1

mi

∫ +∞

−∞
(∂f0i/∂u)[i − τi(ω− ku)]

i(ω− ku)− τi(ω− ku)2 − νi
du

}
. (8.2.4)

In the Boltzmann kinetic theory, the analogue of Eq. (8.2.4) is the equation (Artsimovich
and Sagdeev, 1979)

1 = − e2

ε0k

{
1

me

∫ +∞

−∞
(∂f0e/∂u)

ω− ku+ iνe
du+ 1

mi

∫ +∞

−∞
(∂f0i/∂u)

ω− ku+ iνi
du

}
.

(8.2.5)
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To solve Eq. (8.2.4), we take advantage of the additional conjectures. Let us assume that
the ions are at rest and that both the temperature and average velocity of the electrons
are zero. Then the electron distribution function can be expressed in terms of the delta
function:

f0e(u)= neδ(u). (8.2.6)

Upon integration by parts in Eq. (8.2.4), we arrive at the equation (the subscript “e”
onνe andτe is dropped for brevity)

1+ e2ne

ε0me

∫ +∞

−∞
δ(u){[1+ iτ (ω− ku)]2 + ντ }
[i(ω− ku)− τ (ω− ku)2 − ν]2 du= 0. (8.2.7)

In the special case of Boltzmann collisionless plasma, Eq. (8.2.7) leads to the classical
formula

1− e2ne

ε0me

∫ +∞

−∞
δ(u)

(ω− ku)2 du= 0. (8.2.8)

Using the properties of the delta function and performing the integration in Eq. (8.2.7),
it is found that

ω2
e = − (ντ +ω2τ2 − iωτ)2

τ2(1+ ντ −ω2τ2 + 2iωτ)
, (8.2.9)

with ωe = √
e2ne/ε0me being the plasma frequency.

Let us consider the limiting cases inherent in Eq. (8.2.9).
If ν ∼ ω′ ∼ |ω′′|, ω′τ � 1, then

ω2
e = ω′2 + 2iω′(ω′′ + ν)− (ω′′ + ν)2, (8.2.10)

and separating the real and imaginary parts of relation (8.2.10) leads to the result

ω′ = ωe, ω′′ = −ν. (8.2.11)

Let us introduce now in consideration the generalized Maxwell equations (GME)
(see, for example, (I.52))

∂

∂r
· B = 0,

∂

∂r
· D = ρa,

∂

∂r
× E = −∂B

∂t
,

∂

∂r
× H = ja + ∂D

∂t
,

(8.2.12)

where

ρa = ρ − ρfl, ja = j − jfl . (8.2.13)



300 Generalized Boltzmann Physical Kinetics

Fluctuationsρfl, jfl – which were calculated in the frame of GBE – can be taken
from Table 3.2:

ρfl =
∑
α

τα

{
∂ρα

∂t
+ ∂

∂r
· (ρα v̄α)

}
, (8.2.14)

jfl =
∑
α

τα

{
∂

∂t
(qαnα v̄α)+ ∂

∂r
· (qαnαvαvα )− qαnα�Fα

}
. (8.2.15)

For example, for one-dimensional case (see also Appendix 6) we have

δnfl
e = τe

(
∂δne

∂t
+ ūe ∂δne

∂x

)
, (8.2.16)

δnfl
i = τe

(
∂δni

∂t
+ ūi ∂δni

∂x

)
, (8.2.17)

whereūe, ūi are hydrodynamic velocities of electrons and ions.
Eqs. (8.2.12)–(8.2.17) lead to modification of Eq. (8.2.4):

1 = − e2

ε0k

{
1

me

∫ +∞

−∞
(∂f0e/∂u)[i − τe(ω− ku)]

i(ω− ku)− τe(ω− ku)2 − νe
du

[
1+ iτe(ω− kūe)

]
+ 1

mi

∫ +∞

−∞
(∂f0i/∂u)[i − τi(ω− ku)]

i(ω− ku)− τi(ω− ku)2 − νi
du

× [
1+ iτi(ω− kūi)

]}
. (8.2.18)

Assuming again that the ions are at rest and that both the temperature and average
velocity of the electrons are zero, we obtain

ω2
e = − (ν +ω2τ − iω)2

(1+ ντ −ω2τ2 + 2iωτ)(1+ iωτ)
. (8.2.19)

For considered above limit caseν ∼ ω′ ∼ |ω′′|, ω′τ � 1 the dispersion equation
(8.2.19) has the same solution as (8.2.9) (see (8.2.11)).

Let us show now that GME can lead to reasonable solutions of dispersion equation
when in classical case the corresponding dispersion equation has no physical sense.

One obtains for the limit case

ω′τ � 1, |ω′′|τ � 1, ν ∼ ω′ (8.2.20)

from Eq. (8.2.19):

ω2
e = − (τω′′2 − 2iτω′ω′′ − ν)2

τ2(τω′′2 − 2iτω′ω′′ + ν)(iω′ −ω′′)
(8.2.21)
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and therefore

ω′ = 0, ω′′ = τω2
e . (8.2.22)

Then conditions (8.2.20) – and by the way conditions

ω′τ � 1, |ω′′|τ � 1, ν ∼ ω′′ (8.2.23)

– lead to erasing of instability. Interesting to notice that for the mentioned condi-
tions (8.2.20), (8.2.23) dispersion equation (8.2.9) has no solutions.

Now let the ions be at rest, and the electron component have the following velocity
distribution:

f0e(u)= neδ(u− u1). (8.2.24)

The generalized dispersion equation found with taking into account GME has the form

1+ e2ne

ε0me

[
1+ iτ (ω− ūk)]

×
∫ +∞

−∞
δ(u− u1){[1+ iτ (ω− ku)]2 + ντ }

[i(ω− ku)− τ (ω− ku)2 − ν]2 du= 0 (8.2.25)

and after integration in (8.2.25) one obtains

1+ e2ne

ε0me
A

[1+ iτ (ω− ku1)]2 + ντ

[i(ω− ku1)− τ (ω− ku1)2 − ν]2 = 0, (8.2.26)

where

A= 1− τω′′ + iτ (ω′ − ūk). (8.2.27)

Dispersion equation written with the help of classical Maxwell equations has the
form

1+ e2ne

ε0me

1+ iτ (ω− ku1)]2 + ντ

[i(ω− ku1)− τ (ω− ku1)2 − ν]2 = 0. (8.2.28)

It can be shown that (8.2.26) has physical solutions when dispersion equa-
tion (8.2.28) has no solutions at all. With this aim we consider the case when the
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velocity u1 of electron beam is equal to hydrodynamic velocityū and electrons are
trapped by the wave of electrical field:

u1 = ū, ω′ = kū. (8.2.29)

In this case it follows from Eqs. (8.2.26) and (8.2.28):

1+ω2
e τ

2 x(x2 + ντ )

[x(1− x)+ ντ ]2 = 0, (8.2.30)

1+ω2
e τ

2 x2 + ντ

[x(1− x)+ ντ ]2 = 0, (8.2.31)

where

ω2
e = e2ne

ε0me
, x = 1−ω′′τ. (8.2.32)

Becausex is a real number, (8.2.31) has no solutions in physical sense, but
Eq. (8.2.30) – by the negative values ofx – has solutions which correspond of de-
veloping of instability in the system. In particular, if|x| � 1, |x| � ντ , then it follows
from (8.2.30)

x = − 1

ωeτ

ν

ωe
(8.2.33)

or

ω′′τ = 1+ 1

ωeτ

ν

ωe
. (8.2.34)

This solution has a clear physical meaning.
Now let the ions be at rest, and the electron component have a Maxwellian velocity

distribution:

f0e = ne
(

me

2πkBT

)3/2

e−meu2/2kBT , (8.2.35)

wherekB is the Boltzmann constant. Then Eq. (8.2.4) becomes

1+ e2ne

ε0kme

(
me

2πkBT

)1/2

×
∫ +∞

−∞
[i − τ (ω− ku)](∂/∂u)e−meu2/2kBT

i(ω− ku)− τ (ω− ku)2 − ν
du= 0, (8.2.36)

where we have reintroduced the notation(u ≡ Vx ) for the velocity of the one-
dimensional, unsteady wave motion.
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From the above equation one derives the expression

1+ 1

r2
Dk

2

[
1−

√
me

2πkBT

×
∫ +∞

−∞
{[i − τ (ω− ku)]ω− ν}e−meu2/2kBT

i(ω− ku)− τ (ω− ku)2 − ν
du

]
= 0, (8.2.37)

whererD = √
ε0kBT /nee2 is the Debye–Hueckel radius.

Introducing now the dimensionless variables

û= u
√
me

2kBT
, ω̂ = ω1

k

√
me

2kBT
,

ν̂ = ν
1

k

√
me

2kBT
, τ̂ = τk

√
2kBT

me

(8.2.38)

we can rewrite Eq. (8.2.37) in the form

1+ 1

r2
Dk

2

[
1−

√
1

π

∫ +∞

−∞
{[i − τ̂ (ω̂− û)]ω̂− ν̂}e−û2

i(ω̂− û)− τ̂ (ω̂− û)2 − ν̂
dû

]
= 0. (8.2.39)

Now consider a situation in which the denominator of the complex integrand in
Eq. (8.2.39) becomes zero. The quadratic equation

τ̂ y2 − iy + ν̂ = 0, y = ω̂− û (8.2.40)

has the roots

y1 = i

2τ̂

(
1+

√
1+ 4τ̂ ν̂

)
,

y2 = i

2τ̂

(
1−

√
1+ 4τ̂ ν̂

)
.

(8.2.41)

Hence, Eq. (8.2.39) can be rewritten as

1+ 1

r2
Dk

2

[
1+ 1

τ̂
√
π

∫ +∞

−∞
{[i + τ̂ (û− ω̂)]ω̂− ν̂}e−û2

(û− û1)(û− û2)
du

]
= 0, (8.2.42)

where

û1 = ω̂− y1, û2 = ω̂− y2. (8.2.43)
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Fig. 8.1. Integration contour for evaluating complex integrals in Eq. (8.2.24). The two open circles are the
possible positions of the poleŝu1 and û2 (see Eqs. (8.2.26) and (8.2.27)) involved in the solution of the

dispersion equation in the regime of damped plasma oscillations.

Let us transform Eq. (8.2.42) to the following:

1+ 1

r2
Dk

2

{
1+ 1√

π

[(
iν̂ + 0.5ω̂√

1+ 4τ̂ ν̂
− 0.5ω̂

) ∫ +∞

−∞
e−û2

û1 − û dû

−
(

iν̂ + 0.5ω̂√
1+ 4τ̂ ν̂

+ 0.5ω̂

) ∫ +∞

−∞
e−û2

û2 − û dû

]}
= 0. (8.2.44)

The last equation contains improper Cauchy type integrals, which can be evaluated
using the theory of residues. Let us first analyze the conditions under which plasma
waves can be damped. This requires, first, that (see Eq. (A6.4)) the imaginary part of
the complex frequency fulfil the condition

ω′′ < 0 (8.2.45)

and, second, that the poles involved in the calculation of the integrals in Eq. (8.2.24) lie
in the upper half-plane (see Figure 8.1, in which the integration contour is shown).

Since

û1 = ω̂ ′ + i

(
ω̂ ′′ − 1+ √

1+ 4τ̂ ν̂

2τ̂

)
, (8.2.46)

û2 = ω̂ ′ + i

(
ω̂ ′′ − 1− √

1+ 4τ̂ ν̂

2τ̂

)
, (8.2.47)

the second condition is fulfilled for the integral

I2 =
∫ +∞

−∞
e−û2

û− û2
dû
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if the inequality

ω̂ ′′ +
√

1+ 4τ̂ ν̂ − 1

2τ̂
> 0 (8.2.48)

is satisfied. A similar condition for the integral

I1 =
∫ +∞

−∞
e−û2

û− û1
dû (8.2.49)

cannot be satisfied. For this integral, the poles lie in the lower half-plane, and hence

I2 = 2π i res(û= û2), (8.2.50)

I1 = 0. (8.2.51)

Then Eq. (8.2.44) produces the dispersion relation, which admits a damped plasma
wave solution:

eû
2
2
1+ r2

Dk
2

2
√
π

= ν̂√
1+ 4τ̂ ν̂

− iω̂

2

(
1+ 1√

1+ 4τ̂ ν̂

)
, (8.2.52)

where

û2
2 =

[
ω̂ ′ + i

(
ω̂ ′′ +

√
1+ 4τ̂ ν̂ − 1

2τ̂

)]2

= ω̂ ′2 − ω̂ ′′2 − ω̂ ′′
√

1+ 4τ̂ ν̂ − 1

τ̂

− 1+ 2τ̂ ν̂ − √
1+ 4τ̂ ν̂

2τ̂2
+ i

(
2ω̂ ′′ +

√
1+ 4τ̂ ν̂ − 1

τ̂

)
ω̂ ′. (8.2.53)

The relaxation timeτrel can be estimated in terms of the mean timeτ between close
collisions and the Coulomb logarithm (Trubnikov, 1963):

τrel = τΛ−1. (8.2.54)

We can then write

τν =Λ, τ̂ ν̂ =Λ. (8.2.55)

Now, in Eq. (8.2.52) we write down the complex part of the exponential in the
trigonometrical form:

exp

[
−iω̂ ′

(
2ω̂ ′′ +

√
1+ 4τ̂ ν̂ − 1

τ̂

)]

= cos

[
ω̂ ′

(
2ω̂ ′′ +

√
1+ 4τ̂ ν̂ − 1

τ̂

)]
− i sin

[
ω̂ ′

(
2ω̂ ′′ +

√
1+ 4τ̂ ν̂ − 1

τ̂

)]
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and then separate the real and imaginary parts. For the real part we have

1+ r2
Dk

2

2
√
π

exp

{
ω̂ ′2 − ω̂ ′′2 − ω̂ ′′ν̂

√
1+ 4Λ− 1

Λ
− ν̂21+ 2Λ− √

1+ 4Λ

2Λ2

}

=
[

ν̂√
1+ 4Λ

+ 0.5ω̂ ′′ + 0.5ω̂ ′′
√

1+ 4Λ

]
cos

[
ω̂ ′

(
2ω̂ ′′ + ν̂

√
1+ 4Λ− 1

Λ

)]

− 0.5ω̂ ′
[
1+ 1√

1+ 4Λ

]
sin

[
ω̂ ′

(
2ω̂ ′′ + ν̂

√
1+ 4Λ− 1

Λ

)]
. (8.2.56)

Similarly, for the imaginary part we find

0.5ω̂ ′
[
1+ 1√

1+ 4Λ

]
cos

[
ω̂ ′

(
2ω̂ ′ + ν̂

√
1+ 4Λ− 1

Λ

)]
+

[
ν̂√

1+ 4Λ
+ 0.5ω̂ ′′ + 0.5ω̂ ′′

√
1+ 4Λ

]

× sin

[
ω̂ ′

(
2ω̂ ′′ + ν̂

√
1+ 4Λ− 1

Λ

)]
= 0. (8.2.57)

The system of complicated transcendent equations (8.2.56), (8.2.57) can generally be
solved only by computer. If, however, the Coulomb logarithmΛ is large enough for
terms of orderΛ−1/2 to be negligible, then a common calculator will do. The system of
Eqs. (8.2.56), (8.2.57) in this case simplifies to

1+ r2
Dk

2

√
π

êω
′2−ω̂ ′′2 = ω̂ ′′ cos(2ω̂ ′ω̂ ′′)− ω̂ ′ sin(2ω̂ ′ω̂ ′′)= 0, (8.2.58)

ω̂ ′ cos(2ω̂ ′ω̂ ′′)+ ω̂ ′′ sin(2ω̂ ′ω̂ ′′)= 0. (8.2.59)

Let us introduce the notation

α = 2ω̂ ′ ω̂ ′′, β = 1+ r2
Dk

2 (8.2.60)

and note that

ω̂ ′2 = −1

2
α tgα, ω̂ ′′2 = −1

2
α ctgα, ω̂ ′2 − ω̂ ′′2 = α ctg2α.

Then from Eqs. (8.2.58), (8.2.59) one finds

−sin2α e2α ctg2α = π

β2α.

Now, if one introduces the variableγ = −2α = −4ω̂ ′ ω̂ ′′, the problem reduces to the
transcendent equation
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Fig. 8.2. Graphical solution of Eq. (8.2.61), producing adiscrete spectrum, examine the asymptotic behavior
of the dispersion relations.

−eγ ctgγ sinγ = π

2β2
γ, (8.2.61)

which can be solved graphically or iteratively (Alekseev, 2000a).
The graphical solution forβ2 = 1 (corresponding tor2

Dk
2 � 1) is illustrated in

Figure 8.2, which shows that in this case a discrete plasma oscillation spectrum ap-
pears even for an unbounded medium. The first seven values ofγ areγ1 = 1.361π,
γ2 = 3.418π, γ3 = 5.439π, γ4 = 7.451π, γ5 = 9.460π, γ6 = 11.465π, γ7 = 13.469π.

In the asymptotic limit of large, odd positive integersn (n� 301), we have

γn =
(
n+ 1

2

)
π. (8.2.62)

The dimensionless frequenciesω̂ ′
n, ω̂

′′
n are calculated using the formulas

ω̂ ′
n = 1

2

√
−γn tg

γn

2
, (8.2.63)

ω̂ ′′
n = −1

2

√
−γn ctg

γn

2
. (8.2.64)

Their asymptotic values are given by

ω̂ ′
n =

√
γn

2
= 1

2

√
π

(
n+ 1

2

)
, (8.2.65)

ω̂ ′′
n = −

√
γn

2
= −1

2

√
π

(
n+ 1

2

)
. (8.2.66)

For example,̂ω ′
1 = 1.296, ω̂ ′′

1 = −0.824,ω̂ ′
2 = 1.866, ω̂ ′′

2 = −1.438 and̂ω ′
3 = 2.275,

ω̂ ′′
3 = −1.877.
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In the classical Boltzmann kinetic theory, the search for damped wave modes in
collisionless plasma leads to necessity of taking complex integrals of the type (A6.12),
whose integrands have no poles in the upper half-plane (the “upper” being specified by
the choice of the solution in the form (A6.4)). This problem is overcome by an artifice,
the Landau rule for making a detour from below around a pole located on the real axis.
We will show how the dispersion relation (8.2.42) produces results corresponding to
“classical” damping in collisional and collisionless plasmas. To do this, let us

1+ r2
Dk

2

2
√
π

exp

{
ω̂ ′2 − ω̂ ′′2 − ω̂ ′′ν̂

√
1+ 4τ̂ ν̂ − 1

τ̂ ν̂
− ν̂2 1+ 2τ̂ ν̂ − √

1+ 4τ̂ ν̂

2(τ̂ ν̂)2

}
=

[
ν̂√

1+ 4τ̂ ν̂
+ 0.5ω̂ ′′

(
1+ 1√

1+ 4τ̂ ν̂

)]

× cos

[
ω̂ ′

(
2ω̂ ′′ + ν̂

√
1+ 4τ̂ ν̂ − 1

τ̂ ν̂

)]

− 0.5ω̂ ′
[
1+ 1√

1+ 4τ̂ ν̂

]
sin

[
ω̂ ′

(
2ω̂ ′′ + ν̂

√
1+ 4τ̂ ν̂ − 1

τ̂ ν̂

)]
, (8.2.67)

0.5ω̂ ′
[
1+ 1√

1+ 4τ̂ ν̂

]
cos

[
ω̂ ′

(
2ω̂ ′′ + ν̂

√
1+ 4τ̂ ν̂ − 1

τ̂ ν̂

)]
+

[
ν̂√

1+ 4τ̂ ν̂
+ 0.5ω̂ ′′

(
1+ 1√

1+ 4τ̂ ν̂

)]

× sin

[
ω̂ ′

(
2ω̂ ′′ + ν̂

√
1+ 4τ̂ ν̂ − 1

τ̂ ν̂

)]
= 0. (8.2.68)

The passage to the case of classical collisions is achieved by proceeding to the limit
τ → 0 at a fixed frequencyν. The indeterminate forms involved in the calculation are
evaluated by expanding the corresponding terms in a power series of a small parameter
τ̂ ν̂ and retaining the first two terms in the expansion in Eqs. (8.2.67), (8.2.68) (in the last
term in the curly brackets in Eq. (8.2.67), the quadratic term is also retained, though).
We follow this procedure to give

1+ r2
Dk

2

2
√
π

exp
{
ω̂ ′2 − (ω̂ ′′ + ν)2

}
= [ω̂ ′′ + v̂]cos

[
2ω̂ ′(ω̂ ′′ + ν̂)

] − ω̂ ′ sin
[
2ω̂ ′(ω̂ ′′ + ν̂)], (8.2.69)

ω̂ ′ cos
[
2ω̂ ′(ω̂ ′′ + ν̂)

] + [ω̂ ′′ + ν̂]sin
[
2ω̂ ′(ω̂ ′′ + ν̂)

] = 0. (8.2.70)

Eqs. (8.2.69) and (8.2.70) can be brought to the same form as the system of Eqs.
(8.2.58), (8.2.59):

1+ r2
Dk

2

2
√
π

êω
′2−ω̂ ′′2 = ω̂ ′′ cos(2ω̂ ′ ω̂ ′′)− ω̂ ′ sin(2ω̂ ′ ω̂ ′′), (8.2.71)
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ω̂ ′ cos(2ω̂ ′ ω̂ ′′)+ ω̂ ′′ sin(2ω̂ ′ ω̂ ′′)= 0, (8.2.72)

by replacingω′′ with the variableω′′
1 = ω′′ + ν. It should also be noted that, in the

asymptotics we are considering, an additional factor 0.5 appears on the left-hand side
of Eq. (8.2.71). Eqs. (8.2.71) and (8.2.72) are then solved in exactly the same manner
to give (for largen):

ω̂ ′
n = 1

2

√
π

(
n+ 1

2

)
, ω̂ ′′

n = −1

2

√
π

(
n+ 1

2

)
− ν̂. (8.2.73)

The relevant pole here lies in the upper half-plane (see Figure 8.1) inside the integration
contour and has the ordinateω′′ + v.

We are now in a position to determine thefrequency spectrum corresponding to the
classical collisionless damping regime (Landau damping). For this we proceed to the
limit ν → 0 in (8.2.53). Using the notation introduced in Eq. (8.2.60), it then follows
from Eqs. (8.2.51) and (8.2.52) that

−sin2α e2α ctg2α = 4π

β2 α. (8.2.74)

If we introduce the variableγ = −2α = −4ω̂ ′ ω̂ ′′, then the problem reduces to the
transcendent equation

−eγ ctgγ sinγ = 2π

β2
γ (8.2.75)

which can be solved graphically or iteratively. The graphical solution for theβ2 = 1,
corresponding to the long-wave length limitr2

Dk
2 � 1, is illustrated in Figure 8.3. This

Fig. 8.3. Graphical solution of the dispersion equation (8.2.75).
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solution shows that in the case of interest a discrete oscillation spectrum appears even
for an unbounded medium. The first seven values ofγ are

γ1 = 1.271π, γ2 = 3.379π, γ3 = 5.410π, γ4 = 7.432π,

γ5 = 9.444π, γ6 = 11.452π, γ7 = 13.458π.

In the asymptotic limit of large, odd positive integersn (n > 301)we have

γn =
(
n+ 1

2

)
π. (8.2.76)

The dimensionless frequenciesω̂ ′
n, ω̂

′′
n are calculated using (8.2.43), (8.2.44), and their

dimensional forms are represented as

ω′
n = k

√
−kBT

2me
γn tg

γn

2
, ω′′

n = −k
√

−kBT
2me

γn ctg
γn

2
. (8.2.77)

The asymptotic values of the frequencies are

ω̂ ′
n =

√
γn

2
= 1

2

√
π

(
n+ 1

2

)
,

ω̂ ′′
n = −

√
γn

2
= −1

2

√
π

(
n+ 1

2

)
.

(8.2.78)

It is also worthwhile to list the first seven pairs of dimensionless frequencies (Alekseev,
2001):

ω̂ ′
1 = 1.484, ω̂ ′′

1 = −0.673, ω̂ ′
2 = 1.979, ω̂ ′′

2 = −1.341,

ω̂ ′
3 = 2.379, ω̂ ′′

3 = −1.786, ω̂ ′
4 = 2.691, ω̂ ′′

4 = −2.169,

ω̂ ′
5 = 2.975, ω̂ ′′

5 = −2.493, ω̂ ′
6 = 3.235, ω̂ ′′

6 = −2.780,

ω̂ ′
7 = 3.473, ω̂ ′′

7 = −3.043. (8.2.79)

Let us investigate the short wave range approximation and consider the dispersion
equation (8.2.75) which can be written in the form

−eγ ctgγ sinγ = ξγ, (8.2.80)

where

ξ = 2π

β2
= 2π

(1+ r2
Dk

2)2
. (8.2.81)
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In short wave approximation, the parameterξ is very smallξ ∼ λ4 (hereλ is the wave
length) and, as before, we obtain the discrete character of solutionsγn of Eq. (8.2.80).
From the first glance all solutions will be contained in intervals

3

2
π + 2π(n− 1) < γn < 2πn, n= 1,2, . . . .

But asymptotic behavior of the function−eγ ctgγ sinγ is rather complicated and it is
better to use a direct numerical procedure of solution for Eq. (8.2.80) even by smallξ .

Let us consider the concrete examples of calculations. Suppose thatξ = 0.001, it
corresponds torDk = 5.62. Even for so small value of coefficientξ the difference ofγ1
from asymptotic value32π is large,γ1 = 1.74π. We introduceεn as a measure of differ-
ence betweenγn and its asymptotic value

εn = γn − 2π(n− 1)− 3

2
π, n= 1,2,3, . . . . (8.2.82)

Tables 8.1 and 8.2 containγn, ω̂ ′
n, ω̂

′′
n , εn, n = 1,2,3, . . . ,7, for ξ = 0.001 andξ =

0.0001 correspondingly.
Now one computes the asymptotic solutions of Eq. (8.2.80). The solutionsγn can be

written in the form

γn = εn + 2π(n− 1)+ 3

2
π. (8.2.83)

We investigate theε(n) dependence for largen, consideringε(n) as a continuous func-
tion. Using relations

sinγ = −cosε, cosγ = sinε, (8.2.84)

we rewrite (8.2.80)

cosε e−[(3/2)π+ε+2π(n−1)] tgε = ξ
[

3

2
π + ε+ 2π(n− 1)

]
. (8.2.85)

After differentiating (8.2.85), it turns out

Table 8.1
ξ = 0.001

n γn ω̂ ′
n ω̂ ′′

n εn

1 1.739π 0.770 −1.773 0.239π
2 3.611π 1.409 −2.012 0.111π
3 5.572π 1.866 −2.345 0.072π
4 7.556π 2.230 −2.661 0.056π
5 9.540π 2.570 −2.915 0.040π
6 11.529π 2.875 −3.150 0.029π
7 13.521π 3.153 −3.368 0.021π
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Table 8.2
ξ = 0.0001

n γn ω̂ ′
n ω̂ ′′

n εn

1 1.771π 0.723 −1.923 0.271π
2 3.675π 1.271 −2.270 0.175π
3 5.611π 1.757 −2.588 0.111π
4 7.575π 2.166 −2.747 0.075π
5 9.561π 2.488 −3.018 0.061π
6 11.553π 2.771 −3.275 0.053π
7 13.548π 3.024 −3.518 0.048π

dε

dn
= − 2π{ξ + sinε e−[(3/2)π+ε+2π(n−1)] tgε}

{2 sinε + [(3/2)π + ε+ 2π(n− 1)](1/cosε)}e−[(3/2)π+ε+2π(n−1)] tgε + ξ .
(8.2.86)

Eq. (8.2.86) is simplified after using the relations (8.2.80), (8.2.83), (8.2.84):

dε

dn
= − 2π sinγ (sinγ − γ cosγ )

sin2γ − (2 sinγ cosγ − γ )γ . (8.2.87)

For smallε and largen, Eq. (8.2.87) is written

n
dε

dn
+ ε = − 1

2πn
(8.2.88)

and after integration,

ε = − lnn

4πn
. (8.2.89)

Strictly speaking – taking into account the general solution for homogeneous equation
– the indicated solution is of a more complicated form

ε =
(
C − lnn

4π

)
1

n
, (8.2.90)

whereC is constant which can be estimated from the condition:ε1 = C by n= 1.
Becauseγ1 = 3

2π + ε1, andγ1 = 1.74π by ξ = 0.001, thenε1 = 0.24π andC =
0.24π ≈ 0.75. Of course it is a rough estimation, the asymptotic theory being valid
only for largen. Nevertheless, this estimation reflects two facts: (1) positiveε can be
included in asymptotic formula forε; (2) for largen the solution of mentioned above
equation is not significant. It turns out therefore that for largen the differenceε becomes
negative and solutionγ is placed out of interval(3

2π + 2π(n− 1),2πn). The interval
3
2π + 2π(n− 1) < γn < 2πn containsγn if n are not too large. Notice also thatε→ 0
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by n→ ∞. The integral numbern can be estimated when the differenceε becomes
negative. It follows from (8.2.85) that byε = 0, this numbern is defined by entire part
of value

n=
[

1

4
+ 1

2πξ

]
. (8.2.91)

Let us estimate also the extreme of functionε(n) by the largen. It follows
from (8.2.87) that the extreme condition has the form

ξ + sinε e−[(3/2)π+ε+2π(n−1)] tgε = 0. (8.2.92)

The asymptotic solution of this equation does not depend onξ and looks as

ε = − 1

2πn
. (8.2.93)

In conclusion we notice that Eq. (8.2.80) is valid – in the frame of formulated assump-
tions – in an entire interval ofξ definition, 0< ξ < 2π .

8.3. Generalized dispersion relations for plasma: theory and experiment

In this section, theoretical results are discussed in the context of Looney and Brown’s
experiments (Looney and Brown, 1954) on the detection of plasma waves excited by an
electron beam. The experimental setup of Looney and Brown (see Figure 8.4) consists
of a bulb about 10 cm in diameter, in which mercury plasma at a pressure as low as
3 × 10−3 mm Hg was created by electric discharge between two cathodes C and an
anode ring A. An electron beam produced in a lateral tap was accelerated by a voltage
of several hundred volts and then introduced into the plasma through a hole of diameter
1 mm in the bulb wall. In the region between the accelerating anode A and the anode
disk D, with a separation of 1.5 cm, an ioncloud formed. The beam electrons excited
oscillations in the region AD.

The oscillations were registered by a movable probe attached to the detector. The
results of the experiment are presented in Figure 8.5, reproduced from the Looney and
Brown’s paper. Because the density of the electron beam is proportional to the discharge
current, Looney and Brown presented their results as the dependences of the oscillation
frequency squared on the electron number densityne . The inset on the left shows the
electric field distribution over the region AD, and the dashed straight line corresponds
to the dispersion relation

ω= ωpe, (8.3.1)

whereωpe is the Langmuir frequency of plasma electron oscillations. Eq. (8.3.1) fol-
lows from the one-dimensional hydrodynamic equation of motion without considering
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Fig. 8.4. Schematic of Looney and Brown’s experiment on the excitation of plasma oscillations.

Fig. 8.5. Square of the observed frequency versus plasma electron number density, as measured in the
Looney–Brown experiment. The inset showsthe oscillations observed in the anode gap AD.

convective terms and the pressure gradient. In a more general form including the elec-
tron pressure, this equation becomes

ω2 −ω2
pe = 3

2
k2v2

T , (8.3.2)

wherev2
T = 2kBT/me. The term on the right-hand side of Eq. (8.3.2) was dropped in

constructing the dashed line in Figure 8.5 in order to achieve a better agreement between
the theoretical and experimental results (Looney and Brown, 1954; Chen, 1984).



Physics of plasma and liquids 315

Looney and Brown noted the fundamental disagreement between the dispersion re-
lations (8.3.1) and (8.3.2), which lead toa continuous oscillation spectrum, and the
experimental data displaying a discrete oscillation spectrum. Furthermore, as the elec-
tron density increases, one can see from Figure 8.5 that the curve grows stepwise, with
discontinuities and a slight increase in the slope of the steps within the confines of the
plateau, i.e., the oscillation spectrum one observes is in fact of a band type. Band spec-
tral structures were also seen in later experiments on the damping of electron waves in
collisionless plasmas (see, for instance, Franklin, Hamberger and Smith, 1972). Neither
Eqs. (8.3.1), (8.3.2) nor qualitative considerations based upon the theory of standing
waves can explain these experiments. We proceed now to the interpretation of the ex-
perimental data based on the generalized dispersion relations (8.2.71), (8.2.72). We note
from the beginning that a study on the level of dispersion relations is inadequate to give
a complete picture of processes occurring in the system under study here. Therefore, the
calculation ofω(λ) only reflects major qualitative and quantitative features of the sys-
tem – provided we know the wavelengths of the observed waves and the hydrodynamic
parameters, primarily the concentrations of the components and the ion and electron
temperatures.

A. The dispersion relation (8.2.75) produces a discrete spectrum of solutionsγn and,
hence, ofω′

n(λn,T ), ω
′′
n(λn,T ). The discrete frequency spectrum is observed in exper-

iment. To proceed to quantitative estimates, however, it is necessary to first estimate the
beam temperature. From the requirement that the theoretical value of the square of the
linear frequency

f ′2
1 = ω̂ ′2

1
2kBT

λ2
1me

(8.3.3)

be equal to its experimental value (f ′2
1 = 3 × 1017 Hz2), we haveT ≈ 40 eV. While

the temperature was not measured directly in the experiment, there is indirect experi-
mental evidence to support this value. Based on the parameters of the experiment, the
wavelengthλ1 ≈ 1 cm andr2

Dk
2 ≈ 0.2 for the lower frequency level. Consequently, this

experiment fails to satisfy the conditions

r2
Dk

2 ≺≺ 1, λ�� rD,
which formally underlie the Landau-damping solution of the classical dispersion re-
lation (Klimontovich, 1964). The solutions of Eq. (8.2.75) presented above has been
found for the limiting case

β2 = 1. (8.3.4)

Note, however, that the region where the straight line 2πγintersects the curveΦ(γ )=
−eγ ctgγ sinγ is that of the steep rise of the functionΦ(γ ) (see Figure 8.3). Con-
sequently, varying the slope of this line – in the region of existence of solutions of
Eq. (8.2.75) – has little effect on the solutionγn. To estimate

f ′2
n = ω̂ ′2

n

2kBT

λ2
nme

(8.3.5)
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one should take the calculated values ofω̂ ′2
n and the experimental values ofλn andT .

The electron temperatures in experiments yielding the frequenciesf ′
n can be estimated

from the simplest form of the beam equilibrium condition

pe = ppl, (8.3.6)

wherepe is the pressure produced by the beam electrons, andppl is that of the mer-
cury plasma. As a result, the quantitative agreement between the theory and experiment
is quite reasonable (to within 20–50%) for the second to the fifth of the observed lev-
elsf ′2

n .
B. Under the condition (8.3.4), the straight linel in Figure 8.3 has the maximum

slope possible. The straight line 2 corresponds to a certain nonzero value ofr2
Dk

2 and
is drawn for illustrative purposes. Now suppose that the concentrationne of the beam
electrons begins to increase, whereas other plasma parameters remain, to a first ap-
proximation, unchanged. Increasingne reduces (see Eq. (A5.5)) the Debye–Hueckel
radiusrD and increases the slope of the straight line 2 which now takes position 3. The
straight line approaches position 1. Instead of a certain discrete set ofγn we will have
a set of possible intervals∆γn, and hence of intervals∆ω′

n, ∆ω
′′
n, giving rise to the

plateau regions of the experimentally revealed values ofω′2
n .

C. It is easily verified by direct calculation that the function

F(γn)= γn

4
tg

(
−γn

2

)
(8.3.7)

increases with decreasingγn. Hence, within the confines of a plateau the square of the
frequencyω′2

n will grow slightly with concentration of the beam electrons:

ω′2
n,γ−∆γ = ω′2

n,γ + o
(|∆γn|). (8.3.8)

This effect is also observed in experiment.
D. The square of the oscillation frequency of plasma waves,ω′2

n , is proportional to
the wave energy. Hence, the energy of plasma waves is quantized, and asn grows we
have the asymptotic expression

ω̂ ′2
n = π

4

(
n+ 1

2

)
(8.3.9)

and the squares of possible dimensionless frequencies become equally spaced:

ω̂ ′2
n+1 − ω̂ ′2

n = π

4
. (8.3.10)

E. Let us see how the motion of ions affects the solution of the dispersion equation.
The velocity distribution of electrons is taken to be Maxwellian; the thermal motion of
ions is neglected. The ion distribution function is then written as

fi = niδ(vi ). (8.3.11)
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The generalized dispersion relation in the collisionless limit becomes

1+ 1

r2
Dk

2

[
1+ 2π iω̂e−ω̂ ′2+ω̂ ′′2−2iω̂ ′ω̂ ′′] = ω2

pi

ω2 , (8.3.12)

whereωpi is the Langmuir ion frequency.Introducing the parameter

ε = meni

2mine
, (8.3.13)

Eq. (8.3.12) is written as

1+ r2
Dk

2 + 2π iω̂e−ω̂ ′2+ω̂ ′′2−2iω̂ ′ω̂ ′′ = ε

ω̂2 . (8.3.14)

Under the conditions of the experiment being discussed,ε is a small quantity. In
the general case, however – ifni �� ne and if the parameterε is not too small – it
may happen that the ion motion must be accounted for. Eq. (8.3.14) can be solved
perturbatively by expanding the frequencies in power series:

ω̂ ′ =
∞∑
k=0

εkω̂ ′ (k), (8.3.15)

ω̂ ′′ =
∞∑
k=0

εkω̂ ′′ (k). (8.3.16)

Then fork = 0, in the first approximation, we arrive at a special case of Eqs. (8.2.69),
(8.2.70) as a result of separating the real and imaginary parts of Eq. (8.3.14).

In the second approximation (k = 1), we have

ω̂ ′ (1)
[
cos
γ0

2
− γ0

2
ctg
γ0

2

]
+ ω̂ ′′ (1)

[
sin
γ0

2
+ γ0

2

]

= sin2γ0

γ0
√
π

e(γ0/2)ctgγ0 − ω̂ ′ (0), (8.3.17)

ω̂ ′ (1)
[
β√
π
ω̂ ′ (0) e(γ0/2)ctgγ0 − γ0

2
− sin

γ0

2

]
− ω̂ ′′ (1)

[
β√
π
ω̂ ′′ (0) e(γ0/2)ctgγ0 + cos

γ0

2
+ γ0

2
tg
γ0

2

]
= sin 2γ0

2γ0
√
π

e(γ0/2)ctgγ0 + ω̂ ′′ (0), (8.3.18)
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whereγ0 is the first-order approximation to the solution of Eq. (8.3.14). We can estimate
the magnitude of the effect by giving the second-order results for the coefficients in the
expansions of (8.3.15), (8.3.16):

ω̂ ′ (1) = 3.05, ω̂ ′′ (1) = −0.87.

The complete solution of the boundary value problem concerning the spatial and
temporal evolution of plasma in the Looney–Brown apparatus can only be obtained by
solving the GBE. Still, the dispersion relation we have considered reflects correctly the
essential features of the experimental results.

We now proceed to compare the theoretical results with those of the computer exper-
iment. Extensive simulations of the attenuation of Langmuir waves in plasma have been
performed at the SB RAS Institute of NuclearPhysics (Novosibirsk) in the 1970s and
1980s (see, for example, Buchel’nikova and Matochkin, 1977a, 1977b, 1979, 1980). Of
interest to us here is the formulation of the problem close to the classical Landau formu-
lation (Landau, 1941a, 1946a, 1946b). The problem involves a one-dimensional plasma
system subject to periodicboundary conditions. The velocity distribution of plasma
electrons is taken to be Maxwellian, and ions are assumed to be at rest (mi/me = 104)
and distributed uniformly over the length of the system. It is also assumed that at some
initial point in time the system is subjected to small electron velocity and electron den-
sity perturbations of the form

δn

n0
= k0E0

4πen0
sin(ω0t − k0x),

δv = ω0E0

4πen0
sin(ω0t − k0x),

(8.3.19)

corresponding to the linear wave

E(x, t)=E0 sin(ω0t − k0x),

whereω2
0 = ω2

pe + 3
2k

2
0v

2
T , k0 = 2π/λ0. The quantitiesE0, ϕ0, λ0, ω0, andk0 are the

initial values of the field amplitude, potential, wavelength, frequency, and wave num-
ber, respectively. The numerical integration is performed using the particles-in-cells
method. The number of particles is not large (in Buchel’nikova and Matochkin, 1977a,
1977b, 1979, 1980, the authors usually putN = 104, with about 102 particles per cell).
To reduce the initial noise level, the easy-start method is used, in which neither the
coordinate nor velocity distribution functions of the electrons change from one cell to
another. In this case, it was noted in Buchel’nikova and Matochkin (1979) that the noise
level is determined by computation errors but increases for the computation scheme
chosen; the noise level increases with increasingE0 and with decreasingλ0. The com-
putation only makes sense until the noise level remains small compared to the harmonics
of the effect under study that arise in the calculation.

The calculations in Buchel’nikova and Matochkin (1977a, 1977b, 1979, 1980) were
performed over a wide range of initial wave parameters. The time dependence of the
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field strength is quite complicated, but the initial stage always corresponds to the wave
damping regime in which an increase in the amplitude and the phase velocityvφ in the
rangeeϕ0/(kBT )� 1 (and the corresponding decrease in the parameterk0rD) dramati-
cally increases the damping decrement compared to the Landau value (Landau, 1946b).

In theory and mathematical experiments the question can be put about the number of
trapped electrons by travelling wave in electric field. But the mathematical expectation
of the number of electrons moving with the phase velocity is zero. Then it is possible
to speak only about a definite velocity interval, which contains phase velocity of wave,
and about electrons (or probe particles in mathematical experiments) belonging to this
interval.

In mentioned mathematical experiments they use also another possibility of calcu-
lation of the trapped particles. The mathematical experiments were realized with the
initial number of particles in cell, which was not more than 100, and maximum initial
velocity which was less than 2.15vT , wherevT is the thermal electron velocity. In ex-
periments (see also Table 8.3) the phase velocity was changed in the range of 2.46vT
to 22.4vT . Then it is possible to calculate the number of trapped probe particles the
velocity of which – in the process of evolution of the physical system – becomes more
than phase velocityvφ . In the beginning all high energetic electrons in the tail of the
Maxwell distribution function are cutting off. But the number of these “lost” electrons
(estimation of authors of experiments) is not more than∼1.6%.

From Table 8.3 it follows that the number of trapped electrons is not more than 20%.
On the macroscopic level of the system description we can speak only about average
(hydrodynamic) velocitȳu of electrons and about difference betweenū andvφ .

Table 8.3 summarizes the results of the numerical simulation series I-1 to I-8
(Buchel’nikova and Matochkin, 1979, 1980). In the leftmost column of the table, the
following definitions need some clarification:̂E0 = E0eτ

2
0p/(mrD) is the dimension-

less, normalized wave amplitude;τ0p is the period of plasma oscillations;�N/N is
the fraction of trapped electrons (in %);γ is the damping decrement determined in the
simulation experiment;γA = −ω′′

1 is the damping decrement found as the asymptot-
ics of the solution to the generalized Boltzmann equation and calculated from the first
decrement involved in the discrete spectrum of solutions. Table 8.3 also presents the
damping decrementγL = −ω′′

L calculated from a modified Landau formula (Clemmow
and Dougherty, 1990). There is strong disagreement between the decrementsγ, γA and
γL in the long wavelength limitk0rD ≺≺ 1.

This disagreement is easy to explain from the computational point of view. Let us
write the Landau formula in its classic form

γ

ωpe
=

√
π

8

1

k3
0r

3
D

e−1/(k2
0r

2
D). (8.3.20)

For k0rD ≺≺ 1, the damping decrement calculated by Eq. (8.3.20) becomes very
small, whereas its simulation counterpart does not differ much from the plasma fre-
quency. Applying the GBE asymptotics to the solution of classical problem of Landau
damping makes it possible, even in Landau’s linear formulation, to obtain quite a satis-
factory agreement with both physical and mathematical experiments.
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Table 8.3
Comparison of analytical predictions with numerical simulation results

N I-1 I-2 I-3 I-4 I-5 I-6 I-7 I-8

vφ/

√
kBT
m 2.46 2.95 4.2 6.9 9.4 11.2 16 22.4

λ0/rD 11 15 24 42 58 70 100 140
k0rD 0.57 0.42 0.26 0.15 0.11 0.09 0.063 0.045
(k0rD)

2 3.3× 10−1 1.7× 10−1 6.8× 10−2 2.2× 10−2 1.2× 10−2 8× 10−3 3.9× 10−3 2× 10−3

Ê0 1–60 11–60 26–70 70–170 119–250 170–250 240–450 333–591√
eϕ0
m /

√
kBT
m 0.2–1.6 0.8–1.9 1.6–2.6 3.5–5.4 5.3–7.6 6.9–8.4 9.8–13.5 13.7–18.3√

eϕ0
m /vφ 8× 10−2–0.8 0.28–0.65 0.38–0.62 0.5–0.78 0.56–0.81 0.61–0.75 0.61–0.84 0.61–0.82

eϕ0/kBT 4× 10−2–2.7 0.7–3.6 2.5–6.8 11.9–28.5 28–58.4 48–70.5 96.7–181 188–334
�N/N,% 0–20 1–13 1–7 1–11 1–12 2–7.5 1–13 0.5–10
γL/ωpe 0.32 0.17 3× 10−3 10−8 4× 10−17 2× 10−25 6× 10−53 2× 10−105

γ/ωpe 0.32–1 0.17–0.96 0.03–0.4 0.03–0.65 0.03–0.8 0.04–0.2 0.03–0.8 0.02–0.3
γA/ωpe 0.522 0.4 0.247 0.143 0.105 0.0857 0.06 0.0428
γ/γL 1.0–3.4 1.0–5.6 5–60 ∼106–108 ∼1015–1016 ∼1023–1024 ∼1050–1052 ∼10102

−10104
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For investigation of plasma parameter perturbations Landau used, in the long wave
approximation, the expansion (see also Klimontovich, 1964) of the function 1/(ω− ku)
in a complex power series

1

ω− ku = 1

ω

[
1+ ku

ω
+

(
ku

ω

)2

+
(
ku

ω

)3

+ · · ·
]
. (8.3.21)

Only two first terms were used by Landau in the following calculations. The question
about convergence of series (8.3.21) by all possible values ofu, ω was not consid-
ered. The results of direct mathematical simulation can be considered as evidence of
divergence of series (8.3.21) in domain of definition ofu, ω.

Now let the ions be at rest, and the electron component have a Maxwellian velocity
distribution. As a result, the dispersion equation – with taking into account the general-
ized Maxwell equation – can be written as

1+ A

r2
Dk

2

[
1−

√
me

2πkBT

×
∫ +∞

−∞
{[i − τ (ω− ku)]ω− ν}e−meu2/2kBT

i(ω− ku)− τ (ω− ku)2 − ν
du

]
= 0, (8.3.22)

where

A= 1− τ̂ ω̂ ′′ + iτ̂
(
ω̂ ′ − ˆ̄u)

. (8.3.23)

After integrating in (8.3.22) we have

A+ r2
Dk

2

2
√
π

=Ae−w2
2

[
ν̂√

1+ 4τ̂ ν̂
− 0.5ω̂i

(
1+ 1√

1+ 4τ̂ ν̂

)]
, (8.3.24)

or

A+ r2
Dk

2

2
√
π

exp

{
ω̂ ′2 − ω̂ ′′2 − ω̂ ′

√
1+ 4τ̂ ν̂ − 1

τ̂
− 1+ 2τ̂ ν̂ − √

1+ 4τ̂ ν̂

2τ̂2

}
=A

[
ν̂√

1+ 4τ̂ ν̂
− i

1

2
(ω̂ ′ + iω̂ ′′)

(
1+ 1√

1+ 4τ̂ ν̂

)]

×
[
cos

(
2ω̂ ′′ +

√
1+ 4τ̂ ν̂ − 1

τ̂

)
ω̂ ′

− i sin

(
2ω̂ ′′ +

√
1+ 4τ̂ ν̂ − 1

τ̂

)
ω̂ ′

]
. (8.3.25)
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The separation of real and imaginary parts of the dispersion equation (8.3.25) leads to
the following relations. A real part:

1+ r2
Dk

2 − τ̂ ω̂ ′′

2
√
π

× exp

{
ω̂ ′2 − ω̂ ′′2 − ω̂ ′′

√
1+ 4τ̂ ν̂ − 1

τ̂
− 1+ 2τ̂ ν̂ − √

1+ 4τ̂ ν̂

2τ̂2

}
= (1− τ̂ ω̂ ′′)

{[
ν̂√

1+ 4τ̂ ν̂
+ 0.5ω̂ ′′ + 0.5ω̂ ′′ 1√

1+ 4τ̂ ν̂

]

× cos

[
ω̂ ′

(
2ω̂ ′′ +

√
1+ 4τ̂ ν̂ − 1

τ̂

)]

− 0.5ω̂ ′
(

1+ 1√
1+ 4τ̂ ν̂

)
sin

[
ω̂ ′

(
2ω̂ ′′ +

√
1+ 4τ̂ ν̂ − 1

τ̂

)]}
− τ̂ (

ω̂ ′ − ˆ̄u){
−0.5ω̂ ′

(
1+ 1√

1+ 4τ̂ ν̂

)

× cos

[(
2ω̂ ′′ +

√
1+ 4τ̂ ν̂ − 1

τ̂

)
ω̂ ′

]
−

[
ν̂√

1+ 4τ̂ ν̂
+ 0.5ω̂ ′′ + 0.5ω̂ ′′

√
1+ 4τ̂ ν̂

]

× sin

[(
2ω̂ ′′ +

√
1+ 4τ̂ ν̂ − 1

τ̂

)
ω̂ ′

]}
. (8.3.26)

An imaginary part:

1

2
√
π

(
ω̂ ′ − ˆ̄u)

× exp

{
ω̂ ′2 − ω̂ ′′2 − ω̂ ′′

√
1+ 4τ̂ ν̂ − 1

τ̂
− 1+ 2τ̂ ν̂ − √

1+ 4τ̂ ν̂

2τ̂2

}
= τ̂ (

ω̂ ′ − ˆ̄u){[
ν̂√

1+ 4τ̂ ν̂
+ 0.5ω̂ ′′ + 0.5ω̂ ′′ 1√

1+ 4τ̂ ν̂

]

× cos

[
ω̂ ′

(
2ω̂ ′′ +

√
1+ 4τ̂ ν̂ − 1

τ̂

)]

− 0.5ω̂ ′
(

1+ 1√
1+ 4τ̂ ν̂

)
sin

[
ω̂ ′

(
2ω̂ ′′ +

√
1+ 4τ̂ ν̂ − 1

τ̂

)]}
+ (1− τ̂ ω̂ ′′)

{
−0.5ω̂ ′

(
1+ 1√

1+ 4τ̂ ν̂

)
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× cos

[
ω̂ ′

(
2ω̂ ′′ +

√
1+ 4τ̂ ν̂ − 1

τ̂

)]
−

[
ν̂√

1+ 4τ̂ ν̂
+ 0.5ω̂ ′′ + 0.5ω̂ ′′

√
1+ 4τ̂ ν̂

]

× sin

[
ω̂ ′

(
2ω̂ ′′ +

√
1+ 4τ̂ ν̂ − 1

τ̂

)]}
. (8.3.27)

The system of Eqs. (8.3.26), (8.3.27) differs from the system of Eqs. (8.2.67), (8.2.68),
obtained with the help of classical Maxwell equations. But for electrons trapped by the
wave (̂ω ′ = ˆ̄u), Eq. (8.3.27) coincides with (8.2.68), and (8.3.26) differs from (8.2.67)
by multiplier

B = 1+ r2
Dk

2 − τ̂ ω̂ ′′

1+ r2
Dk

2
. (8.3.28)

In this case the method of successive approximation can be realized with the use
of (8.2.79) for the coefficientB calculation in the first approximation. Then this cor-
rection does not change the discrete character of solutions but leads to other numerical
values of these solutions.

In conclusion we state that application of the generalized Maxwell equations can
lead not only to correction of solutions but, as it was demonstrated, to physical solutions
when classical dispersion equations have no solutions at all.

In the following consideration we intend to apply the main ideas of the generalized
Boltzmann physical kinetics to kinetic andhydrodynamic theory of liquids. This theory
is developed with due regard for the variation of the distribution function on a character-
istic scale of the order of the time of vibration of particles in cells communicated with
a free volume of liquid.

8.4. To the kinetic and hydrodynamic theory of liquids

As is known, the classical Boltzmann equation (BE), describing the processes of transfer
in gases, is valid only on characteristic scales related to the hydrodynamic time of flow
and the mean time between collisions. As it was established, the inclusion of the third
possible scale, namely, the particle collision time, leads to the emergence of additional
terms in the BE, which, generally speaking, are of the same order as the other terms in
the BE.

A fundamental difference between a liquid and a rarefied gas consists in the many-
particle interaction of their component particles. Nevertheless, it turns out that the use of
fundamental concepts of the generalized Boltzmann kinetic theory (GBKT) and of the
many-scale method leads to important results in the kinetic and hydrodynamic theory
of liquids.
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Let us turn to experimental data in the theory of liquids and theoretical models. In
the theory of liquids, some or other microscopic models are usually employed. A liq-
uid is investigated either as a non-ideal gas with many-particle interaction or from the
standpoint of the theory of a crystal in which the long-range order is lost. The singular-
ities of these models are described in Rezibois and De Lener (1980) and Fizicheskaya
Entsiklopediya (1990), and we will only refer to two models that are often used in the
theory of liquid, namely:

(1) The cell model, in which a liquid is treated as a deformed crystal with molecules
localized in the vicinity of the “points” of deformed lattice.

(2) The hole theory in which it is assumed that the transition of molecules from one
state to another is realized owing to the vacancies available in the deformed lattice.

Starting in 1924, Ya.I. Frenkel has been systematically developing the theory of liq-
uid state as a generalization of the theory of real crystals involving the concepts of mo-
bile holes, as well as the “concepts of thermal motion as alternation of small vibrations
about some positions of equilibrium with abruptvariation of these positions” (Frenkel’,
1945). The latter statement is equivalent to introducing the activation energy (or loos-
ening energy using Frenkel’s terminology) in the liquid theory. In principle, Frenkel’s
model reflects the experimental fact of existence of the short-range order in liquid. As a
result, the particle motion assumes the behavior of ”irregular vibrations with the mean
frequencyτ−1

0 close to that of the vibration frequency of particles in crystals, and with
the amplitude defined by the size of the “free volume” offered to the given particle by
its neighbors. The free lifetime of molecule in the temporary position of equilibrium
between two activated jumps is related by

τ = τ0 eW/kT , (8.4.1)

whereW is the activation energy” (Fizicheskaya Entsiklopediya, 1990). Relation (8.4.1)
reflects the physically transparent fact that, with the activation energy (loosening energy,
according to the preferable terminology of Frenkel) equal to zero, the particle loses its
contact with neighbors during the characteristic vibration timeτ0, while withW → ∞
the molecule does not change its environment at all.

We will discuss Frenkel’s model in view of the experimental data of Hildebrand
(Alekseev, 1997; Hildebrand, 1977). Hildebrand gives the experimental data on the vis-
cosity of liquid in the form

µ= µa +µb, (8.4.2)

whereµa is the viscosity that includes only the collective effects in the liquid, andµb is
the viscosity that includes the “individuality” of the particles. This differentiation calls
for additional explanation. For this purpose, consider Figure 8.6 which gives, by way
of example, the viscosityµ, and the componentsµa andµb for C3H8 (T = 410.9 K).
Also given in Figure 8.6 is the critical volumeVc, as well as the volumeVt ; when this
latter volume is reached (on the side of smaller volumes), the individuality of interacting
particles starts showing up.
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Fig. 8.6. The viscosityµ and viscosity componentsµa andµb , for C3H8 vs. volumeV .

If µ0 is the viscosity of rarefied gas,

µ0 = 2(mkBT )1/2

3π3/2σ 2
, (8.4.3)

whereσ is the diameter of molecule andm is its mass, then

µb = µ0

(
1− Vt

V

)
, (8.4.4)

with µb = 0 atV < Vt . Therefore, with rarefaction, a term emerges in the total viscosity,
which is calculated by the kinetic theory of rarefied gas within the coefficient 1−Vt/V .
At V < Vt , the last “traces” of pair interaction fully disappear, and the viscosity is
defined by purely collective effects. The values of volumeVt are found experimentally
and tabulated.

As a test of validity of the relation

µb

µa
= 1− Vt

V
, (8.4.5)

Figure 8.7 gives the data of Hildebrand on(µ − µa)/µ0 function ofV . In so doing,
the points in the plot for Ar correspond to the temperature of 323 and 373 K, those for
CH4 to 311 and 341 K, and those for C3H8 to 411 and 511 K. The construction of the
plot of µb/µ0 as a function of 1− Vt/V leads to a universal dependence for different
temperatures. The “collective” viscosityµa according to Hildebrand is approximated
by the formula
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Fig. 8.7. The data of Hildebrand on(µ−µa)/µ0 function ofV .

Table 8.4
EigenvolumeV0 and coefficientB for different molecules

Molecule V0 (cm3/mol) B (cP−1)

C3H8 61 18.6
C5H12 92 18.5
C6H14 111 18.0
C7H16 130 18.8
C8H18 147 17.1
C9H20 165 16.5
C10H22 183 15.2
C12H26 217 14.1
CC14 88.3 17.4
P4 68.6 16.3
CS2 50.5 14.0
CHC13 70 14.0
Hg 14.1 12.6

µa = V0

B(V − V0)
, (8.4.6)

whereV0 is the eigenvolume of molecules. Table 8.4 contains the data of Hildebrand,
according to which it follows that the coefficientB is both universal and little dependent
on the sort of matter.

The values ofB andV0 are determined by the experimental data from the plot of
dependence of the fluidity 1/µon the volumeV in the liquid state region, when the
correlations associated with pair interaction are insignificant. The values ofVt are also
determined by the experimental data from Figure 8.7. Table 8.5 gives the values of these
quantities according to Hildebrand’s experiments and literature data.
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Table 8.5
Parameters of the liquid state

Molecule V0 (cm3/mol) Vt Vc B (cP−1)

CH4 32.0 40 99.4 35.6
C2H6 44.6 64 148 25.8
C3H8 61.5 130 205 22.0
n-C4H10 78.5 230 255 21.8
CO2 28.7 60 94 15.7

The viscosity in liquid and in the transition state may be calculated by the formula

µ= µ0
V − Vt
V

+ 1

B

V0

V − V0
. (8.4.7)

The viscosityµ0, calculated by formulas of rarefied gas dynamics, may be expressed
in terms of the mean timeτr between collisions,

τrp =Πµ0, (8.4.8)

whereΠ is the parameter associated with the model of particle interaction; in the first
approximation, for the hard-sphere model,Π = 0.8. From Eqs. (8.4.7) – after multipli-
cation of the both sides of this equation byΠ/p – and (8.4.8), it follows

Π
µ

p
= τr V − Vt

V
+ Π

B

V0

V − V0

1

p
, (8.4.9)

wherep is the static pressure.
The time

τ ∗
r = τr V − Vt

V
(8.4.10)

may be treated as the mean time between particle collisions in the transition mode.
With V < Vt , the “sample” particle ceases to be predominantly influenced by one of the
particles and senses the effect of a self-consistent force alone, in this case,τ ∗

r = 0.
We will now introduce the time

τosc= Π

B

V0

V − V0

1

p
. (8.4.11)

Relation (8.4.9) may be represented in terms of Frenkel’s model if one uses the equa-
tion of state in the form of Dieterici’s equation which is “the best equation of state,
depending on two constants” (Hirschfelder, Curtiss and Bird, 1954),

p(V − b)=RT e−a/(RTV ). (8.4.12)
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The constanta is related to the measure of “cohesive forces” of molecules; and the
constantb is proportional to the volume of molecules and taken equal toV0. The first
Dieterici equation describes well the region of the critical state of a matter. For example,
the critical coefficients, defined by the thermodynamic parameters of a matter,pc, Vc,
andTc in the critical state,s = RTc/(pcVc)= 3.695, which correlates with the exper-
imental data better thans = 2.67 according to van der Waals. With high values ofV ,
Dieterici’s equation transforms to van der Waals’ equation. It follows from (8.4.10)
and (8.4.11) that

τosc= τ0 eW/(RT ), (8.4.13)

where

τ0 = ΠV0

BRT
, (8.4.14)

W = a

V
. (8.4.15)

But formula (8.4.13) is Frenkel’s formula for the time of residence of molecule in the
cell, τ0 is the particle vibration period, andW is the activation energy (or “loosening
energy”, according to Frenkel).

As found by Hevesy (Frenkel’, 1945, p. 104), the activation energyW decreases as
the temperature rises. This effect is readily taken into account by the second Dieterici
equation,

p(V − V0)= e−a/(RT γ V ), (8.4.16)

which contains the temperature correctionT γ , γ = 1.27. In this case,

W = a

V T 0.27
. (8.4.17)

Further detailing of relations (8.4.14) and (8.4.15) is possible within Dieterici’s equa-
tion. In view of

a = 2RTcVc, V0 = 1

2
Vc, (8.4.18)

we find that, for the first Dieterici equation,

τ0 = ΠVc

2BRT
, W = 2RTcVc

V
. (8.4.19)

Needless to say, formulas of the type of (8.4.19) can be expected to coincide with
the experimental data only by the order of magnitude. The prospects for rigorous cal-
culation of the above-identified parametersare associated with further development of
the trend in statistical physics, based on the calculation of thermodynamic parameters
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“from the first principles” (see, for example, Krieger, Lukin and Semenov, 1986; Se-
menov, 1984), and with the methods of molecular dynamics. For example, for mercury
atT = 300 K, Eq. (8.4.19) yieldsτ0 = 1.4× 10−13 s. Note that the typical value of the
particle vibration period in the cell, given by Frenkel’ (1945, p. 182) is 10−13 s.

Therefore, the data of Hildebrand may in fact be treated from the standpoint of
Frenkel’s theory. Note only that formula (8.4.13) was written by Frenkel for the liq-
uid state (when the pair interaction effects are fully suppressed).

In what follows, we willonly need Frenkel’s model to introduce thescalesof quan-
tities in the kinetic theory of liquids.

We will now write (8.4.9) as

Π
µ

p
= τ ∗

r + τ0 eW/(RT ), (8.4.20)

and introduce the small parameterε = nr3
cell, wherercell is the characteristic radius of

the cell. The parameterε may be represented as

ε = nr3
cell =

N

V

V − V0

N
= V − V0

V
, (8.4.21)

whereN is the number of particles in the system, andV is the molar volume. We
will introduce Hildebrand’s parameterk = (V − V0)/V0 and note thatε = k/(k + 1).
Tables 8.6 and 8.7 contain the experimentally obtained values ofε for some liquids, as
well as the values of viscosity of liquids and the pressure dependence of the parameterε.

For liquid HeII, the eigenvolume of an atom is equal about 9 Å, and on average
45.8 Å3 of “empty” space corresponds to every atom.

It follows from Tables 8.6 and 8.7 that the quantityε may be treated as an adequate
small parameter in constructing the theory.

It becomes obvious now that, in constructing the kinetic theory of liquid, one must
take into account the following three groups of scales:

Table 8.6
Parameterε and the viscosity of some liquids

Liquid T (oC) µ (cP) ε

CC14 20 0.97 0.0557
40 0.74 0.0723

C6H6 20 0.650 0.0741
40 0.492 0.1007

CS2 20 0.366 0.1554
40 0.349 0.1625

(C4F9)3N 20 0.0148
42.2 0.0393

C5ONF11 20 0.1007
42.2 0.1197
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Table 8.7
The pressure dependence of some parameters forn-decanes

p (atm) V (cm3) V − V0 ε

13.6 232.2 4.821 0.0208
27.2 231.0 4.687 0.0203
54.4 229.9 4.597 0.0200
68.0 227.9 4.396 0.0193

204.0 220.4 3.631 0.0165
340.0 214.8 3.081 0.0143
408.0 212.3 2.829 0.0133

(I) the cell scale corresponding to the vibrations of molecule in the “blocked” state,
namely, v0 cell – the scale of velocity of vibratory motion of particle in the
“blocked” state,rcell – the scale of cell size (rcell = V 1/3

cell , whereVcell is the cell
volume), andτ0 – the period of particle vibration in the cell. We will refer to this
group of scales as the “τ0-scale”;

(II) the scale of the cell state associated with the characteristic time of particle res-
idence in the cell, or the “τ -scale”, namely,v0τ – the scale of particle velocity
in the τ -scale (generally speaking, this scale of velocity does not coincide with
v0 cell, because a high-energy particle is capable of overcoming the energy barrier
associated with the activation energy),rτ – the scale of length in theτ -scale (the
characteristic distance covered by a particle during the time of residence in the
cell), andτ – the residence time of particle in the cell (for example, under normal
conditions for water,τ ∼ 102τ0); and

(III) the hydrodynamic scale that needs no additional explanations, namely,vL – the
hydrodynamic velocity of flow,L – the hydrodynamic length, andτL – the hydro-
dynamic time.

In what follows, these groups of scales will be used to derive the kinetic equation for
liquid.

We will use the Bogolyubov chain equation for thes-particle distribution functionfs ,

∂fs

∂t
+

s∑
i=1

vi · ∂fs
∂ri

+
s∑
i=1

Fi · ∂fs
∂vi

+
s∑

i,j=1

Fij · ∂fs
∂vi

= − 1

N

s∑
i=1

N∑
j=s+1

∫
Fij · ∂

∂vi
fs+1 dΩs+1, (8.4.22)

written in standard notation, where, in particular,Fi andFij are external and internal
forces, respectively. We will make Eq. (8.4.22) dimensionless on theτ0-scale, using the
following scales:nsv−3s

0 cell for fs , andv2
0 cell/rcell,F ex

0 for the internal and external forces,
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respectively. Then, Eq. (8.4.22) assumes the form

∂f̂s

∂ t̂cell
+

s∑
i=1

v̂i cell · ∂f̂s

∂ r̂i cell
+ α

s∑
i=1

F̂i · ∂f̂s

∂ v̂i cell
+

s∑
i,j=1

F̂ij · ∂f̂s

∂ v̂i cell

= −ε 1

N

s∑
i=1

N∑
j=s+1

F̂ij · ∂

∂ v̂i cell
f̂s+1 dΩ̂s+1, (8.4.23)

whereα = F ex
0 /F0 cell. We will follow the many-scale method and represent the dimen-

sionlesss-particle distribution function as a function of three groups of scales andε,

f̂s = f̂s (t̂cell, r̂i cell, v̂i cell; t̂τ , r̂iτ , v̂iτ ; t̂L, r̂iL, v̂iL; ε), (8.4.24)

and introduce the expansion

f̂s =
∞∑
υ=0

f̂ υs (t̂cell, r̂i cell, v̂i cell; t̂τ , r̂iτ , v̂iτ ; t̂L, r̂iL, v̂iL; )ευ. (8.4.25)

The derivatives in the left-hand part of Eq. (8.4.23) are calculated by the rule of
differentiation of composite function,

df̂s
dt̂cell

= ∂f̂s

∂ t̂cell
+ εε2∂f̂s

∂ t̂τ
+ εε1ε2∂f̂s

∂ t̂L
, (8.4.26)

df̂s
dr̂i cell

= ∂f̂s

∂ r̂i cell
+ εε2ε3 ∂f̂s

∂ r̂iτ
+ εε1ε2ε3ε4 ∂f̂s

∂ r̂iL
, (8.4.27)

df̂s
dv̂i cell

= ∂f̂s

∂ v̂i cell
+ εε2F0 cell

F0τ

∂f̂s

∂ v̂iτ
+ εε2ε4F0 cell

F0τ

∂f̂s

∂ v̂iL
, (8.4.28)

using the notation

ε1 = τ

τL
, ε2 = pV

RT
, ε3 = v0 cell

v0τ
,

ε4 = v0τ

v0L
, F0τ = v0τ

τ
, F0 cell = v2

0 cell

rcell
;

the symbol̂ indicates dimensionless quantities. One can introduce the analog of Knud-
sen number,

Knfl = τv0τ

τLv0L
= ε1ε4. (8.4.29)

No restrictions are introduced on the above-identified parameters.
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We will now substitute series (8.4.25) into approximation derivatives (8.4.26)–
(8.4.28), and the derived expressions – into Eq. (8.4.23). Besides, in the right-hand part
of (8.4.23), we also use the notation̂fs+1 in the form of the above-mentioned series.
We will equate the expressions for the same values ofε.

For ε0, we find

∂f̂ 0
s

∂ t̂cell
+

s∑
i=1

v̂i cell · ∂f̂
0
s

∂ r̂i cell
+

s∑
i,j=1

F̂ij · ∂f̂
0
s

∂ v̂i cell

+ α
s∑
i=1

F̂i · ∂f̂
0
s

∂ v̂i cell
= 0. (8.4.30)

For ε1, we derive

∂f̂ 1
s

∂ t̂cell
+

s∑
i=1

v̂i cell · ∂f̂
1
s

∂ r̂i cell
+

s∑
i,j=1

F̂ij · ∂f̂
1
s

∂ v̂i cell
+ α

s∑
i=1

F̂i · ∂f̂
1
s

∂ v̂i cell
+ ε2∂f̂

0
s

∂ t̂τ

+ ε2ε3
s∑
i=1

v̂i cell · ∂f̂
0
s

∂ r̂iτ
+ ε2F0 cell

F0τ

s∑
i,j=1

F̂ij · ∂f̂
0
s

∂ v̂iτ

+ αε2F0 cell

F0τ

s∑
i=1

F̂i · ∂f̂
0
s

∂ v̂iτ
+ ε1ε2∂f̂

0
s

∂ t̂L
+ ε1ε2ε3ε4

s∑
i=1

v̂i cell · ∂f̂
0
s

∂ r̂iL

+ ε2ε4F0 cell

F0τ

s∑
i,j=1

F̂ij · ∂f̂
0
s

∂ v̂iL
+ αε2ε4F0 cell

F0τ

s∑
i=1

F̂i · ∂f̂
0
s

∂ v̂iL

= − 1

N

s∑
i=1

N∑
j=s+1

F̂ij · ∂

∂ v̂i cell
f̂ 0
s+1 dΩ̂j . (8.4.31)

For s = 1, with due regard for the indistinguishability of particles and for the condition
of s�N , Eq. (8.4.31) yields

∂f̂ 1
1

∂t̂cell
+ v̂i cell · ∂f̂

1
1

∂ r̂1 cell
+ αF̂1 · ∂f̂ 1

1

∂ v̂1 cell
+ ε2∂f̂

0
1

∂t̂τ
+ ε2ε3v̂1 cell · ∂f̂

0
1

∂ r̂1τ

+ αε2F0 cell

F0τ
F̂1 · ∂f̂

0
1

∂ v̂1τ
+ ε1ε2∂f̂

0
1

∂t̂L
+ ε1ε2ε3ε4v̂1 cell · ∂f̂

0
1

∂ r̂1L

+ αε2ε4F0 cell

F0τ
F̂1 · ∂f̂

0
1

∂ v̂1L
= −

∫
F̂12 · ∂

∂ v̂1 cell
f̂ 0

2 dΩ̂2. (8.4.32)



Physics of plasma and liquids 333

We will now write Eq. (8.4.23) fors = 2 and use the derived relation to represent the
integral in the right part of (8.4.32) in the form

−
∫

F̂12 · ∂

∂ v̂1 cell
f̂ 0

2 dΩ̂2 =
∫
(v̂1 cell − v̂2 cell) · ∂f̂

0
2

∂ x̂12
dΩ̂2

+
∫ [

∂f̂ 0
2

∂t̂cell
+ v̂1 cell · ∂f̂

0
2

∂ r̂1 cell
+ αF̂1 · ∂f̂

0
2

∂ v̂1 cell
+ αF̂2 · ∂f̂

0
2

∂ v̂2 cell

]
dΩ̂2

+
∫

F̂21 · ∂f̂2

∂ v̂2 cell
dΩ̂2, (8.4.33)

wherex̂12 = r̂1 cell − r̂2 cell defines distance between certain liquid particles designated
by the numbers 1 and 2. The last integral term in (8.4.33) vanishes, because it may be
transformed to integrals over the surface that is infinitely removed in the velocity space,
where the distribution function goes to zero. Using Eq. (8.4.30) written fors = 1 (see
also (8.1.9), (8.1.12)), as a result the collision integral assumes the form

−
∫

F̂12 · ∂

∂ v̂1 cell
f̂ 0

2 dΩ̂2 =A+B +C, (8.4.34)

where

A=
∫
f̂ 0

1,1

∂f̂ 0
1,2

∂t̂cell
dΩ̂2, (8.4.35)

B =
∫
(v̂1 cell − v̂2 cell) · ∂f̂

0
2

∂ x̂12
dΩ̂2, (8.4.36)

C =
∫ [

DW0
2

Dt̂cell

]
dΩ̂2, (8.4.37)

where the correlation functionW0
2 is introduced

f 0
2 (t, r1,v1, r2,v2)

= f 0
1 (t, r1,v1)f

0
1 (t, r2,v2)+W0

2 (t, r1,v1, r2,v2). (8.4.38)

As it was shown in Section 8.1, integralA leads to appearance of self-consistent forces
in substantive derivatives, integralB may be transformed to the Boltzmann form. Inte-
gralC is equal to zero as containing the correlation functions ofzerothorder inε.

We return to dimensional variables to derive the kinetic equation that is valid for all
three scales in a lower approximation ins

Df 1
1,1

Dt
+ Df 0

1,1

Dt
=

∫ [
f 01

1,1f
01
1,2 − f 0

1,1f
0
1,2

]
gbdbdϕ dv̂2. (8.4.39)
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Here, the prime indicates the parameters of particles after interaction; integration is
performed on theτ0-scale. Eq. (8.4.39) remains linked by the superscript in the first
term of the left-hand part of (8.4.39), where the notation

D

Dt
≡ ∂

∂t
+ v1 · ∂

∂r1
+ Fsc

1 · ∂
∂v1

(8.4.40)

is introduced,Fsc
1 is the effective force acting on the particle on the cell scale.

We will treat

Df 1
1,1

Dt
= D

Dt

(
∂f1,1

∂ε

)
ε=0
, (8.4.41)

introduce the assumption of theε-dependence of the one-particle distribution function
on the cell scale in terms of the dynamic variablesr, v, t , and use the irreversibility of
time. Then,

Df 1
1,1

Dt
= − D

Dt

[
1

(∂ε/∂t)ε=0

Df 0
1,1

Dt

]
. (8.4.42)

Consider now the relaxation form(∂ε/∂t)ε=0. Physically, this means that it is nec-
essary to find out how many particles will enter the cell per unit time under additional
condition ofε = 0. Relaxation time can be estimated as mean timeτ ∗ of particle resi-
dence in the cell, then(

∂ε

∂t

)
ε=0

= τ ∗−1. (8.4.43)

From (8.4.20), there follows the representation of the time of particle residence in the
cell

τ ∗ = τ0 eW/RT + τ ∗
r (8.4.44)

and the possibility of expressingτ ∗ in terms of hydro-dynamic quantities,

τ ∗ =Π µ
p
. (8.4.45)

The second term in the right-hand part of (8.4.44) includes the correction of the time
of particle residence in the cell for pair interaction, when the system in the liquid state
approaches the gaseous state. Namely,

τ ∗ =
{
τ0 eW/(RT ) + τ ∗

r (V � Vt),
τ0 eW/(RT ) (V � Vt),

τ ∗
r = τr V − Vt

V
.

(8.4.46)
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As a result, the kinetic equation for liquid assumes the form (in what follows, the
superscript0 is omitted)

Df1,1

Dt
− D

Dt

(
τ ∗Df1,1

Dt

)
=

∫ [
f ′

1,1f
′
1,2 − f1,1f1,2

]
gbdbdϕ dv2. (8.4.47)

The kinetic equation (8.4.47) transforms asymptotically to the generalized Boltz-
mann equation for rarefied gases. It should be noticed that corrections of local Boltz-
mann collision integral – related to correlation functions – begin in the following ap-
proximation inε. In this sense situation is analogous to developed plasma kinetic the-
ory where corresponding collision integral incorporates effects of plasma polarization
in following approximations.

Further derivation of generalized hydrodynamic Enskog equations may be performed
analogously of the previous considerations. In so doing, the parameterτ ∗ defined by
relation (8.4.46) is introduced into the equations.

For a one-component non-reacting medium in the absence of magnetic field, gener-
alized hydrodynamic equations take the following form:

– continuity equation,

∂

∂t

{
ρ − τ ∗

[
∂ρ

∂t
+ ∂

∂r
· (ρv̄)

]}
+ ∂

∂r
·
{
ρv̄ − τ ∗

[
∂

∂t
(ρv̄)+ ∂

∂r
· (ρvv)− ρF(1)

]}
= 0, (8.4.48)

– equation of motion,

∂

∂t

{
ρv̄ − τ ∗

[
∂

∂t
(ρv̄)+ ∂

∂r
· ρvv − ρF(1)

]}
− F(1)

[
ρ − τ ∗

(
∂ρ

∂t
+ ∂

∂r
· ρv̄

)]
+ ∂

∂r
·
{
ρvv − τ ∗

[
∂

∂t
(ρvv)

+ ∂

∂r
· ρ(vv)v − ρF(1)v̄ − ρv̄F(1)

]}
= 0, (8.4.49)

– energy equation,

∂

∂t

{
ρv2

2
− τ ∗

[
∂

∂t

ρv2

2
+ ∂

∂r
· 1

2
ρv2v − F(1) · ρv̄

]}
+ ∂

∂r
·
{

1

2
ρv2v − τ ∗

[
∂

∂t

1

2
ρv2v + ∂

∂r
· 1

2
ρv2vv − ρF(1) · vv

− 1

2
ρv2F(1)

]}
−

{
ρF(1) · v̄ − τ ∗

[
F(1) ·

(
∂

∂t
(ρv̄)

+ ∂

∂r
· ρvv − ρF(1)

)]}
= 0, (8.4.50)
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whereρ is the density of liquid, the bar over expressions depending on the own velocity
of particles is indicative of averaging over the velocity using the one-particle distribution
function.

Note in conclusion thatτ ∗ transforms to the value ofτr for rarefied gas, this pro-
viding for a “through” description of the liquid–gas system using generalized hydrody-
namic equations (8.4.48)–(8.4.50).

Write down now GHE using notations of averaged values, for example

ρa = ρ − τ ∗
[
∂ρ

∂t
+ ∂

∂r
· (ρv̄)

]
. (8.4.51)

Then densityρa corresponds to mass containedinside the control unit volume filled
with the particles offinite sizes. The other velocity moments have analogous physical
sense. As a result, we have for the mentioned case:

– continuity equation

∂ρa

∂t
+ ∂

∂r
· (ρv̄)a = 0, (8.4.52)

– momentum equation

∂

∂t
(ρv̄)a − (

ρF(1)
)a + ∂

∂r
· (ρvv )a = 0, (8.4.53)

– energy equation

∂

∂t

(
ρv2

)a + ∂

∂r
· (
ρv2v

)a − 2
(
ρF(1) · v̄

)a = 0. (8.4.54)

Systems of generalized hydrodynamic equations written in form (8.4.48)–(8.4.50)
and (8.4.52)–(8.4.54) can be considered from the position of theory of super-fluidity
developed by Landau (1941b, 1947). In phenomenological theory of superfluidity, hy-
drodynamic parameters – in particular density of mass flux and density of quantum
liquid – are represented as a sum of normal and superfluid components:

j = js + jn, ρ = ρs + ρn. (8.4.55)

Obviously, the structure of GHE coincides with Landau equations if to correlate now
the superfluid component (s-component) with averaged values in GHE (for example,
ja andρa ) and normal component (n-component) with fluctuation parameters in GHE
(for examplejfl andρfl). In this case Eqs. (8.4.52)–(8.4.54) have the character of Euler
equations. In general case, the separation of normal and super-fluid components of liq-
uid is not possible, the flow of liquid helium is said to consider as non-viscous flow in
viscous media.
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As it was indicated above, the generalized Boltzmann equation in particular and
the generalized Boltzmann kinetic theory on the whole are really “working” theoreti-
cal instrument for solving applied problems. Certainly, tremendous quantity of applied
problems can be considered. But first of all the following problems can be indicated:

(1) Calculations of turbulent flows (with taking into account the explicit form of Kol-
mogorov micro turbulent fluctuations) from the first principles of physics.

(2) Calculations of the flows by the intermediate Knudsen numbers and as the conse-
quence the “through” calculations of gas dynamics flows including the structure of
shock waves.

(3) Calculations of flows in plasma devices and gas discharge devices where the particle
collisions are significant.

(4) Investigation of transport processes in ionosphere.
(5) Investigation of transport processes in semiconductors.

To conclude, the results presented here are only a part of what the generalized kinetic
theory has produced during about two decades of its development – the years, one is
safe to say, which have showed it to be a highly effective tool for solving many physical
problems in areas where the classical theory runs into difficulties.
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Appendices

Appendix 1. Derivation of energy equation for invariant Eα =mαV 2
α /2+ εα

Generalized hydrodynamic Enskog energy equation for invariantEα = mαV 2
α /2 + εα

is written as∫
Eα

{
∂fα

∂t

[
1− ∂τα

∂t
− vα · ∂τα

∂r

]
+ vα · ∂fα

∂r

[
1− ∂τα

∂t
− vα · ∂τα

∂r

]
+ Fα · ∂fα

∂vα

[
1− ∂τα

∂t
− vα · ∂τα

∂r

]
− τα

[
∂2fα

∂t2
+ 2

∂2fα

∂r∂t
· vα + ∂2fα

∂r∂r
: vαvα + 2

∂2fα

∂vα∂t
· Fα

+ ∂Fα
∂t

· ∂fα
∂vα

+ Fα · ∂fα
∂r

+ qα

mα

∂fα

∂vα

(
F(1)α × B

)
+ ∂fα

∂vα
· [

B(vα · B)−B2vα
]( qα
mα

)2

+ ∂fα

∂vα
vα : ∂

∂r
Fα + ∂2fα

∂vα∂vα
: FαFα

+ 2
∂2fα

∂vα∂r
: vαFα

]}
dvα = J en

α . (A1.1)

Transformation of the terms on the left-hand side of Eq. (A1.1) is realized in a similar
manner as it was indicated in Section 2.7. Then in transformations that follow we present
as reference source the results of integral calculations which deserve further comments.

(1)
∫
Eα
∂fα

∂t
dvα = ∂

∂t

(
nα�Eα

) + jα · ∂v0

∂t
. (A1.2)

Internal energỹUα of particles of speciesα (per mass unit) is defined as

nα�Eα = ραŨα. (A1.3)

Then

nα�Eα = 3

2
nαkBTα + εαnα = 3

2
pα + εαnα = ραŨα. (A1.4)
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For gas mixture we have

ρŨ = 3

2
p+

∑
α

εαnα. (A1.5)

(2)
∫
Eαvα · ∂fα

∂r
dvα = ∂

∂r
· (

v0ραŨα
) + ∂

∂r
· qT
α + jα ·

(
v0 · ∂

∂r

)
v0

− ραVα ·
(

Vα · ∂
∂r

)
Vα. (A1.6)

Let us recall that flux densities of heat and mass can be written as

qT
α = 1

2
ραV 2

αVα + εαnα�Vα,

jα =mαnα�Vα.
(3)

∫
EαFα · ∂fα

∂vα
dvα = −ραFα · Vα. (A1.7)

(4)

∫
Eαvα · ∂τα

∂r
∂fα

∂t
dvα

= v0 · ∂τα
∂r

∂

∂t

(
ραŨα

) + ∂τα

∂r
· ∂qT

α

∂t
+ ∂τα

∂r
· v0

(
jα · ∂v0

∂t

)
+ ∂τα

∂r
·
(
P
↔
α · ∂v0

∂t

)
, (A1.8)

where pressure tensorP
↔
α is

P
↔
α = ραVαVα.

(5)
∫
Eαvα · ∂fα

∂r

(
vα · ∂τα

∂r

)
dvα

= ∂τα

∂r
·
[
∂

∂r
· (

v0v0ραŨα
)]

+ ∂τα

∂r
·
[
∂

∂r
· v0qT

α

]
+ ∂τα

∂r
·
[
∂

∂r
· qT
αv0

]
+ ∂τα

∂r
·
[
∂

∂r
· nαEαVαVα

]
+ ∂τα

∂r
·
[
ραVα ·

(
v0Vα · ∂

∂r

)
v0

]
+ ∂τα

∂r
·
[
ραVα ·

(
Vαv0 · ∂

∂r

)
v0

]
+ ∂τα

∂r
·
[
ραVα · (VαVα · ∂

∂r
)v0

]
+ ∂τα

∂r
·
[

v0v0 ·
(

jα · ∂
∂r

)
v0

]

= ∂τα

∂r
∂

∂r
: nαEαvαvα + ρα

(
∂τα

∂r
· vα

)
Vα ·

(
vα · ∂

∂r

)
v0. (A1.9)
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(6)
∫
Eα

(
Fα · ∂fα

∂vα

)
vα · ∂τα

∂r
dvα = −∂τα

∂r
· (
nαEαFα

)
−

(
∂τα

∂r
· v0

)
nαVα · Fα − nα

(
∂τα

∂r
· Vα

)
Vα · Fα. (A1.10)

(7)

∫
Eα
∂fα

∂t
vα · ∂τα

∂r
dvα

= ∂qT
α

∂t
· ∂τα
∂r

+ ∂τα

∂r
· ∂
∂t

(
v0ραŨα

) + ραvαVα : ∂v0

∂t

∂τα

∂r
. (A1.11)

(8)
∫
Eα
∂2fα

∂t2
dvα

= ∂2

∂t2

(
ραŨα

) + ρα
(
∂v0

∂t

)2

− jα · ∂
2v0

∂t2
+ 2

∂jα
∂t

· ∂v0

∂t
. (A1.12)

(9)
∫
Eα
∂2fα

∂r∂t
· vα dvα

= ∂2

∂r∂t
·
[

qT
α + v0nαεα + v0 · P↔α + 3

2
pαv0 + ραv

2
0

2
v0

]
− v0 ·

[
∂2

∂r∂t
· (
P
↔
α + ραv0v0

)]
+ 1

2
v2

0
∂2

∂r∂t
· ραv0. (A1.13)

(10)
∫
Eα
∂2fα

∂r∂r
: vαvα dvα

= 1

2

∂2

∂r∂r
: ραv2

αvαvα −
[(

∂2

∂r∂r
: ραvαvα

)
vα

]
· v0

+ 1

2
v2

0
∂2

∂r∂r
: ραvαvα + εα

mα

∂2

∂r∂r
: ραvαvα

= 1

2

∂2

∂r∂r
: v2

0P
↔
α + ∂2

∂r∂r
: {
ρα(VαVα)(v0 · Vα)

}
+ 1

2

∂2

∂r∂r
: ρα(VαVα)V 2

α + 2
∂2

∂r∂r
: {
ρα(Vαv0)Vα · v0

}
+ ∂2

∂r∂r
: {
ρα(Vαv0)V 2

α

} + 1

2

∂2

∂r∂r
: {
ρα(v0v0)v

2
0

}
+ 3

2

∂2

∂r∂r
: {
pα(v0v0)

} − v0 · ∂2

∂r∂r
: {(
P
↔
α + ραv0v0

)
v0

}
− 2v0 · ∂2

∂r∂r
: {
ρα(Vαv0)Vα

} − v0 · ∂2

∂r∂r
: {
ρα(VαVα)Vα

}
+ 1

2
v2

0
∂2

∂r∂r
: ραv0v0 + ∂2

∂r∂r
: {
εα

[
P
↔
α + 2v0jα + ραv0v0

]}



342 Generalized Boltzmann Physical Kinetics

+ 1

2
v2

0
∂2

∂r∂r
: P↔α. (A1.14)

(11)
∫
Eα
∂2fα

∂vα∂t
· Fα dvα

= − ∂

∂t

(
F(1)α · jα

) − qα ∂
∂t

[
nα(vα × B) · Vα

]
+ ρα ∂

∂t

(
F(1)α · Vα

) + qαnα ∂
∂t

[
(vα × B) · Vα

]
. (A1.15)

(12)
∫
Eα
∂Fα
∂t

· ∂fα
∂vα

dvα = −
[
qα

mα

(
v0 × ∂B

∂t

)
+ ∂F(1)α

∂t

]
· jα.

(13)
∫
EαFα · ∂fα

∂r
dvα =

(
F(1)α · ∂

∂r

)(
ραŨα

) + ρα v̄αF(1)α : ∂
∂r

v0

− 1

2
ρα

(
F(1)α · ∂

∂r

)
v2

0 + qα

mα

∂

∂r
· [
ραŨαv0 × B

] + qα

mα

∂

∂r
· [qT

α × B]

+ 1

2
qαnαv2

αvα · rotB − qαnαvα · rot
[
(vα · v0)

]
B

+ 1

2
qαnα v̄α · rot

(
v2

0B
) + qα

mα
εαnα v̄α · rotB. (A1.16)

(14)
∫
Eα
∂fα

∂vα
· (

F(1)α × B
)
dvα = −(

F(1)α × B
) · jα. (A1.17)

(15)
∫
Eα
∂fα

∂vα
· vα dvα = −[

3ραŨα + ραV 2
α + v0 · jα

]
. (A1.18)

(16)
∫
Eα
∂fα

∂vα
vα : ∂

∂r
Fα dvα

= −nαVαvα : ∂
∂r

Fα − ραŨα ∂
∂r

· F(1)α + nα qα
mα
Eαvα · rotB. (A1.19)

(17)
∫
Eα

∂2fα

∂vα∂vα
: FαFα dvα

= ραF (1)2α +
(
qα

mα

)2

ρα
{[
B2(
v2

0 − 2Ũα − V 2
α

)] + (Vα · B)2 − (v0 · B)2

+ 2(B · v0)
(
B · �Vα

)}
. (A1.20)

(18)
∫
Eα

∂2fα

∂vα∂r
: vαFα dvα

= −F(1)α ·
[
∂

∂r
· P↔α + ∂

∂r
· v0jα +

(
jα · ∂

∂r

)
v0 + ρα

(
v0 · ∂

∂r

)
v0

]
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−
(

F(1)α · ∂
∂r

)
ραŨα −

(
F(1)α · ∂

∂r
v0

)
· jα

+ ∂

∂r
· [

v0v0 · (qαnαv̄α × B)
] + qα ∂

∂r
· [
nαv0 · (vα × B)Vα

]
+

(
v0 · qαnα ∂

∂r

)[
(v0 × B) · Vα

]
+ qα

mα
P
↔
α : ∂
∂r
(v0 × B)

+ (v0 × B) · qαnα
(

Vα · ∂
∂r

)
Vα − ∂

∂r
·
[
(v0 × B)

qα

mα
ραŨα

]
− qα

mα

∂

∂r
· (

qT
α × B

) + 3

2
kB
qα

mα

[
(v0 × B) · ∂

∂r

]
Tα

+ 1

2
qαnα

[
(Vα × B) · ∂

∂r

]
V 2
α − qα

mα
ραŨαv0 · rotB

− qα

mα
qT
α · rotB. (A1.21)

Using relations (A1.2)–(A1.21) for transformation of energy equation (A1.1), the
following form of energy equation can be found for invariantEα :[

∂

∂t

(
ραŨα

) + jα · ∂v0

∂t
+ ∂

∂r
· (

v0ραŨα
) + ∂

∂r
· qT
α + jα ·

(
v0 · ∂

∂r

)
v0

− ραFαVα − ραVα ·
(

Vα · ∂
∂r

)
Vα

](
1− ∂τα

∂t

)
− ∂qT

α

∂t
· ∂τα
∂r

− ∂τα

∂r
· ∂
∂t

(
v0ραŨα

) − ραvαVα : ∂v0

∂t

∂τα

∂r
− ∂τα

∂r
∂

∂r
: nαEαvαvα

− ρα
(
∂τα

∂r
· vα

)
Vα ·

(
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)
v0 + ∂τα
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(
nαEαFα

)
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∂τα

∂r
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)
nαFα · Vα + nα

(
∂τα

∂r
· Vα

)
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{
ρα v̄αF(1)α : ∂

∂r
v0

− 1

2
ρα

(
F(1)α · ∂

∂r

)
v2

0 + 1

2
qαnαv2

αvα · rotB − qαnαvα · rot
[
(vα · v0)B

]
+ 1

2
qαnαvα · rot

(
v2

0B
) + qα

mα
εαnα v̄α · rotB −

[
qα

mα

(
v0 × ∂B

∂t

)

+ ∂F(1)α
∂t

]
· jα − qα

mα

(
F(1)α × B

) · jα +
(
qα

mα

)2

B2v0 · jα − nαVαvα : ∂
∂r

Fα

− ραŨα ∂
∂r

· F(1)α + ∂2

∂t2

(
ραŨα

) + ρα
(
∂v0

∂t

)2

− jα · ∂
2v0

∂t2
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+ 2
∂jα
∂t

· ∂v0

∂t
+ 1

2

∂2

∂r∂r
: ρv2

αvαvα

−
[(

∂2

∂r∂r
: ραvαvα

)
vα

]
· v0 + 1

2
v2

0
∂2

∂r∂r
: ραvαvα

+ εα

mα

∂2

∂r∂r
: ραvαvα + ραF (1)2α + ρα

(
qα

mα

)2[
B2v2

0−(v0 · B)2

+ (v0 · B)
(�Vα · B

)] − 2F(1)α ·
[
∂

∂r
· P↔α + ∂

∂r
· v0jα +

(
jα · ∂

∂r

)
v0

+ ρα
(

v0 · ∂
∂r

)
v0

]
−

(
F(1)α · ∂

∂r

)
ραŨα − 2

(
F(1)α · ∂

∂r
v0

)
· jα

+ 2
∂

∂r
· [

v0v0 · (qαnα v̄α × B)
] + 2qα

∂

∂r
· [
nαv0(vα × B)Vα

]
+ 2

(
v0 · qαnα ∂

∂r

)[
(v0 × B) · Vα

] + 2
qα

mα
P
↔
α : ∂
∂r
(v0 × B)

+ 2(v0 × B) · qαnα
(

Vα · ∂
∂r

)
Vα − qα

mα

∂

∂r
· [
(v0 × B)ραŨα

]
− qα

mα

∂

∂r
· (

qT
α × B

) + qα

mα

[
(v0 × B) · ∂

∂r

](
ραV 2

α

)
+ qα

mα
ρα

[
(Vα × B) · ∂

∂r

]
V 2
α − v0 · rotB

qα

mα
ραŨα − qα

mα
qT
α · rotB

− 2
qα

mα

∂

∂t

[
ρα(vα × B) · Vα

] + 2
qα

mα
ρα
∂

∂t

[
(vα × B) · Vα

]
− 2

∂

∂t

(
F(1)α · jα

) + 2ρα
∂

∂t

(
F(1)α · Vα

) + ∂2

∂r∂t
· ραvαv2

α

− 2v0 ·
[
∂2

∂r∂t
· ραvαvα

]
+ v2

0
∂2

∂r∂t
· ρα v̄α

+ 2
∂2

∂r∂t
· (εαnα v̄α)

}
= J en,V

α . (A1.22)

In the generalized Euler approximation (for local Maxwellian distribution function),
the following relations are valid:

(19) ραVα ·
(

Vα · ∂
∂r

)
Vα = −ραV

2
α

3

∂

∂r
· v0. (A1.23)

(20) ∂τ
(0)
α

∂r
∂

∂r
: nαEαvαvα = ∂τ

(0)
α

∂r
∂

∂r
: (
ραŨαv0v0

)
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+ ∂τ
(0)
α

∂r
∂

∂r
:
(

5

2
kBTα

pα

mα
I
↔

)
+ ∂τ

(0)
α

∂r
∂

∂r
: εα
mα
pαI

↔
, (A1.24)

where

pα = nαkBTα.

(21) ρα

(
∂τ
(0)
α

∂r
· vα

)
Vα ·

(
vα · ∂
∂r

)
v0

= ∂τ
(0)
α

∂r
· v0

(
∂

∂r
· v0

)
pα +pα ∂τ

(0)
α

∂r
v0 : ∂

∂r
v0. (A1.25)

(22)
∂2

∂r∂r
: ραV 2

αVαVα = 5kB�

(
Tα
pα

mα

)
, (A1.26)

where operator�≡ ∂2/∂x2 + ∂2/∂y2 + ∂2/∂z2 is Laplacian.

(23)
∂2

∂r∂r
: ρα(Vαv0)Vα · v0 = ∂2

∂r∂r
: pαv0v0. (A1.27)

(24)
∂2

∂r∂r
: ραvαvα = ∂2

∂r∂r
: ραv0v0 + ∂2

∂r∂r
: pαI↔. (A1.28)

(25)

[(
∂2

∂r∂r
: ραv0Vα

)
Vα

]
· v0 = 1

3

(
∂2

∂r∂r
· ραV 2

α v0

)
· v0. (A1.29)

(26) ∂2

∂r∂t
· (
ραvαv2

α

)
= ∂2

∂r∂t
· ραv0v

2
0 + ∂2

∂r∂t
· ραv0V 2

α + 2
∂2

∂r∂t
· (
ραVα(v0 · Vα)

)
. (A1.30)

As a result, the generalized Euler energy equation (for non-reacting mixture of gases
(εα = 0) in the absence of external forces) is written as[

∂

∂t

(
ραŨα

) + 1

3
ραV 2

α

∂

∂r
· v0 + ∂

∂r
· (

v0ραŨα
)](

1− ∂τ
(0)
α

∂t

)

− ∂τ
(0)
α

∂r
· ∂
∂t

(
v0ραŨα

) − pαI↔ : ∂v0

∂t

∂τ
(0)
α

∂r
− ∂τ

(0)
α

∂r
∂

∂r
: (
ραŨαv0v0

)
− ∂τ

(0)
α

∂r
∂

∂r
:
(

5

2
kBTα

pα

mα
I
↔

)
− ∂τ

(0)
α

∂r
· v0pα ·

(
∂

∂r
· v0

)

− pα ∂τ
(0)
α

∂r
v0 : ∂

∂r
v0 − τ (0)α

{
∂2

∂t2

(
ραŨα

) + ρα
(
∂v0

∂t

)2
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+ 5

2
kB�

(
Tα
pα

mα

)
+ 1

2

∂2

∂r∂r
: ραv2

0v0v0 + 1

2

∂2

∂r∂r
: (
ραV 2

α v0v0
)

+ 1

2

∂2

∂r∂r
: (
v2

0pαI
↔ ) + 2

∂2

∂r∂r
: pαv0v0 −

[(
∂2

∂r∂r
: ραv0v0

)
v0

]
· v0

−
[(

∂2

∂r∂r
: pαI↔

)
v0

]
· v0 − 2

3

[
∂2

∂r∂r
· ραV 2

α v0

]
· v0 + 1

2

∂2

∂r∂r
: ραv0v0

+ 1

2
v2

0
∂2

∂r∂r
: pαI↔ + ∂2

∂r∂t
· ραv0v

2
0 + 5

3

∂2

∂r∂t
· ραv0V 2

α

− 2v0 ·
[
∂2

∂r∂t
· ραv0v0

]
− 2v0

(
∂2

∂r∂t
· pαI↔

)
+ v2

0
∂2

∂r∂t
· ραv0

}
= J en,V

α . (A1.31)

Eq. (A1.31) can be simplified for single-species one-dimensional case

[
∂

∂t

(
ρŨ

) + p∂v0

∂x
+ ∂

∂x

(
ρv0Ũ

)](
1− ∂τ (0)

∂t

)
−

[
∂

∂t

(
v0ρŨ

) + p∂v0

∂t
+ ∂

∂x

(
v2

0ρŨ
) + 5

2

∂

∂x

(
kBT

p

m

)

+ 2pv0
∂v0

∂x

]
∂τ (0)

∂x
− τ (0)

{
∂2

∂t2

(
ρŨ

) + ρ
(
∂v0

∂t

)2

+ 5

2
kB
∂2

∂x2

(
pT

m

)
+ 1

2

∂2

∂x2

(
ρv4

0

) + 4
∂2

∂x2

(
pv2

0

) − v0
∂2

∂x2

(
ρv3

0

) − 3v0
∂2

∂x2

(
pv0

)
+ 1

2
v2

0
∂2

∂x2

(
ρv2

0

) + 1

2
v2

0
∂2p

∂x2 + ∂2

∂x∂t

(
ρv3

0

) + 5
∂2

∂x∂t
(pv0)

− 2v0
∂2

∂x∂t

(
ρv2

0

) − 2v0
∂2p

∂x∂t
+ v2

0
∂2

∂x∂t
(ρv0)

}
= 0, (A1.32)

in this caseρŨ = 3
2p.

Energy equation for invariantmαv2
α/2 + εα can be obtained from the energy equa-

tion for invariantEα as linear combination of hydrodynamic transport equations. Par-
ticularly we obtain energy of Eq. (2.7.54) after summation of Eq. (A1.32) (multiplied
by two), one-dimensional motion of Eq. (2.7.53) (multiplied term-by-term by hydrody-
namic velocityv0), and continuity equation (2.7.52), multiplied byv2

0. Then the ques-
tion about the application of one or another form of equation is the question of easiness
of the concrete calculation.
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Appendix 2. Three-diagonal method of Gauss elimination technics
for the differential third-order equation

Let us consider a highly effective numerical method for solution of boundary problems
described by ordinary differential equation of the third order. This method is known
in the West as three-diagonal method of Gauss elimination, and in the East as “pro-
gonka” (“sweep”). “Progonka” was applied in the theory of the gas dynamic boundary
layer with chemical reactions as early as in the beginning of sixties (see, for example,
Alexeev, 1967, 1982) and introduced by the author the iterative procedure of suppres-
sion of arising oscillations is now universally adopted element of numerical solution of
differential equations.

The aim of this appendix is to show how to construct “progonka” method for differ-
ential equation

b1y
′′′ + b2y

′′ + b3y
′ + b4y + b5 = 0. (A2.1)

It is assumed that coefficientsbi (i = 1, . . . ,5) are functions only of the independent
variablex; in the following we intend to discuss how to avoid this restriction.

As an example, the boundary conditions are chosen in the form

x = a: y = α, y ′ = β,
x = b: y = γ. (A2.2)

The second-order scheme is introduced using a uniform partition of the interval[a, b]
with the mesh widthh (x0 = a, . . . , xn = b), xk = x0 + kh, k = 0, . . . , n, and

y ′
k = yk+1 − yk−1

2h
, (A2.3)

y ′′
k = yk+1 − 2yk + yk−1

h2
, (A2.4)

y ′′′
k = yk+2 − 2yk+1 + 2yk−1 − yk−2

2h3 . (A2.5)

Using (A2.1)–(A2.5), we find

b1k
yk+2 − 2yk+1 + 2yk−1 − yk−2

2h3
+ b2k

yk+1 − 2yk + yk−1

h2

+ b3k
yk+1 − yk−1

2h
+ b4kyk + b5k = 0, (A2.6)

and fork = 2, . . . , n− 2,

yk = yk−2
−b1k

4hb2k − 2h3b4k
+ yk−1

2b1k + 2hb2k − b3kh
2

4hb2k − 2h3b4k
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+ yk+1
−2b1k + 2hb2k − b3kh

2

4hb2k − 2h3b4k
+ yk+2

b1k

4hb2k − 2h3b4k

+ 2h3b5k

4hb2k − 2h3b4k
. (A2.7)

Newton formula leads to the approximation function

y(xm − th)= y(xm)− t

1!�ym + t (t − 1)

2! �2ym − t (t − 1)(t − 2)

3! �3ym

+ t (t − 1)(t − 2)(t − 3)

4! �4ym +R5 (A2.8)

in the pointxm − th, wheret is an integer or a fractional number and finite differences
can be calculated as

�ym = ym − ym−1,

�ym−1 = ym−1 − ym−2,

�ym−2 = ym−2 − ym−3,

�ym−4 = ym−4 − ym−5,

�2ym =�ym−�ym−1 = ym − 2ym−1 + ym−2,

�2ym−1 =�ym−1 −�ym−2 = ym−1 − 2ym−2 + ym−3,

�3ym =�2ym −�2ym−1 = ym − 3ym−1 + 3ym−2 − ym−3,

�3ym−1 =�2ym−1 −�2ym−2 = ym−1 − 3ym−2 + 3ym−3 − ym−4,

�4ym =�3ym −�3ym−1 = ym − 4ym−1 + 6ym−2 − 4ym−3 + ym−4.

(A2.9)

Let us introduce the variablex = xm − th, thent = (xm − x)/h, andt ′x = −h−1. After
differentiating (A2.8) with respect tox, we find

y ′
x = −�yt ′x + 2t − 1

2! �2yt ′x,

y ′′
x =�2y(t ′x)2 − 6t − 6

3! �3y(t ′x)2 + 12t2 − 36t+ 22

4! �4y(t ′x)2,

y ′′′
x = −�3y(t ′x)3 + 24t− 36

4! �4y(t ′x)3,

(A2.10)

or for the pointxm−1,

y ′
x(xm−1)= ym − ym−2

2h
, (A2.11)

y ′′
x (xm−1)= 1

h2

(
�2y

)
m

− 1

12h2
(
�4y

)
m

= 1

h2

[
ym − 2ym−1 + ym−2 − 1

12
ym + 1

3
ym−1 − 1

2
ym−2
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+ 1

3
ym−3 − 1

12
ym−4

]
= 1

h2

[
11

12
ym − 5

3
ym−1 + 1

2
ym−2 + 1

3
ym−3 − 1

12
ym−4

]
, (A2.12)

y ′′′
x (xm−1)= 1

h3

[
3

2
ym − 5ym−1 + 6ym−2 − 3ym−3 + 1

2
ym−4

]
. (A2.13)

After substitution of (A2.11)–(A2.13) into (A2.1) we have:

ym
[
18b1,m−1 + 11hb2,m−1 + 6h2b3,m−1

]
+ ym−1

[−60b1,m−1 − 20hb2,m−1 + 12h3b4,m−1
]

+ ym−2
[
72b1,m−1 + 6hb2,m−1 − 6h2b3,m−1

]
+ ym−3[−36b1,m−1 + 4hb2,m−1]
+ ym−4[6b1,m−1 − hb2,m−1] + 12h3b5,m−1 = 0. (A2.14)

Three point difference equation is written as

yk = a(k)1 yk+1 + a(k)2 yk+2 + a(k)3 , (A2.15)

wherea(k)1 , a(k)2 , a(k)3 are (“progonka”) coefficients which should be calculated in every
pointk. On the left boundary(k = 0) we havey0 = α, then

y0 = a(0)1 y1 + a(0)2 y2 + a(0)3 ,

a
(0)
1 = 0, a

(0)
2 = 0, a

(0)
3 = α.

(A2.16)

For k = 1 (m= 2), from Eqs. (A2.9), (A2.10) it is found

y ′
0 = −y2 + 4y1 − 3y0

2h
, (A2.17)

or

y1 = 1

4
y2 + 1

4
(2hβ + 3α).

Then,

a
(1)
1 = 1

4
, a

(1)
2 = 0, a

(1)
3 = 1

4
(3α+ 2hβ). (A2.18)

Let us find the valuesyk+1 andyk−2, using the corresponding “progonka” coefficients
andyk+1, yk+2. After substitution of expressionsyk−1 andyk−2, we find using (A2.7)
and (A2.15)
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yk−1 = a(k−1)
1 a

(k)
1 yk+1 + a(k−1)

1 a
(k)
2 yk+2 + a(k−1)

1 a
(k)
3

+ a(k−1)
2 yk+1 + a(k−1)

3 , (A2.19)

yk−2 = yk+1
(
a
(k−2)
1 a

(k−1)
1 a

(k)
1 + a(k−2)

1 a
(k−1)
2 + a(k−2)

2 a
(k)
1

)
+ yk+2

(
a
(k−2)
1 a

(k−1)
1 a

(k)
2 + a(k−2)

2 a
(k)
2

) + a(k−2)
1 a

(k−1)
3 + a(k−2)

2 a
(k)
3

+ a(k−2)
3 + a(k−2)

1 a
(k−1)
1 a

(k)
3 , (A2.20)

yk = yk+1
{[−b1k

(
a
(k−2)
1 a

(k−1)
1 a

(k)
1 + a(k−2)

1 a
(k−1)
2 + a(k−2)

2 a
(k)
1

)]
× (

4hb2k − 2h3b4k
)−1

+ [(
a
(k−1)
1 a

(k)
1 + a(k−1)

2

)(
2b1k + 2hb2k − b3kh

2)
+ (−2b1k + 2hb2k + b3kh

2)](
4hb2k − 2h3b4k

)−1}
+ yk+2

[−b1k
(
a
(k−2)
1 a

(k−1)
1 a

(k)
2 + a(k−2)

2 a
(k)
2

)
+ a(k−1)

1 a
(k)
2

(
2b1k + 2hb2k − b3kh

2) + b1k
](

4hb2k − 2h3b4k
)−1

+ [
2h3b5k − b1k

(
a
(k−2)
1 a

(k−1)
1 a

(k)
3 + a(k−2)

1 a
(k−1)
3 + a(k−2)

2 a
(k)
3

+ a(k−2)
3

)](
4hb2k − 2h3b4k

)−1 + [(
a
(k−1)
1 a

(k)
3 + a(k−1)

3

)
× (

2b1k + 2hb2k − b3kh
2)

](
4hb2k − 2h3b4k

)−1
. (A2.21)

But relation (A2.21) is an identity and as a result the following are valid:

a
(k)
1 = −Mka(k−1)

2 −2b1k + 2hb2k + b3kh
2

Mka
(k−1)
1 + b1ka

(k−2)
2 + 4hb2k − 2h3b4k

, (A2.22)

a
(k)
2 = b1k

Mka
(k−1)
1 + b1ka

(k−2)
2 + 4hb2k − 2h3b4k

, (A2.23)

a
(k)
3 = −Mka(k−1)

3 − b1ka
(k−2)
3 + 2h3b5k

Mka
(k−1)
1 + b1ka

(k−2)
2 + 4hb2k − 2h3b4k

, (A2.24)

where

Mk = −2b1k − 2hb2k + h2b3k + b1ka
(k−2)
1 .

On the right side of the interval the system of two equations for definition ofyn−1,
yn−2 can be written. Really, the first equation of this system is
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yn−2 = a(n−2)
1 yn−1 + a(n−2)

2 yn + a(n−2)
3 , (A2.25)

andyn = γ .
But from (A2.14), it follows

yn
[
18b1,n−1 + 11hb2,n−1 + 6h2b3,n−1

]
+ yn−1

[−60b1,n−1 − 20hb2,n−1 + 12h3b4,n−1
]

+ yn−2
[
72b1,n−1 + 6hb2,n−1 − 6h2b3,n−1

]
+ yn−3[−36b1,n−1 + 4hb2,n−1] + yn−4[6b1,n−1 − hb2,n−1]
+ 12h3b5,n−1 = 0, (A2.26)

and

yn−3 = a(n−3)
1 yn−2 + a(n−3)

2 yn−1 + a(n−3)
3 , (A2.27)

yn−4 = a(n−4)
1 yn−3 + a(n−4)

2 yn−2 + a(n−4)
3 . (A2.28)

Substitution of (A2.27), (A2.28) into (A2.26) leads to the second equation we need:

Ayn−2 = Byn−1 +C, (A2.29)

A= 72b1,n−1 + 6hb2,n−1 − 6h2b3,n−1 − 36b1,n−1a
(n−3)
1 + 4hb2,n−1a

(n−3)
1

+ (
a
(n−4)
1 a

(n−3)
1 + a(n−4)

2

)
(6b1,n−1 − hb2,n−1), (A2.30)

B = 60b1,n−1 + 20hb2,n−1 − 12h3b4,n−1 + a(n−3)
2 (36b1,n−1 − 4hb2,n−1)

− a(n−4)
1 a

(n−3)
2 (6b1,n−1 − hb2,n−1), (A2.31)

C = −γ (
18b1,n−1 + 11hb2,n−1 + 6h2b3,n−1

)
+ a(n−3)

3 (36b1,n−1 − 4hb2,n−1)

− (
a
(n−4)
1 a

(n−3)
3 + a(n−4)

3

)
(6b1,n−1 − hb2,n−1)− 12h3b5,n−1. (A2.32)

Practical application of the “progonka” method can be realized as follows:

(a) From relations (A2.16), (A2.18), (A2.22)–(A2.24) the Gauss (“progonka”) coeffi-
cients should be found for 0� k � n.

(b) From the system of two Eqs. (A2.25), (A2.29), we findyn−1, yn−2.
(c) From the equation (backward “progonka”)

yk−2 = a(k−2)
1 yk−1 + a(k−2)

2 yk + a(k−2)
3 , (A2.33)

we find the rest of discrete functions for 3� k � n− 1.
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For non-linear equations the formulated procedure can be realized after linearization
of corresponding differential equation and introduction of iterative calculation. But as
it was written in Alexeev (1967): “The formulated procedure led to increasing oscilla-
tions of numerical solutions. The way to avoid this non-stability consists in very simple
but effective consideration, i.e., introduction of suppressive coefficientsδ (“Daempfer
coefficients,” in the Eastern scientific literature). For construction of(n+ 1)-iteration,
the outlet numerical massif ofnth iterationϕ(n)i was used in corrected formϕ′ (n)

i , which
was connected by the

ϕ
′ (n)
i = ϕ′ (n−1)

i + δ(ϕ(n)i − ϕ′ (n−1)
i

)
. (A2.34)

The coefficientδ was selected by way of experiment during the process of numerical
calculations. In many cases is sufficient to useδ ≈ 0.1.”

Appendix 3. Some integral calculations in the generalized Navier–Stokes
approximation

Some integrals should be calculated in the generalized Navier–Stokes approximation
connected with the distribution function

fα = f (0)α + f (1)α ,

where

f (1)α = f (0)α
{
−Aα · ∂ lnT

∂r
− B

↔
α : ∂
∂r

v0 + n
∑
j

C(j)α · dj

}
.

Here the results of calculations are presented:

(1)
∂2

∂r∂r
:
∑
α

ρα( Vαv0)Vα = ∂

∂r

[
∂

∂r
· (pv0)

]
− 2

∂2

∂r∂r
: v0µS

↔
, (A3.1)

where in accordance with the definition,∂2/∂r∂r : v0µS
↔

is vector with components,[
∂2

∂r∂r
: v0µS

↔
]
k

=
3∑

i,j=1

∂2

∂ri∂rj

{
µv0j

[
1

2

(
∂v0k

∂ri
+ ∂v0i

∂rk

)
− 1

3
δki
∂

∂r
· v0

]}
,

k = 1,2,3. (A3.2)

(2)
∂2

∂r∂r
:
∑
α

ρα(VαVα)Vα = −2
∂2

∂r∂r
·
(
K
∂T

∂r

)
−�

(
K
∂T

∂r

)

+ 2
∂2

∂r∂r
·
[
pn

ρ

∑
α,β

mβ
(
Dαβ −D1

αβ

)
dβ

]

+�
(
pn

ρ

∑
α,β

mβ
(
Dαβ −D1

αβ

)
dβ

)
, (A3.3)
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where� is Laplacian,K = ∑
α Kα . See also (5.3.22), (5.3.27), (5.3.28).

(3) ∂2

∂r∂r
:
∑
α

ρα(VαVα)V 2
α

= 5kB�

(
T

∑
α

pα

mα

)
− 112

9

∂2

∂r∂r
:
[
S
↔
kBT

∑
α

1

mα

(
µα −µ1

α

)]

− 280

27

∂2

∂r∂r
:
[
D
↔
kBT

∑
α

1

mα

(
µα −µ1

α

)]
, (A3.4)

whereD
↔

is a tensor with components

Dij = δij ∂v0i

∂rj
,

and viscosity and “the first” viscosity are defined by the relations

µα = 1

2
kBnαT bα0, (A3.5)

µ1
α = 1

2
kBnαT bα1, (A3.6)

(4)
∂2

∂r∂r
:
∑
α

ρα(Vαv0)Vα · v0 = ∂2

∂r∂r
: pv0v0 − 2

∂2

∂r∂r
: µ(

v0v0 · S↔ )
. (A3.7)

(5) ∂2

∂r∂r
:
∑
α

ρα(Vαv0)V 2
α

= −5
∂2

∂r∂r
:K ∂T

∂r
v0 + 5

∂2

∂r∂r
: p
ρ

∑
α,β

mβ
(
Dαβ −D1

αβ

)
dβv0. (A3.8)

(6) ∂2

∂r∂r
:
∑
α

ρα(VαVα)(Vα · v0)= −2
∂2

∂r∂r
:Kv0

∂T

∂r

−�
(
Kv0 · ∂T

∂r

)
− 2

∂2

∂r∂r
: pn
ρ

v0

∑
α,β

mαmβ
(
Dαβ −D1

αβ

)
dβ

−�
[
pn

ρ
v0 ·

∑
α,β

mαmβ
(
Dαβ −D1

αβ

)
dβ

]
. (A3.9)
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Appendix 4. Three-diagonal method of Gauss elimination technique for the
differential second-order equation

Let us consider the solution of the ordinary differential equation of the second-order of
the three-diagonal method of Gauss elimination technics,

c1y
′′ + c2y ′ + c3y + c4 = 0. (A4.1)

The boundary conditions are chosen in the form

x = a, y = α, (A4.2)

x = b, y = γ. (A4.3)

The second-order scheme O(h2) is introduced using the following approximation in the
nodek:

y ′
k = yk+1 − yk−1

2h
+ h2

6
f ′′′(ξ), (A4.4)

y ′′
k = yk−1 − 2yk + yk−1

h2 + h2

12
f (IV )(ξ) (A4.5)

for the uniform partition of the interval[a, b].

a = x0< x1< · · ·< xn−1< xn = b.

Therefore

xk − xk−1 = b− a
n
. (A4.6)

Using (A4.4), (A4.5), we find the finite-difference approximation for Eq. (A4.1)

c1k
yk+1 − 2yk + yk−1

h3 + c2k yk+1 − yk−1

2h
+ c3ky + c4k = 0. (A4.7)

Eqs. (A4.7) – together with boundary conditionsy0 = α, yn = γ – constitutes a coupled
system of linear algebraic equations of(n + 1)-order for obtaining unknown values
of yk.

Eq. (A4.7) in the pointx1 is written as:

c11
y2 − 2y1 + y0

h2
+ c21

y2 − y0

2h
+ c31y1 + c41 = 0. (A4.8)

Becausey0 is a known value, Eq. (A4.8) can be transformed as:

y1 = a(1)1 y2 + a(1)2 , (A4.9)
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wherea1
1, a1

2 are known coefficients. The analogue relations can be written for every
step of calculations. Therefore

yk = a(k)1 yk+1 + a(k)2 . (A4.10)

Coefficientsa(k)1 , a(k)2 are Gauss coefficients in the three-diagonal method of elimi-
nation technique for the differential second-order equation (“progonka” coefficients, in
the Eastern scientific literature).

It is convenient to formulate recurrence formulae. With this aim first of all let us find
yk−1 as a function ofyk+1{

yk−1 = a(k−1)
1 yk + a(k−1)

2 ,

yk−1 = a(k−1)
1 yk+1a

(k)
1 + a(k−1)

1 a
(k)
2 + a(k−1)

2 .
(A4.11)

After substitution ofyk−1, yk from (A4.10), (A4.11) into (A4.8), we have

c1kyk+1 − 2c1ka
(k)
1 yk+1 − 2c1ka

(k)
2 + c1ka(k−1)

1 yk+1a
(k)
1 + c1ka(k−1)

1 a
(k)
2

+ c1ka(k−1)
2 + c2k h

2
yk+1 − c2k h

2
a
(k−1)
1 yk+1a

(k)
1 − c2k h

2
a
(k−1)
1 a

(k)
2

− c2k h2a
(k−1)
2 + c3kh2a

(k)
1 yk+1 + c3kh2a

(k)
2 + h2c4k = 0 (A4.12)

or

yk+1

(
c1k − 2c1ka

(k)
1 + c1ka(k−1)

1 a
(k)
1 + c2k h

2
− c2k h

2
a
(k−1)
1 a

(k)
1 + c3kh2a

(k)
1

)
+

(
−2c1ka

(k)
2 + c1ka(k−1)

1 a
(k)
2 + c1ka(k−1)

2 − c2k h
2
a
(k−1)
1 a

(k)
2

− c2k h
2
a
(k−1)
2 + c3kh2a

(k)
2 + h2b4k

)
= 0. (A4.13)

But relation (A4.13) is an identity which is valid for everyyk+1. Then:

a
(k)
1 = c1k + c2kh/2

a
(k−1)
1 [−c1k + c2kh/2] + 2c1k − c3kh2

, (A4.14)

a
(k)
2 = −a(k−1)

2 (−c1k + c2kh/2)+ c4kh2

a
(k−1)
1 (−c1k + c2kh/2)+ 2c1k − c3kh2

. (A4.15)

It is not difficult to find the first pair of coefficientsa(0)1 , a(0)2 . Really, if boundary con-
dition (k = 0) has the formy0 = α, then from

y0 = a(0)1 y1 + a(0)2
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we have

a
(0)
1 = 0, a

(0)
2 = α. (A4.16)

Appendix 5. Characteristic scales in plasma physics

The fundamental feature of plasma physics is the existence of a multiparticle interaction
in the system under study. Consequently, care must be exercised when choosing typical
scales for describing the evolution of a plasma volume. The Landau lengthl over which
the characteristic kinetic energykBT of thermal motion equals the potential energy of
interaction between chargese is determined by the relation

l = e2

4πε0kBT
= 1.67× 10−5

T
m, (A5.1)

whereε0 is the electrical permittivity of vacuum, andkB is the Boltzmann constant.
Binary collisions for which impact parameters are less than or equal to the Landau

length are said to be “close”. It is useful to introduce the ratio of the Landau length to
the average distancen−1/3 between plasma particles:

β = ln1/3 = 1.67× 10−5n1/3T −1, (A5.2)

wheren is the number density of particles, in m−3. While the interaction parameterβ
is usually small in laboratory plasma, the solar corona and the solar atmosphere, in the
ionosphere and interstellar gas but for free electrons in a metal it can reach a value of
≈ 102. The cross sectionσb for close collisions is determined by the relation

σb = πl2, (A5.3)

and the mean free path of a probe particle between binary close collisions is

λ= 1

πnl2
= 1

πn1/3β2
= 1.1× 109T

2

n
m. (A5.4)

The pair interaction between particles in a plasma effectively extends to the distance
determined by the Debye–Hueckel radiusrD defined as follows:

rD =
√
ε0kBT

ne2 = 1

n1/3
√

4πβ
= 0.69× 102

√
T

n
m. (A5.5)

It can be argued that collective plasma properties disappear in systems less thanrD in
size. The following relationship between the characteristic plasma lengths should be
noted:

l : n−1/3 : rD : λ= β : 1 : 1

2
√
πβ

: 1

πβ2 . (A5.6)
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Eq. (A5.6) should be complemented by the hydrodynamic scaleL being the character-
istic size of the system; usuallyL is much larger thanλ.

The above list of characteristic plasma scales is not exhaustive, though for processes
in rapidly alternating fields, when the distance a particle travels over a period of the field
oscillation is less than the range of the forces involved. Additional scales may appear in
the problem.

Appendix 6. Dispersion relations in the generalized Boltzmann kinetic theory
neglecting the integral collision term

We are concerned with developing (within the GBE framework) the dispersion relation
for plasma in the absence of a magnetic field. We make the same assumptions used in
developing this relation within the BE model, namely:

(a) the integral collision term is neglected;
(b) the evolution of electrons and ions in a self-consistent electric field corresponds to

a one-dimensional, unsteady model;
(c) distribution functions for ionsfi and electronsfe deviate only slightly from their

respective equilibrium valuesf0i andf0e:

fi = f0i (u)+ δfi(x,u, t), (A6.1)

fe = f0e(u)+ δfe(x,u, t); (A6.2)

(d) we consider a wave mode corresponding to a certain wave numberk and a complex
frequencyω, so that the solution of the GBE can be written in the form

δfi = 〈δfi〉ei(kx−ωt), (A6.3)

δfe = 〈δfe〉ei(kx−ωt); (A6.4)

(e) the quadratic terms in the GBE, determining the deviation from the equilibrium
DFs, are neglected, and

(f) the self-consistent forcesFi andFe are small:

Fi = − e

mi

∂ϕ

∂x
, (A6.5)

Fe = − e

me

∂ϕ

∂x
, (A6.6)

wheree is the absolute electron charge,mi are the ion masses,me the electron mass,
and finally

ϕ = 〈ϕ〉ei(kx−ωt). (A6.7)
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Under these assumptions, the GBE is written as follows (we seek the solution for the
ion plasma component, to be specific):

∂fi

∂t
+ u∂fi

∂x
+ Fi ∂fi

∂u
− τi

{
∂2fi

∂t2
+ 2u

∂2fi

∂t∂x
+ u2∂

2fi

∂x2
+ 2Fi

∂2fi

∂t∂u

+ ∂Fi

∂t

∂fi

∂u
+ Fi ∂fi

∂x
+ u∂Fi

∂x

∂fi

∂u
+ F 2

i

∂2fi

∂u2 + 2uFi
∂2fi

∂u∂x

}
= 0. (A6.8)

Using the assumptions listed above, we find the relations

∂fi

∂t
= −iωδfi, u

∂fi

∂x
= ikuδfi,

Fi
∂fi

∂u
= − e

mi

∂ϕ

∂x

∂f0i

∂u
,

∂2fi

∂t2
= −ω2δfi,

2u
∂2fi

∂t∂x
= 2ωukδfi, u2∂

2fi

∂x2 = −u2k2δfi,

2Fi
∂2fi

∂u∂t
= 0,

∂Fi

∂t

∂fi

∂u
= − e

mi
ωkϕ

∂f0i

∂u
,

Fi
∂fi

∂x
= 0, u

∂fi

∂u

∂Fi

∂x
= e

mi
k2uϕ

∂f0i

∂u
,

F 2
i

∂2fi

∂u2 = 0,
∂2fi

∂u∂x
2uFi = 0,

(A6.9)

which when substituted into Eq. (A6.8) yield

i(ku−ω)〈δfi 〉 − i
e

mi
k〈ϕ〉∂f0i

∂u

− (ku−ω)τi
{
−(ku−ω)〈δfi 〉 + 〈ϕ〉 ek

mi

∂f0i

∂u

}
= 0, (A6.10)

giving the ion density fluctuation

〈δni〉 = − e

mi
〈ϕ〉k

∫
∂f0i/∂u

ω− ku du (A6.11)

and the electron density fluctuation

〈δne〉 = e

me
〈ϕ〉k

∫
∂f0e/∂u

ω− ku du. (A6.12)

Eqs. (A6.11) and (A6.12) are identical to their BE analogues. Substituting Eqs. (A6.11)
and (A6.12) into the Poisson equation

ε0k
2ϕ = e(δni − δne) (A6.13)
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we arrive at the classical dispersion relation (see, for instance, Artsimovich and Sagdeev,
1979)

1 = − e2

ε0k

{
1

me

∫ +∞

−∞
∂f0e/∂u

ω− ku du+ 1

mi

∫ +∞

−∞
∂f0i/∂u

ω− ku du

}
. (A6.14)

Although Eqs. (A6.11) and (A6.12) are a consequence of the general statement that in
the absence of the integral collision term the relation

Dfα

Dt
= 0 (A6.15)

(the Vlasov equation) is the solution of the equation

Dfα

Dt
− D

Dt

(
τα
Dfα

Dt

)
= 0, (A6.16)

the above argument shows that the GBE can produce correct and expected results, when
treated perturbatively.
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